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Notazione
<latexit sha1_base64="aMoSWAFTqSheIjrJk9AMFED0H6M="></latexit>

f : X ! (Y ! Z)

<latexit sha1_base64="kzoXVzW7ChF6egZcNyC2vTKca1A="></latexit>

8x 2 X. f(x) : Y ! Z

<latexit sha1_base64="AOqBMvY5SdoBP5ASFXnxtcihhl0="></latexit>

8x 2 X. 8y 2 Y. (f(x))(y) 2 Z
<latexit sha1_base64="1sqcaPzfHgEhDoC5Z4e6qDxiS8I="></latexit>

8x 2 X. 8y 2 Y. f x y 2 Z

<latexit sha1_base64="4OXspvf0pZTKrxQ2biUw284VxhQ="></latexit>

8x 2 X. f x : Y ! Z

<latexit sha1_base64="ZF1etrtD+wfOS8j/c3/xgzPJvAQ="></latexit>

f : X ! Y ! Z

<latexit sha1_base64="hX8L+cBP24u9q1hTeJVIRptAJGs="></latexit>

g : (X ! Y ) ! Z

<latexit sha1_base64="TG/onteGADAO+PFZvnduCa0YYzY="></latexit>

8h 2 (X ! Y ). g(h) 2 Z

<latexit sha1_base64="WHOyTLUeQO99XqNAybWo6smjZis="></latexit>g x

<latexit sha1_base64="87U0Z0xzK8KBcTTajvhtPmtF1fU="></latexit>

f h



Notazione
<latexit sha1_base64="vI4+BxI756iTj+pcSx0wu2zgK4Q="></latexit>

f : X1 ! X2 ! · · · ! Xn

<latexit sha1_base64="RYAVPLWfwl303q8Q48CuLUdLijs="></latexit>

f : X1 ! (X2 ! (· · · ! Xn))

<latexit sha1_base64="dTV/XxdHzNM1PTyepMvMsIl+lcw="></latexit>

f x1 x2 · · · xn

<latexit sha1_base64="BW5XGYlUoeutZaOGQvUrLXOxRxg="></latexit>

(((f x1) x2) · · · ) xn



Notazione
<latexit sha1_base64="KvM/4IwdlbQVWantnCflNLLz2ZE="></latexit>

f : X1 ⇥X2 ! Y
<latexit sha1_base64="nU3NINEgqtp0YIumRHIx9tEopOM="></latexit>

f : (X1 ⇥X2) ! Y

<latexit sha1_base64="n4sEb4KuoW1yy8RntmGVghXxbds="></latexit>

8x1 2 X1. 8x2 2 X2. f(x1, x2) 2 Y

<latexit sha1_base64="hftkkOTKXBK8zqGfA4rbQo3GqHU="></latexit>

f x1



Notazione

<latexit sha1_base64="LJlWBEjZhuHEBODBo9Q9pszDPlY="></latexit>

f : X ! Y
<latexit sha1_base64="ahkxo2o/eLUgj0NckROsYpFyX3Y="></latexit>

A ✓ X
<latexit sha1_base64="B65Xas0UsmIAMfpH/Ry2ModDrwY="></latexit>

f|A : A ! Y
<latexit sha1_base64="Q4sQ7cpLg6ztHiQSEd/dH2TOQDY="></latexit>

8a 2 A. f|A(a)
M
= f(a)



Predecessore

<latexit sha1_base64="0gRJDz1QklAHEPdsefH7Ne8rPMw="></latexit>

A,� w.f.
<latexit sha1_base64="zv2CZg7AK4KwB55wG0vD67YeGjQ="></latexit>

a 2 A
<latexit sha1_base64="CKcWhmCCfspp2mRnLFhhlLRfGyA="></latexit>

bac M
= {x 2 A | x � a}



Ricorsione ben fondata



Definizioni ricorsive
<latexit sha1_base64="jCwqqPx9GnJ7yEZbInwfH/DgJ1Q="></latexit>

AJ·K : Aexp ! M ! Z

<latexit sha1_base64="MCQLooyDIE8qebTsnZKFkskc7j0="></latexit>

AJnK� M
= n

AJxK� M
= �(x)

AJa0 op a1K�
M
= AJa0K� opAJa1K�

La funzione è definita ricorsivamente:

come facciamo a sapere che ad ogni espressione è 
associato uno ed esattamente un valore? (vero)

<latexit sha1_base64="iJ51a3YwsQy4fJghoUFE58J6fgg="></latexit>

AJaK� denota il valore associato all’espressione a in �



Definizione ricorsiva

La funzione è definita ricorsivamente:

come facciamo a sapere che ad ogni espressione è 
associato uno ed esattamente un valore? (falso)

<latexit sha1_base64="hC9LrsawcwGnYljw70UuynTbYbY="></latexit>

N ::= 0 | s(N)
<latexit sha1_base64="ZkGspWE8RtIvSFsdOhPEffFaAkk="></latexit>

N J·K : Nexp ! N

<latexit sha1_base64="+4pidziDb3agDAN1Jhm5JIuraEs="></latexit>

N J0K M
= 0

N Js(N)K M
= 1 +N Js(s(N))K



Ricorsione ben fondata
<latexit sha1_base64="OiJ8QEJJCPc/x+GZXTXANByqJUA=">AAAB9XicbVDLTgIxFL2DL8QX6tJNI5i4MJMZQtQl6sYlJvJIYCSd0oGGTmfSdjRkwn+4caExbv0Xd/6NBWah4EmanJxzbnrv8WPOlHacbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryRzdTv/VIpWKRuNfjmHohHggWMIK1kR7KV2ddkydl5NuB3SuWHNuZAS0TNyMlyFDvFb+6/YgkIRWacKxUx3Vi7aVYakY4nRS6iaIxJiM8oB1DBQ6p8tLZ1hN0YpQ+CiJpntBopv6eSHGo1Dj0TTLEeqgWvan4n9dJdHDppUzEiaaCzD8KEo50hKYVoD4zF2s+NgQTycyuiAyxxESbogqmBHfx5GXSrNjuuV29q5Rq11kdeTiCYzgFFy6gBrdQhwYQkPAMr/BmPVkv1rv1MY/mrGzmEP7A+vwBO9iRDA==</latexit>

A,� b.f.

<latexit sha1_base64="+c/aXyNEy5Wx6tupbCOH5C8VBDE=">AAACIXicbVDLSgMxFM34tr5GXboJtqKrMlNExZUPBJcKVgttKZn0ThuayQzJjVKLv+LGX3HjQhF34s+Y1i609UDgcM693JwTZVIYDIJPb2Jyanpmdm4+t7C4tLzir65dm9RqDmWeylRXImZACgVlFCihkmlgSSThJuqc9v2bW9BGpOoKuxnUE9ZSIhacoZMa/sHVeZGeGXcIqFXbVjmHxlbdOxdoIT48rmnRaiPTOr2jJwWKTALlbWj4+aAYDEDHSTgkeTLERcP/qDVTbhNQyCUzphoGGdZ7TKPgEh5yNWsgY7zDWlB1VLEETL03SPhAt5zSpHGq3VNIB+rvjR5LjOkmkZtMGLbNqNcX//OqFuODek+ozCIo/nMotpJiSvt10abQwFF2HWFcC/dXF55pxtGVmnMlhKORx8l1qRjuFXcvS/mjk2Edc2SDbJIdEpJ9ckTOyQUpE04eyTN5JW/ek/fivXsfP6MT3nBnnfyB9/UNVciiZw==</latexit>

TH. Esiste un’unica funzione f : A ! B tale che

<latexit sha1_base64="fStipcdI9YKPBzZ1BGmTqdhvIG0="></latexit>

F (a, h) 2 B
<latexit sha1_base64="ygqweSEXBEXhbJ3SosLN5U0RXFI="></latexit>

a 2 A
<latexit sha1_base64="pvA7q7qV1oT9eGTEBaUIK8rUPRM="></latexit>

h : bac ! B

<latexit sha1_base64="jpDasz/pdPkUCm1OOkTjfUw/+Vc="></latexit>

8a 2 A. f(a) = F (a, f|bac)

Definisco  tale che  



Esempio

<latexit sha1_base64="Q/zNyyMSQb1thsWuw/ZfrGtVIcE="></latexit>

f(n) = n!

<latexit sha1_base64="G7hRl7yxtxNYHA7wtDb0jXf/peU="></latexit>N,�

<latexit sha1_base64="bBZSsJw+UazhMt01Lw+r7oSjTxw="></latexit>

F (n, bnc ! N) ! N
<latexit sha1_base64="XpGtdoWMRpQyl2pKWMnKw5YsyOI="></latexit>

F (0, h)
M
= 1

<latexit sha1_base64="hpirfG/9QgtNGuac49I5Lq8M6DA="></latexit>

F (n+ 1, h)
M
= (n+ 1) · h(n)

<latexit sha1_base64="ljRdUjBnl5gCW9qF+XqgQKmEeSE="></latexit>

f(0) = F (0, f|;) = 1

<latexit sha1_base64="WiVQDa6qWrGewRA5uvUxS0CyNjQ="></latexit>

f(n+ 1) = F (n+ 1, f|{n}) = (n+ 1) · f(n)



Esempio
<latexit sha1_base64="tw86uimJHyADGCIMZBQwSyBYCiQ="></latexit>

m 2 N

<latexit sha1_base64="L0VIi8uMgiXBBIGJ1Kw4ZBr4Snc="></latexit>

fm(0) = 0
<latexit sha1_base64="mFu8klKlGYhFosD4QlAQKIgq7iY="></latexit>

fm(n+ 1) = m+ fm(n)
<latexit sha1_base64="eWx9cFSHZU1yGV8DF9Hfojs0FLI="></latexit>

fm(n) = m · n

<latexit sha1_base64="G7hRl7yxtxNYHA7wtDb0jXf/peU="></latexit>N,�

<latexit sha1_base64="74Q2pjBgyz40lNxcqxwkBSpSQ+M="></latexit>

Fm M
= F (n, bnc ! N) ! N

<latexit sha1_base64="k6y2rnwvElX0Tngusi+TyYMlWVE="></latexit>

Fm : (0, ; ! N) ! N
<latexit sha1_base64="Kus371SSTwF3Y4+h5Po46s+sOdA="></latexit>

Fm(0, h)
M
= 0

<latexit sha1_base64="pH1pyh1HsNxk3dNuWKvjj2l/Qes="></latexit>

Fm : (n+ 1, {n} ! N) ! N
<latexit sha1_base64="4rH0OE1RbUeCGLjcNUdgHTs9B/k="></latexit>

Fm(n+ 1, h)
M
= m+ h(n)



Funzione di Ackermann
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="tw86uimJHyADGCIMZBQwSyBYCiQ="></latexit>

m 2 N
<latexit sha1_base64="rgDGOamMO+yQbwj64TOX+RJ01JQ="></latexit>

ackm : N⇥ N ! N

<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

una funzione calcolabile che è totale ma non primitiva ricorsiva

<latexit sha1_base64="4KyNvBRYIMYvevlrcuMM3boZx+o="></latexit>

N⇥ N,� relazione di precedenza lessicografica



<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

ogni (k+1,n) ha infiniti predecessori

può essere il primo elemento di una  catena  
discendente (di lunghezza illimitata, ma finita)

Funzione di Ackermann



<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

<latexit sha1_base64="QYSq/cP8nU5eAFWr656VpeBPLOQ="></latexit>

Take a non-empty set Q ✓ N⇥ N

<latexit sha1_base64="R47NoII48RF2NUjk8FlmdQVZWU4="></latexit>

bn M
= min {n | (bk, n) 2 Q} (non-empty by def of bk)

<latexit sha1_base64="kb6cN2WQEyu9Qf8lyqGf+VRAhyg="></latexit>

bk M
= min {k | (k, n) 2 Q} (non-empty because Q 6= ?)

<latexit sha1_base64="jqeKxxbO3JWzHsswGzRC/0L4GKk="></latexit>

clearly (bk, bn) 2 Q is minimal

Funzione di Ackermann
<latexit sha1_base64="gCGLw0LyGLex3wcccXYnpQHM6y4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM9gKghKSIuqy6sZlBfuAptbJdNIOnUxCZiLUUPwVNy4Ucet/uPNvnLZZqPXAwOGce5h7jxdxJpVtfxm5ufmFxaX8cmFldW19w9zcqsswiQmtkZCHcdPDknImaE0xxWkziikOPE4b3uBy7DfuaSxZKG7UMKLtAPcE8xnBSksdc6d0fuTqBLk9LCH3jiLP8q2OWbQtewI0S5yMFCFDtWN+ut2QJAEVinAsZcuxI9VOcawY4XRUcBNJI0wGuEdbmgocUNlOJ9uP0L5WusgPY/2EQhP1ZyLFgZTDwNOTAVZ9+dcbi/95rUT5Z+2UiShRVJDpR37CkQrRuArUZfpuxYeaYBIzvSsifRxjonRhBV2C8/fkWVIvW86JdXxdLlYusjrysAt7cAAOnEIFrqAKNSDwAE/wAq/Go/FsvBnv09GckWW24ReMj29mLZND</latexit>

A,�+ è b.f.

Consideriamo un insieme non vuoto

Possiamo trovare m minimo in Q?

non vuoto perche’

non vuoto per definizione di

chiaramente e’ minimale



<latexit sha1_base64="WdNqlo/I3DBG0miTVXQqYt9gsfc="></latexit>

ackm(0, n)
M
= m+ n

Funzione di Ackermann

n incrementi del caso base  m

<latexit sha1_base64="LTrDUBb/XaKjXFSlhBvn8ZvlX6I="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1



<latexit sha1_base64="Masua+C4tcRxXoZRRLhV1CG3BIw="></latexit>

ackm(1, n+ 1)
M
= ackm(0, ackm(1, n))

<latexit sha1_base64="lgAzLPkyAfOf6X1VvgNR7Y+7mpo="></latexit>

ackm(1, n+ 1)
M
= m+ ackm(1, n)

<latexit sha1_base64="T2ICl8CtYrsRmrpjJvHnpybY7hg="></latexit>

ackm(1, n)
M
= m · n

Funzione di Ackermann

aggiunge  m per n volte al caso base 0

<latexit sha1_base64="++phaamHmlk9h21FG2p1VnesAvo="></latexit>

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

<latexit sha1_base64="U6DppFMpzOiyqLf3zvuCeMNAV9Q="></latexit>

ackm(0, n)
M
= m+ n



<latexit sha1_base64="potTJ2YnGjwa4418/3tHRAg4JVo="></latexit>

ackm(2, 0)
M
= 1

ackm(2, n+ 1)
M
= ackm(1, ackm(2, n))

<latexit sha1_base64="OqXMj7zpL+At2e+hocqiuagLAGw="></latexit>

ackm(2, n+ 1)
M
= m · ackm(2, n)

<latexit sha1_base64="UE3fhyhjNt+SJ8ttEqwhEOwuBNQ="></latexit>

ackm(2, n)
M
= mn

Funzione di Ackermann

moltiplica per m  n volte al caso base 1

<latexit sha1_base64="gLoTqlxbWzum/4yLhz6PTJj4dko="></latexit>

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="w0tlaXkBXLlNK6FfMjVmPJ8bq6Y="></latexit>

ackm(1, n)
M
= m · n



<latexit sha1_base64="U93yD/OgPwdh8I4/qgNczAeSjYY="></latexit>

ackm(3, 0)
M
= 1

ackm(3, n+ 1)
M
= ackm(2, ackm(3, n))

<latexit sha1_base64="WZGoIvOT+4xAdFPumGincc6ldJY="></latexit>

ackm(3, n+ 1)
M
= mackm(3,n)

<latexit sha1_base64="/3NotvDqV32HurAdfqcHIevx2eI="></latexit>

ackm(3, n)
M
= mmm···m

Funzione di Ackermann

n volte esponenziazione

<latexit sha1_base64="gLoTqlxbWzum/4yLhz6PTJj4dko="></latexit>

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="5NLmP6Z9pvFTZ/HMv8LTSJ9R49g="></latexit>

ackm(2, n)
M
= mn



<latexit sha1_base64="lubj8V63OleVib+o/eb0xYxtj+8="></latexit>

ack3(0, 3)
M
= 3 + 3 = 6

ack3(1, 3)
M
= 3 · 3 = 9

ack3(2, 3)
M
= 33 = 27

ack3(3, 3)
M
= 33

3

= 327 ' 7.6 · 1012

cresce  piu’ velocemente di qls primitiva ricorsiva

Funzione di Ackermann



Espressioni aritmetiche

<latexit sha1_base64="MCQLooyDIE8qebTsnZKFkskc7j0="></latexit>

AJnK� M
= n

AJxK� M
= �(x)

AJa0 op a1K�
M
= AJa0K� opAJa1K�

<latexit sha1_base64="lcMX1szABWCg9U1yagoBeqZccrM="></latexit>

Aexp,� <latexit sha1_base64="8P1XEXhl0qHsvxPm7AjukCLrGN0="></latexit>

ai � a0 op a1

<latexit sha1_base64="jCwqqPx9GnJ7yEZbInwfH/DgJ1Q="></latexit>

AJ·K : Aexp ! M ! Z



<latexit sha1_base64="+DsBMHZDoudxO4jGgApMO0wz5vQ="></latexit>

Bexp,� <latexit sha1_base64="TKjkMdJZ4NtfDDshrt9o2/jb024="></latexit>

bi � b0 bop b1
<latexit sha1_base64="ukfEvtozSSlR4UON5CD0+B+4ehw="></latexit>

b � ¬b

<latexit sha1_base64="+TIQlCzW++tFilQLUbJSkMIraBw="></latexit>

BJvK� M
= v

BJa0 cmp a1K�
M
= AJa0K� cmpAJa1K�

BJ¬bK� M
= ¬BJbK�

BJb0 bop b1K�
M
= BJb0K� bop BJb1K�

Espressioni booleane

<latexit sha1_base64="/WQ0e41R87AIMEkemP2/qsRj5VQ="></latexit>

BJ·K : Bexp ! M ! B



Consistenza delle espressioni



Consistenza?
<latexit sha1_base64="NPuv0j+N//lGT/NTyGGm1mYRd2I="></latexit>

?,

<latexit sha1_base64="f1VpEpe/hN5hFFZup3cnmP4Bd2o="></latexit>

8a,�, n

<latexit sha1_base64="IyOng2nDPLYqQmWxzia4soZo4Ts="></latexit>

P (a)
M
= 8�. ha,�i �! AJaK�

<latexit sha1_base64="drm1mgWLLC91wRCEk8PruSobMjk="></latexit>

8a 2 Aexp. P (a) ?

induzione strutturale!
<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

8a. P (a)

<latexit sha1_base64="I4eb12+rp/jxIiJ/cN1uASXMgHY="></latexit>

ha,�i �! n
<latexit sha1_base64="KxE0M7MqKEYs1dD4HUm79pwVlNM="></latexit>

AJaK� = n



Caso base
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="KnAOb3X0pcMw6W1FYK1EW0ny9rc="></latexit>

take x 2 Ide

<latexit sha1_base64="IwymRT6Zf8kpjgqJCO1xzkmd/uQ="></latexit>

= �(x)
<latexit sha1_base64="4sNJgQZli9bFMHr3i+SscV/khWU=">AAACz3icbVFNb9NAEF2brxI+msIJuKxIkYqEIrtIwAWpwIVjKpG2UjaKxuuJu+p6bWbX+ZDligMXfiJ/gV/BOvGBtszp7ZsZvZ33klIr66LodxDeun3n7r2d+70HDx893u3vPTmxRUUSx7LQBZ0lYFErg2OnnMazkhDyRONpcvGl7Z8ukKwqzDe3LnGaQ2bUXElwnpr1f9bCzvkSuUFMuSt4ScUC+f7oYPVapDjH71zMCwKtub Aqy2F42RMaTKaRr95sKUHbt9CFyUhl5w6IiiUXObhzCbr+1AitEwJ5gY6vBFGHt+v7zaw/iIbRpvhNEHdgwLoazfaCtyItZJWjcVKDtZM4Kt20BnJKamx6orJYeg3IcOKhgRzttN7Y1fBXlYX2UiSuNN+Q+O9GDbm16zzxk+0F9nqvJf/Xm1Ru/mFaK1NWDo1shZzyvrRCVpLyOSBPFaFz0P4cuTJcAoFzSIqDlJ6sfDBXBK3LgdaU+qMMLmWR52DSeptNU288JtS1SCqlU4+4WHgbSHWZ+DSJ1x+bpul5m+Prpt4EJ4fD+N0wOj4cHH3uDN9hL9hLdsBi9p4dsa9sxMZMsj9BP3gWPA+Pw2V4Gf7YjoZBt/OUXanw11/AIeMy</latexit>

we need to prove P (x)
M
= 8�. hx,�i �! AJxK�

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="jHNmLnrIIuyCjUbfh3Y5XtyrhLc="></latexit>

take n 2 Z

<latexit sha1_base64="4bUT+foV8E3xVVlfj/ysPjmdizk="></latexit>= n

<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

Consideriamo

Vogliamo provare 

Consideriamo

<latexit sha1_base64="GUxfFhTqfd7h5GTN1YadsaManqA=">AAACHHicbVC7SgNBFJ31GeNr1dJmMBEsJOxGUcugjWUE84AkhNnZm2TIPJaZWSGEfIiNv2JjoYiNheDfOHkUmnhg4HDOudy5J0o4MzYIvr2l5ZXVtfXMRnZza3tn19/brxqVagoVqrjS9YgY4ExCxTLLoZ5oICLiUIv6N2O/9gDaMCXv7SCBliBdyTqMEuuktn/m0jJmRCicSpxvGtYVJI+7IEEzqk5xooyZ2FRJytMYNLT9XFAIJsCLJJyRHJqh3PY/m7GiqQBpKSfGNMIgsa0h0ZZRDqNsMzWQENonXWg4KokA0xpOjhvhY6fEuKO0e9Liifp7YkiEMQMRuaQgtmfmvbH4n9dIbeeqNWQySS1IOl3USTm2Co+bwjHTQC0fOEKoZu6vmPaIJtS6PrOuhHD+5EVSLRbCi8L5XTFXup7VkUGH6AidoBBdohK6RWVUQRQ9omf0it68J+/Fe/c+ptElbzZzgP7A+/oBi8Shrg==</latexit>

prendiamo un � generico, possiamo concludere

<latexit sha1_base64="ky7SPWu7i1xDNakWWO9HtFMnsI8=">AAACz3icbVHLbhNBEJxdXsG8HDgBlxEOUpCQZQcEXJACXDg6Ek4ieayod7a9GWUeS89sLGu1EQcufCK/wFcwa++BJPSpprpbNV2VlVr5MBr9TtIbN2/dvrN1t3fv/oOHj/rbjw+9q0jiVDrt6DgDj1pZnAYVNB6XhGAyjUfZ2Ze2f3SO5JWz38KqxLmBwqqFkhAiddL/WQu/4LnLMgXG8ZLcORDyncmufSVyXOB3LhaOQGsuvC oMDC96QoMtNHL7ekMJ2ryFdrYgVZwGIHJLLgyEUwm6/tQIrTMCeYaBW0HU4c36TnPSH4yGo3Xx62DcgQHranKynbwRuZOVQRukBu9n41EZ5jVQUFJj0xOVxzJqQIGzCC0Y9PN6bVfDX1YeQrwViSvN1yT+u1GD8X5lsjjZXuCv9lryf71ZFRYf5rWyZRXQylYoqOhLK+QlqZgD8lwRhgDtz5EryyUQhICkOEgZySoGc0nQBwO0ojweZXEpnTFg83qTTVOvPSbUtcgqpfOIuIgJBlJdJi6q8vpj0zS9aPP4qqnXweHecPxu+PZgb7D/uTN8iz1nL9guG7P3bJ99ZRM2ZZL9SfrJ0+RZepAu04v0x2Y0TbqdJ+xSpb/+ApX3440=</latexit>

dobbiamo provare P (n)
M
= 8�. hn,�i �! AJnK�

<latexit sha1_base64="QEnvRsCVNDs3+HFXXNmk9R1hRcM="></latexit>

preso un generico � concludiamo per la regola



Caso induttivo
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)

<latexit sha1_base64="BkhoQasFUO5XrDAMsSPBaE1tQ8E="></latexit>

= AJa0K� opAJa1K�

<latexit sha1_base64="6dBrP6jgylPRhWfK0KAYnYCE5CQ=">AAACiHicbZBNb9NAEIY35quErxaOXFZESByiyAZE20Olqlw4Fom0lbJRNF5P3FX3w+yOW0WWfw2/hiuc+DesXR9oy5xevTOjmffJK60CpemfUXLv/oOHj7Yej588ffb8xfbOy5Pgai9xLp12/iyHgFpZnJMijWeVRzC5xtP84nPXP71EH5Sz32hT4dJAadVaSaBorbYPhAZbauSwSsVUGKDzsG5c1YoprLKpCKo0IPz1jNDOll 6V5wTeuyse9yfpLO2L3xXZICZsqOPVzuiDKJysDVqSGkJYZGlFywY8KamxHYs6YAXyAkpcRGnBYFg2fc6Wv60DkOMVeq407038d6MBE8LG5HGyD3K715n/6y1qWu8tG2WrmtDK7hCpmLc7FKRXESDyQnkkgu5z5MpyCR6I0CsOUkazjkRvHAxkwG98EUNZvJLOGLBFIwpc4/e26VF71I3Ia6WLqLi4jBi8Gli7eJU3B23bjiPm7DbUu+Lk/Sz7NEu/fpwcHg3At9hr9oa9YxnbZYfsCztmcybZD/aT/WK/k3GSJrvJ/vVoMhp2XrEblRz9BQsMyRM=</latexit>

ha0 op a1,�i �! n
<latexit sha1_base64="oIu2qjSsWs0j1Hq66XsqExS+dR8=">AAACynichVHLbtQwFHXCq0x5THms2FiMkFiMRgkgYFOpgg0LFkVi2krjUXTj3Emt+hFsp6ORFbHhJ/kA/gMnnUUfSNzV0bnn+vieWzZSOJ9lv5P01u07d+/t3B/tPnj46PF478mRM63lOOdGGntSgkMpNM698BJPGougSonH5dnnvn98jtYJo7/7TYNLBbUWK8HBR6oY/2R6DdaadRH0vi4yNmUK/KnwwTQdm+oi7yiToGuJFI psypyoFTB7wTBpdG1FfeqHN2h8YHpJnv9XnhfjSTbLhqI3Qb4FE7Ktw2Ivecsqw1uF2nMJzi3yrPHLANYLLrEbsdZhA/wMalxEqEGhW4YhqY6+ah14Qxu0VEg6kHh5IoBybqPKqOxjcNd7Pfmv3qL1q4/LIHTTetS8N/IibtwbOW5FPAHSSlj0HvqfIxWacrDgPVpBgfNItvEmVwydV2A3topLaVxzoxToKrAKV/ijC8OhLMrAylbIKiLKzmMMVmzTNtGVhv2u60Yx5vx6qDfB0ZtZ/n6WfXs3Ofi0DXyHvCAvyWuSkw/kgHwhh2ROOPmT7CbPkufp19SmmzRcSNNkO/OUXKn011+uXeEC</latexit>

-n=n0 op n1 ha0,�i �! n0, ha1,�i �! n1

<latexit sha1_base64="/v8HWRru0k/i0Nxo6Tv5VptkQyg="></latexit>

Consideriamo a0, a1 generici

<latexit sha1_base64="kkyPs2U+Q1kpgEK0wD/YhQ2GsYU="></latexit>

assumiamo P (ai)
M
= 8�. hai,�i �! AJaiK�

<latexit sha1_base64="u+9Er+WdQm17yXD748KBTuAKdAI="></latexit>

dobbiamo provare P (a0 op a1)
M
= 8�. ha0 op a1,�i �! AJa0 op a1K�

<latexit sha1_base64="y8igK5Dxx+nyZVp9xvCdQd2dumY="></latexit>

prendiamo un generico �

<latexit sha1_base64="sM8aHxSLP1AD13VP7yvLEu0gMVE="></latexit>

per ipotesi induttiva, ni = AJaiK�
<latexit sha1_base64="MDakn3iD6frsfkrIUNYj4NvKKKU="></latexit>

e quindi n = n0 op n1 = AJa0K� opAJa1K�



Semantica denotazionale
dei comandi?



Definizione ricorsiva
per divergenza

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}

<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�
<latexit sha1_base64="grsBCl/3FXeeFUkRU1/eBVQ0pGY="></latexit>

�[AJaK�/x]
<latexit sha1_base64="MeKJpanCsiYB+lL2qmjF4W4Bi8M="></latexit>

CJc1K(CJc0K�) quasi…

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY=">AAAD8HicrVJNb9QwEPUmfJSUjxaOXCxWVJxWCSBArSpV9MKxSGxbab1aTZzJrrW2E2ynZRXlf3BDSJz4R/wbnHQpbEtVCTGn8RvPe+PnSUsprIvjH70gvHHz1u21O9H63Xv3H2xsPjy0RWU4DnkhC3OcgkUpNA6dcBKPS4OgUolH6Xy/rR+doLGi0B/cosSxgqkWueDgPDTZ7H1jKU6FrsEYWDS14bKJmAI34yDr/YZJmRrgc3 S0Q9O8tnNRNsyYc9yKqQIabbEMc/xIt2jE2BUcn7Z34R9b+STe4ZPk+u6rCH7NL/KG0ZSdn90MtUc8/28MpcUO+w96pzMhcVUyK1pyeg036mz5LZONfjyIu6CXk2SZ9MkyDvy/vmBZwSuF2nEJ1o6SuHRjT+cE99NErLJYemmY4sinGhTacd3tU0OfVhZcQUs0VEjagfhnRw3K2oVK/c32QfZirQX/VhtVLn8zroUuK4eat0LOe9MJWW6EX1SkmTDoHLSTIxWacjDgHBpBgXMPVn5zVwStU2AWJvOP0njKC6XAG3fmY1N3lhuUNUsrITOfUXbibTAC9NRrs8Kr0nq3aZrI25xcNPVycvh8kLwaxO9f9vfeLg1fI4/JE/KMJOQ12SPvyAEZEh6sB0mwHeyEJvwcfgm/nl0NesueR2Qlwu8/AeN5SSs=</latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=

<latexit sha1_base64="UxfuYkv/tadd/wFF0/Z3dYK26zE="></latexit>⇢
CJc0K� if BJbK�
CJc1K� otherwise

<latexit sha1_base64="Z9PKtNtvXyw6YC6+gty4DoCD5tk="></latexit>⇢
� if ¬BJbK�
CJwhile b do cK(CJcK�) otherwise

quasi…
non e’ ricorsione  b.f.!

Come sappiamo che esiste una soluzione? Come sappiamo che e’ unica?

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}



Il problema generale
<latexit sha1_base64="zMaPLTYIkoRbXc2UOeX16LKVVwI="></latexit>

f : D ! D

<latexit sha1_base64="OX1IpOslqgNGiZf/yXWEywutCdw="></latexit>

un punto fisso di f è d 2 D tale che d = f(d)

<latexit sha1_base64="3DNMvUEyAkISqSKl709sLbtYyoA="></latexit>

definiamo Ff
M
= {d 2 D | d = f(d)} ✓ D

<latexit sha1_base64="4ekKCBm7fBt1LvPn2Xa34HZZaXc="></latexit>

tre domande:

• sotto quali ipotesi Ff 6= ??

• se Ff 6= ?, possiamo selezionare un elemento preferito fix (f) 2 Ff?

• e possiamo calcolare fix (f)?



Esempio
<latexit sha1_base64="o/vy2s65ouYDjonEB6k7uhRYZoQ="></latexit>

D = N
<latexit sha1_base64="vx/ii1Zq2vXhZxGuegQkWPc/1mg="></latexit>

f(n)
M
= n+ 1

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
<latexit sha1_base64="RjZifFFiANz0iFgkSINJuvGnYbQ="></latexit>

f(n)
M
= n/2

<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff

<latexit sha1_base64="wZaQhF+kARt9BTVKdUr01Ady7dY="></latexit>

{0}
<latexit sha1_base64="SmzygscBFmxFTxmp2Yu5hgIqq/I="></latexit>

{2, 4}
<latexit sha1_base64="qCsHYCAo5GDQyuDNUtsej1q+Pvo="></latexit>

f(n)
M
= n2 � 5n+ 8

<latexit sha1_base64="0hwm7qMzQBKT8IWVsAf4S1XcagY="></latexit>

f(n)
M
= n%5

<latexit sha1_base64="IEcd7WqjpLJ3+H2wMq5cBmkSWC4="></latexit>

{0, 1, 2, 3, 4}
<latexit sha1_base64="n9eS/epxiTB6ls7NZQjHazvrPuI="></latexit>

f(n)
M
=

X

i2div(n)

i

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0
<latexit sha1_base64="x949BaKzVJUKrm+Sns+jhF/9jiY="></latexit>

2

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0

<latexit sha1_base64="rie1Yv3fakOCZ4EBF9DqoWng6Sw="></latexit>

6<latexit sha1_base64="OMiO4MivHPoBpwUP0COE9nUQ520="></latexit>

{6, 28, 496, ...} numeri perfetti



Esempio
<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff
<latexit sha1_base64="UqaeS460mo9ZGNkKglUIazGA470="></latexit>

D = }(N)
<latexit sha1_base64="8782vGUcBug7ZCQ4lqLTR+L0z2U="></latexit>

f(S)
M
= S \ {1}

<latexit sha1_base64="CQqLbEC46Nno7nMhZqZVhNucj8Y="></latexit>

{? , {1} }

<latexit sha1_base64="iSEtHD2z6x3gwj+osSmWBORcMo4="></latexit>

f(S)
M
= N \ S <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="gGavZXtEvd84HDNNwLxkTYhK0fQ="></latexit>

f(S)
M
= S [ {1}

<latexit sha1_base64="pDvST57kpAbHe+DXsykQxg+Z5pU="></latexit>

{T | 1 2 T}

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="fqmMQxYeKhcOqkOMCx3/9Kb45Rk="></latexit>

{1}

<latexit sha1_base64="gLW4pajymkEGZif92HXQr642AHI="></latexit>

f(S)
M
= {n | 9m 2 S, n  m}

<latexit sha1_base64="3QXByOqH+HqIDLyfFQvWn9gARWo="></latexit>

{[0, k] | k 2 N} [ {?,N} <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?



Ingredienti

funzioni che preservino l’ordine

approssimazioni iterative

un caso base

una soluzione limite

un ordine parziale (per confrontare gli elementi)


