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Roberta Gori

E sercitazione #5



HOFL, inferenza di tipi
e semantica operazionale



[Ex. 1] Determinare il tipo del termine HOF'L

t < rec z. ((Ay. if y then 0 else 0) x).

Po1 calcolare la sua forma canonica (lazy).
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Ex. 1, inferenza di tipi

t=recx. ((\y.if ythenOelse0) z) :int

int int int int it int

int

it — int

int

int



Ex. 1, forma canonica?
t=recz. ((Ay.if ythen Oelse 0) z )

t[recx.t/x]%c

rec x.t — ¢
t—c N ((Ay. ifythenOelseO)x)[t/x]%c
=((Ay.if ythenOelse 0 )t ) — c

Hn—Ax.t; [/ —c

(tl t()) — C

O Ay. if y then O else 0 — \z'. ¢, ¢'[' /] — c
Na'=y t'—=if... (if y then 0 else 0 )[*/,] — ¢
= (if tthenOelse 0 ) —c
N t—=n,0—=c (itdoesntmatterif n=20)

same goal from which we started:
no canonical form



[Ex. 2] Determinare il tipo del termine

def

map = Af. Ax. ((f fst(x)), (f snd(z)))

Po1 calcolare le forme canoniche (lazy) de1 termini seguenti.

t < map (A\z. 2 X 2) (1,2) ty < fst (map (Az. 2 x z) (1,2))



map = Xf . Xz . (( f fst(z) ), ( fsnd(z)))



Ex. 2, inferenza di tipi

mapé):;f.)\z.((ifst(x)), (jsnd(m)))

— —
T —T T1%Tq T — T T1 % To T — T T1 * To
1 | ’7'2:’7'i
T T
T XxT

T1 *T1 —> T *T

(Ty = T) > T %71 = T*T

map : (T4 = T) > T *xTL —> T*T



Ex. 2a, forma canonica

map = ANf . Az . (( ffst(z) ), (fsnd(z)))
t = map (\z. 2 x 2) (1,2)

tn—Ax.t; t[/x] —c

(t1 tg) — ¢
t1 —c¢ N (map Mz. 2x2)) = 't , ¢'[F2 /] — ¢

,\ map — )\f,- ny | t//[)\z. QXZ/f’] N WV, t/[(1,2)/x/] e

N=far=aae.. Az ((f fst(z)), (f snd(2)))[** 2% /5] = A/ ', [0 /] = ¢
= (Az. ((Mz. 2 x 2) fst(z)), (Az. 2 x 2) snd(x)))) = Mz’. ¢/, /[ /] = ¢
Na/mati—(...) (Az. 2 x 2) fst(z)), (Az. 2 x 2) snd(x)))[("?)/,] = ¢
= (((M\z. 2 x 2) £st(1,2)), (\z. 2 x 2) snd(1,2))) — ¢

Ne=(((Az. 2xz) fst(1,2)),((Az. 2xz) snd(1,2)))




Ex. 2b, forma canonica

t1 = ( ((Az. 2 x 2z) fst(1,2)), ((Az. 2 x z) snd(1,2)) )
fst(t1) — ¢ N t1 — (t7,85) , t] — ¢
\;k’lz()\z. 2xz) fst(1,2) , th=(Az. 2Xxz) snd(1,2) ()\Z 2 X Z) fSt(172) — C
"Mz 2x 2z =\, VB2 ) ) e
\z’:z,t’:2><z (2 X Z)[fSt(ljz)/z] — C

= (2 x fst(1,2)) — ¢
Ne=nixns 2 = ny , f5t(1,2) = no
Noa=2 (1,2) = (81,13) , 11 = no

\t/=1,ty=2 1 = no
Nno=1 C="n1Xng = 2X1 =2




Teoria del domini



[Ex. 3| Let (D,Cp) be a CPO and f : D — D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by Cp).



Ex 3, CPO dei puntifissi

D,Ep) CPO f: D — D continua

FP;={d | d= f(d) } linsieme di tutti i punti fissi di f
A

(FPf,©) 2 Cpn (FPy x FP;) CPO?
e'un PO (perche’ FP; C D)
proviamo che e’ completo prendiamo una catena {d;};cn C FP;

mostriamo |_| d. come calcolato inD e’ un puntofisso dif

1€N
/ (l_l di) — Ll f(d;) by continuita’

= | | d; ogni d; e’ un puntofisso




HOFL semantica denotazionale



[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if ¢ then ¢, else t;

e the semantics of ¢; if the semantics of ¢ 1s 17 , and
e the semantics of ¢y otherwise.

Is it possible? If not, why?



Ex. 4 test

di convergenza

[if ¢ then t, else t1]p £ Cond=( [t]p, [tolp . [ti]p )

Cond= (v, dg, d1) £ <

" do se v = |n| per qualche n

| dy altrimenti

nessun problema?  Cond! non e’ monotona in v!

Counterexample lz, Cz, [1] Take dy Zp. dy

(J—ZJ_7dO7

COHdi‘(LZL - d(), dl) —

di) &z, xp.xD, ([1],do,d1)
dl ZDT d() — COndi_(LlJ,do,dl)




Ex. 4, test di convergenza

Per esempio prendiamo do = |0 dy = [1]

lif rec x. x then 0 else 1|p = |1
-

/—ZJ_

lif 1 then 0 else 1]p = |0]

come conseguenza

t 2 \x.if x then O else 1 : int — int

non puo’ avere una semanticain D, yint = |21 — 7,1 |1

perche’ [t]p non e’ continua (non e’ monotona)



[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t—0 tog—>cg t1 — t—n n#() to > ¢y 1 =
if ¢t then ty else t; — ¢ if t then tgelset; — ¢

Without changing the denotational semantics, prove that:
1. for any term t and canonical form ¢, we havet — ¢ = Vp. [[t] p = [c] p;

2. in general t|} % t] (exhibit a counterexample).



Ex. 5.1 correttezza

t—0 tg—cg t1 —c t—n n#() to = co t1 — 1
if ¢t then t; else t; — ¢ if tthen tgelset; — ¢

t—c = Vp. [t]p=|c]p

P(t —c) =Vp. [t]p = []p

estendiamo la prova di corretteza (per induzione sulle regole)
per considerare le nuove regole



Ex. 5.1 correttezza

P(t —c) = Vp. [t]p = [c]p

t—=0 ty—cy t;— cy assumiamo
if t thentyelset; — co Pt — 0) = Vp. [t]p =[0]p = |0
P(to — co) = Vp. [tolp = [colp

P(ty — c1) = Vp. [ti]p = [c1]p

vogliamo provare
P(if t then tj else t; — cg) = Vp. [if t then t( else t1]p = [co]p

|if ¢ then t; else t1|p = Cond-(|t]p, [to]p, [t1

| N—

p) per def

= Cond,(|0], [eolp, [c1]p) per ip.ind.
= [co]p per Cond



Ex. 5.1 correttezza

P(t —c) = Vp. [t]p = [c]p

t—n n#0 tog—cy t1 =1
if t then tjelset; — ¢

assumiamo Pt — n) 2 Yp. [flp = [nlp = [n] n+#0

P(to — co) = Vp. [to]p = [colp

P(ty — c1) = Vp. [ti]p = [c1]p

vogliamo provare
P(if t then t; else t; — ¢;) = Vp. [if ¢ then ty else t1]p = [c1]p

[if ¢ then ty else t1]p = Cond,([t]p, [to]p, [t1lp)  per def
= Cond,(|n], [co]lp; [c1]lp)  perip.ind.

= [e1]p per Cond



Ex. 5.2, inconsistenza

vogliamo trovare un termine ¢ taleche t{ ¢+
consideriamo t = if 0 then 1 else rec z.  : int

[t]p = Cond.,([0] p, [1] p, [rec z. z]p)

— Cond’int(LOJv UJ ) J_ZJ_) — UJ t 4

t—c . 0—>0,1—¢c, recx.xr—c

*
N1 Tec . x — c

)\ x[rec x. x/x] s e

—rec . T — Cq t T



[Ex. 6] Determine the type of the HOFL term

t < rec f. (Ax.1, fst(f) 0 )

Then, compute the (lazy) denotational semantics of t.

24



Ex. 6, inferenza di tipi

t=rec f. (Xx. 1, (fst( f)0)) : (int — int) * int

- L i |

(’int—>71)*72 T int (Z"nt%’ﬁ * To it

T — int it — T
T1

(T — int) x 1

(int — 1) ko = (T — int) x 7y

mt =1
T = mnt
To — T1

T =T =To = 1int



Ex. 6, semantica den

t=rec f. (Xx. 1, (fst( f)0)) : (int — int) * int
[rec z. t]p £ fix Ad. [t]p]*/.]

[t]p = fix Ady. [(Mx. 1,£st(f) 0)]p[" /]
[(t1, t2)lp = | ([ti]p, [t2dp ) |
= fix Mdg. | ([Mz. 1p[* /4], [fst(f) Olp[* /4] ) |

M. t]p = [ Ad. [t]pl/2] | [t to [p = let v <= [t]p. ©([tolp)

= fix My | ([ Ade. [1]p[* /2] | . (let ¢ <= [fst(f)]o". ©([0]p")) ) |



Ex. 6, semantica den

= fix Mdy. | (| Mg [1]0[* /2] |, (et o < [fst(F)]0". ©([0]p")) ) |
p' = p[™ /]

[n]p = [n] [fst(t)]p =71 ([tlp )

= fix Mdy. | ([ Mde. 1] ], (let o <= 77 ([f]p'). © [0]) ) |

= fix Mdyg. | (| Ade. [1] |, (let ¢ <=7y df. ¢ [0]) ) |



Ex. 6, semantica den

[t]p = fix Adg. | ([ Ady. [1] ], (let o <=7y dp. ¢ [0]) ) |
fo = J-D( nt—int) % int

fi=[ ([ Ade. [1] |, (let p =77 fo. ¢ [0]) ) ]
= [ ([ Adz. [1] |, LDy, ) |
fo=1([Ads. [1] |, (let ¢ =77 f1. ¢ [0]) ) |
= [ ([ Ads. [1] |, (let o <= [ Adg. [1] |. ¢ [0]) ) ]
= | ([ Ads. [1] |5 (Adg. [1]) [0] ) |
= | (L Ade. [1] ], [1] )] maximal element!



Ex. 6, semantica den

t=rec f. (Ax. 1, (fst( £)0)) : (int — int) * int
[tlp = fix Adg. | ( | Ade. [1] |, (let o <=7y df. ¢ [0]) ) |
[tlp =1 (| Mds- 1] |, [1])



