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equivalenza operazionale



Equivalenza tra programmi

La manipolazione simbolica dei programmi è possibile se 
possiamo garantire che la loro semantica sia preservata

ma... quando due comandi sono equivalenti?

Utile per studiare le trasformazioni dei programmi

(interpreti, compilatori, ottimizzazione del codice, refactoring…)



Equivalenza operazionale
un primo tentativo

<latexit sha1_base64="2o/bhf0jrvDqP3dUkX41KWL+1Rs="></latexit>

c1 ⇠o c2
M⌘ 8�. ( hc1,�0i �! � , hc2,�0i �! � )

Cosa non va in questa definizione?

memoria iniziale di default

<latexit sha1_base64="Fe8ra/RanBCWKQRCzLJMRKDo93Q="></latexit>

x := y + 1 ⇠o x := 1

<latexit sha1_base64="LcxqOHzUZi3F+NHGKv0v4J33+I0="></latexit>

C[•] M
= y := 1; [•]

<latexit sha1_base64="jjz3cVgFnw4Iw3IJ7EwF4ZBwhYM="></latexit>

C[x := y + 1]
M
= y := 1 ;x := y + 1

<latexit sha1_base64="INTedyDvdQQcVzy0KRxH2LPfTLw="></latexit>

C[x := 1]
M
= y := 1 ;x := 1

<latexit sha1_base64="uT4ggicEQtByGfU4YCW9YwMKJuI="></latexit>

C[x := y + 1] 6⇠oC[x := 1]

<latexit sha1_base64="6kk4undCkfna4hv1iODnRHwPYYo="></latexit>

8x. �0(x) = 0



molto meglio:

e’ una relazione di 
equivalenza

e anche una congruenza

(lo vedremo dopo)

<latexit sha1_base64="xSljLtP4i0zXHJRF7vRlI3ukVvg="></latexit>

c1 ⇠o c2
M⌘ 8�,�0. ( hc1,�i �! �0 , hc2,�i �! �0 )

qualsiasi memoria iniziale

Equivalenza operazionale



Equivalenza concreta
<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="4j+QlqwKM+g++vPHxTlrsM7+EKw="></latexit>

if �(x)  0:

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0

<latexit sha1_base64="PCI5TBdm0YZYZx/KeG3Jpk2eyBw="></latexit>

-�0=� hx > 0,�i �! ↵
<latexit sha1_base64="pX52nNNKU9fCoIasjrp4JCWhoiM="></latexit>

-⇤ ⇤

<latexit sha1_base64="sPs1zYX+QT36WeVV1HdR5cnNSyE="></latexit>

hc,�i �! �0

<latexit sha1_base64="riHznzYVLKYAypJSajk2WeKMtmQ="></latexit>

-⇤ hskip,�i �! �0

<latexit sha1_base64="7Dd1XxDQDyTVBdzgjtVnVnaSsFQ="></latexit>

-�0=� ⇤

<latexit sha1_base64="z/2cf+YrmEDvEiRn1YZ28KJQKO0="></latexit>

hw,�i �! �

<latexit sha1_base64="acwmHf9mpBiX38g1f6Y/FtwgwpQ="></latexit>

hc,�i �! �

<latexit sha1_base64="RiyXkJSEItiQLwh0e+Yeu70SR4Q="></latexit>

- hx > 0,�i �! ↵ , hskip,�i �! �0

<latexit sha1_base64="m7WIaN9Ypm055cRnk8wfBc62Too=">AAACDnicbVBNS0JBFJ1nX2ZfVss2Qyq0CHlPolpKbloa5AeoyLzxqoPz8ZiZF4j4C9r0V9q0KKJt63b9m0Z9i9IOXDiccy/33hNGnBnr+99eam19Y3MrvZ3Z2d3bP8geHtWNijWFGlVc6WZIDHAmoWaZ5dCMNBARcmiEo8rMbzyANkzJezuOoCPIQLI+o8Q6qZstVJQ0rAeaEaFwLHG+bdhAkDwegHQqVefYQDeb84v+HHiVBAnJoQTVbvar3VM0FiAt5cSYVuBHtjMh2jLKYZppxwYiQkdkAC1HJRFgOpP5O1NccEoP95V2JS2eq78nJkQYMxah6xTEDs2yNxP/81qx7V93JkxGsQVJF4v6McdW4Vk2uMc0UMvHjhCqmbsV0yHRhFqXYMaFECy/vErqpWJwWby4K+XKN0kcaXSCTtEZCtAVKqNbVEU1RNEjekav6M178l68d+9j0Zrykplj9Afe5w/1Wptp</latexit>

Consideriamo un � generico, se



Esempio (cont.)

<latexit sha1_base64="LpglYhluL60vOJNkXE3keqqj4BY="></latexit>

-⇤ hx := 0,�i �! �0
<latexit sha1_base64="N0KsVFRbsy0wGr7na3D9v0Dehew="></latexit>

-⇤
�0=�[0/x] ⇤

<latexit sha1_base64="H8r+Qekc8ioMpzZTO/cVGL8yaIA="></latexit>

hc,�i �! �[0/x]

<latexit sha1_base64="sVjeR360poO+0rNsN9jV0Sb+caM="></latexit>

8n > 0. P (n)

<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="R8oi++22uaIbNTrCKqY3M9ln5+g="></latexit>

if �(x) > 0:
<latexit sha1_base64="sPs1zYX+QT36WeVV1HdR5cnNSyE="></latexit>

hc,�i �! �0
<latexit sha1_base64="MyvPj+T8rgopVPEacRif5woWLPU="></latexit>

- hx > 0,�i �! tt, hx := 0,�i �! �0

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="m7WIaN9Ypm055cRnk8wfBc62Too=">AAACDnicbVBNS0JBFJ1nX2ZfVss2Qyq0CHlPolpKbloa5AeoyLzxqoPz8ZiZF4j4C9r0V9q0KKJt63b9m0Z9i9IOXDiccy/33hNGnBnr+99eam19Y3MrvZ3Z2d3bP8geHtWNijWFGlVc6WZIDHAmoWaZ5dCMNBARcmiEo8rMbzyANkzJezuOoCPIQLI+o8Q6qZstVJQ0rAeaEaFwLHG+bdhAkDwegHQqVefYQDeb84v+HHiVBA nJoQTVbvar3VM0FiAt5cSYVuBHtjMh2jLKYZppxwYiQkdkAC1HJRFgOpP5O1NccEoP95V2JS2eq78nJkQYMxah6xTEDs2yNxP/81qx7V93JkxGsQVJF4v6McdW4Vk2uMc0UMvHjhCqmbsV0yHRhFqXYMaFECy/vErqpWJwWby4K+XKN0kcaXSCTtEZCtAVKqNbVEU1RNEjekav6M178l68d+9j0Zrykplj9Afe5w/1Wptp</latexit>

Consideriamo un � generico, se



Esempio (cont.)

<latexit sha1_base64="pX52nNNKU9fCoIasjrp4JCWhoiM="></latexit>

-⇤ ⇤

<latexit sha1_base64="sVjeR360poO+0rNsN9jV0Sb+caM="></latexit>

8n > 0. P (n)

<latexit sha1_base64="+7X8/KFWRhfJxkR9iZfNIQaCGgg="></latexit>

- hx > 0,�i �! tt, hx := x� 1,�i �! �00, hw,�00i �! �0
<latexit sha1_base64="Uf6URiw1VlJO5sImgTE/0ke/U7E="></latexit>

-⇤ hx := x� 1,�i �! �00, hw,�00i �! �0
<latexit sha1_base64="Bjnt0McqP/cP6sZEKVEBtgR0xB0="></latexit>

-⇤
�00=�[0/x] hw,�[0/x]i �! �0

<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0

<latexit sha1_base64="Hsnkf0bEngVsA8ygIARtGYXPXg0="></latexit>

-�0=�[0/x] hx > 0,�[0/x]i �! ↵
<latexit sha1_base64="2AU2iQcQ0VrwLpPs+mM6nR6dDA0="></latexit>

hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="FGRAocYyGMKsBcnHwP/ixPnKSUQ="></latexit>

P (1)
M
= 8�. �(x) = 1 ) hw,�i �! �[0/x]

<latexit sha1_base64="IytXMjehRu2T+NvfwpjPjs64hII=">AAACJHicbVDLSgMxFM3UV62vUZdugq1QN2WmiAoiiG5cKlhbaEvJpLdtaB5DkhFL6ce48VfcuPCBCzd+i2mdhbYeCBzOOTfJPVHMmbFB8Oll5uYXFpeyy7mV1bX1DX9z69aoRFOoUMWVrkXEAGcSKpZZDrVYAxERh2rUvxj71TvQhil5YwcxNAXpStZhlFgntfwTqqRhbdCMCIUTiQsNw7qCFHAXpFOpwoCJMYmYBFK3eL9/GhZafj4oBRPgWRKmJI9SXLX8t0Zb0USAtJS7S+thENvmkGjLKIdRrpEYiAntky7UHZVEgGkOJ0uO8J5T2rijtDvS4on6e2JIhDEDEbmkILZnpr2x+J9XT2znuDlkMk4sSPrzUCfh2Co8bgy3mQZq+cARQjVzf8W0RzSh1vWacyWE0yvPkttyKTwsHVyX82fnaR1ZtIN2URGF6AidoUt0hSqIogf0hF7Qq/foPXvv3sdPNOOlM9voD7yvbwUyo8E=</latexit>

consideriamo un � generico e assumiamo �(x) = 1



Esempio (cont.)

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0
<latexit sha1_base64="+7X8/KFWRhfJxkR9iZfNIQaCGgg="></latexit>

- hx > 0,�i �! tt, hx := x� 1,�i �! �00, hw,�00i �! �0
<latexit sha1_base64="Uf6URiw1VlJO5sImgTE/0ke/U7E="></latexit>

-⇤ hx := x� 1,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="m38dQ5Ife9ZlFsLDxMkbubF+ofs="></latexit>

8n > 0. P (n) ) P (n+ 1)

<latexit sha1_base64="0Lv8a6pafQCH8RscXGQsfiFz5Q8="></latexit>

-⇤
�00=�[n/x] hw,�[n/x]i �! �0

<latexit sha1_base64="sVjeR360poO+0rNsN9jV0Sb+caM="></latexit>

8n > 0. P (n)

<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="2AU2iQcQ0VrwLpPs+mM6nR6dDA0="></latexit>

hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="ZU/qakkAzx4Dk6tSvMckYi03HYk="></latexit>

we assume P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="EsL44Rh/6rBG8XVnvlEWrNikgIo="></latexit>

we prove P (n+ 1)
M
= 8�. �(x) = n+ 1 ) hw,�i �! �[0/x]

<latexit sha1_base64="gG9UKqcbtBL8SUWppL1aStz9K+o=">AAACBHicbVDLSgMxFM34rPU16rKbYCu4KjNF1JUU3bisYB/QDiWTuW1DM8mQZIQydOHGX3HjQhG3foQ7/8b0sdDWA4HDOedyc0+YcKaN5307K6tr6xubua389s7u3r57cNjQMlUU6lRyqVoh0cCZgLphhkMrUUDikEMzHN5M/OYDKM2kuDejBIKY9AXrMUqMlbpuwaZFxEgscSpwHwQoRiUuiSuv1HWLXtmbAi8Tf06KaI5a1/3qRJKmMQhDOdG67XuJCTKiDKMcxvlOqiEhdEj60LZUkBh0kE2PGOMTq0S4J5V9wuCp+nsiI7HWozi0yZiYgV70JuJ/Xjs1vcsgYyJJDQg6W9RLOTYSTxrBEVNADR9ZQqhi9q+YDogi1Nje8rYEf/HkZdKolP3z8tldpVi9nteRQwV0jE6Rjy5QFd2iGqojih7RM3pFb86T8+K8Ox+z6IoznzlCf+B8/gBF9Zcy</latexit>

prendiamo un generico n > 0
Assumiamo

Proviamo
<latexit sha1_base64="qnhY8RGYzJhZrmUlKdUzRW/OcoI=">AAACJnicbVDLSgMxFM3UV62vUZdugq1QEcqMiLopiG5cKlgttEPJpLdtaB5DkhFL8Wvc+CtuXCgi7vwU03EWWj0QOJxzbpJ74oQzY4PgwyvMzM7NLxQXS0vLK6tr/vrGtVGpptCgiivdjIkBziQ0LLMcmokGImION/HwbOLf3II2TMkrO0ogEqQvWY9RYp3U8etUScO6oBkRCqcSV9qG9QWp4D5Ip1KFARNjUpEFcrd6t1uXe2Gl45eDWpAB/yVhTsoox0XHf2l3FU0FSEu5u7YVBomNxkRbRjncl9qpgYTQIelDy1FJBJhonK15j3ec0sU9pd2RFmfqz4kxEcaMROySgtiBmfYm4n9eK7W942jMZJJakPT7oV7KsVV40hnuMg3U8pEjhGrm/orpgGhCrWu25EoIp1f+S673a+Fh7eByv3xymtdRRFtoG1VRiI7QCTpHF6iBKHpAT+gFvXqP3rP35r1/RwtePrOJfsH7/AJijaRu</latexit>

consideriamo un � generico e assumiamo �(x) = n+ 1

<latexit sha1_base64="0CPAXx5P4qLdhu1t+3GTR0xoJcs=">AAACEnicbVA9S0MxFM3z2/pVdXQJVqEu5T0RdRRdHCtYLbSl3JfeajAvCcl9Qin+Bhf/iouDIq5Obv4b09pBrQcCh3Pu5eac1CrpKY4/o4nJqemZ2bn5wsLi0vJKcXXtwpvcCawJo4yrp+BRSY01kqSwbh1Cliq8TG9OBv7lLTovjT6nnsVWBldadqUAClK7uGPRcWkNoZdc6k5OJG+Bb1XLemeLe7BWQma4uMZ2sRRX4iH4OElGpMRGqLaLH82OEXmGmoQC7xtJbKnVB0dSKLwrNHOPFsQNXGEjUA0Z+lZ/GOmObwelw7vGhaeJD9WfG33IvO9laZjMgK79X28g/uc1cuoetvpS25xQi+9D3VxxMnzQD+9Ih4JULxAQToa/hvDgQFBosRBKSP5GHicXu5Vkv7J3tls6Oh7VMcc22CYrs4QdsCN2yqqsxgS7Z4/smb1ED9FT9Bq9fY9ORKOddfYL0fsXy0ec6Q==</latexit>

per ipotesi induttiva P (n) sappiamo che



Equivalenza parametrica

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0

<latexit sha1_base64="58wxHwaN04tg5NXYNO9XKoOEY5M="></latexit>

w
M
= while b do c

<latexit sha1_base64="vF7nP7eEx1Tx72epOlap05LFHjI="></latexit>

ww
M
= while b do (while b do c)

<latexit sha1_base64="9kbuYSlNS6WVYmJlHbcEVx5gvRI="></latexit>w

<latexit sha1_base64="NJLXIn61g9Poy4fz6NHBtd9zbqY="></latexit>

if hb,�i �! ↵ :

<latexit sha1_base64="rhUE2/6STpXR7WcIpH97PdLKVCI="></latexit>

-�0=� hb,�i �! ↵
<latexit sha1_base64="jbkXNTNDErciIqIS2Sgdc6SIyEQ="></latexit>

-⇤ ⇤
<latexit sha1_base64="Bd3tVl1PWE2NhX5eo7VH7/djIvE="></latexit>

hww,�i �! �0
<latexit sha1_base64="rhUE2/6STpXR7WcIpH97PdLKVCI="></latexit>

-�0=� hb,�i �! ↵
<latexit sha1_base64="jbkXNTNDErciIqIS2Sgdc6SIyEQ="></latexit>

-⇤ ⇤

<latexit sha1_base64="z/2cf+YrmEDvEiRn1YZ28KJQKO0="></latexit>

hw,�i �! �

<latexit sha1_base64="9Y9ATQhc68WrjNsg7LgxoO/tIao="></latexit>

hww,�i �! �

<latexit sha1_base64="YXGHom6VRebOXgxRk1ETWQfYZcg="></latexit>

w
?⇠o ww

<latexit sha1_base64="m7WIaN9Ypm055cRnk8wfBc62Too=">AAACDnicbVBNS0JBFJ1nX2ZfVss2Qyq0CHlPolpKbloa5AeoyLzxqoPz8ZiZF4j4C9r0V9q0KKJt63b9m0Z9i9IOXDiccy/33hNGnBnr+99eam19Y3MrvZ3Z2d3bP8geHtWNijWFGlVc6WZIDHAmoWaZ5dCMNBARcmiEo8rMbzyANkzJezuOoCPIQLI+o8Q6qZstVJQ0rAeaEaFwLHG+bdhAkDwegHQqVefYQDeb84v+HHiVBAnJoQTVbvar3VM0FiAt5cSYVuBHtjMh2jLKYZppxwYiQkdkAC1HJRFgOpP5O1NccEoP95V2JS2eq78nJkQYMxah6xTEDs2yNxP/81qx7V93JkxGsQVJF4v6McdW4Vk2uMc0UMvHjhCqmbsV0yHRhFqXYMaFECy/vErqpWJwWby4K+XKN0kcaXSCTtEZCtAVKqNbVEU1RNEjekav6M178l68d+9j0Zrykplj9Afe5w/1Wptp</latexit>

Consideriamo un � generico, se



Esempio(cont.)
<latexit sha1_base64="58wxHwaN04tg5NXYNO9XKoOEY5M="></latexit>

w
M
= while b do c

<latexit sha1_base64="vF7nP7eEx1Tx72epOlap05LFHjI="></latexit>

ww
M
= while b do (while b do c)

<latexit sha1_base64="9kbuYSlNS6WVYmJlHbcEVx5gvRI="></latexit>w

<latexit sha1_base64="jbkXNTNDErciIqIS2Sgdc6SIyEQ="></latexit>

-⇤ ⇤

<latexit sha1_base64="PHdVhXqAt+3ZBLBsdXOfNr4wlnE="></latexit>

if hb,�i �! tt:
<latexit sha1_base64="MduNl1ErRWqRewsYpO3V7d4NiT0="></latexit>

hww,�i �! �0
1

<latexit sha1_base64="WM3B0TWo5k4VXbqCthO6sxZ6zFA="></latexit>

- hb,�i �! tt, hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="BmOKhYebDCA47B1bn7CB5PKW76o="></latexit>

-⇤ hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="jlrhonigBvvsfZY6hjNuYaSMoqY="></latexit>

if hw,�i �! �0:

<latexit sha1_base64="tZHgB5UUHxAEaztVuktMK3IzoFg="></latexit>

-⇤
�00=�0 hww,�0i �! �0

1
<latexit sha1_base64="sUV5jThRmWh3L3bbKxXENyoqTfQ="></latexit>

-�0
1=�0 hb,�0i �! ↵

<latexit sha1_base64="Bd3tVl1PWE2NhX5eo7VH7/djIvE="></latexit>

hww,�i �! �0

esercizio per casa

<latexit sha1_base64="YXGHom6VRebOXgxRk1ETWQfYZcg="></latexit>

w
?⇠o ww

se
<latexit sha1_base64="m7WIaN9Ypm055cRnk8wfBc62Too=">AAACDnicbVBNS0JBFJ1nX2ZfVss2Qyq0CHlPolpKbloa5AeoyLzxqoPz8ZiZF4j4C9r0V9q0KKJt63b9m0Z9i9IOXDiccy/33hNGnBnr+99eam19Y3MrvZ3Z2d3bP8geHtWNijWFGlVc6WZIDHAmoWaZ5dCMNBARcmiEo8rMbzyANkzJezuOoCPIQLI+o8Q6qZstVJQ0rAeaEaFwLHG+bdhAkDwegHQqVefYQDeb84v+HHiVBAnJoQTVbvar3VM0FiAt5cSYVuBHtjMh2jLKYZppxwYiQkdkAC1HJRFgOpP5O1NccEoP95V2JS2eq78nJkQYMxah6xTEDs2yNxP/81qx7V93JkxGsQVJF4v6McdW4Vk2uMc0UMvHjhCqmbsV0yHRhFqXYMaFECy/vErqpWJwWby4K+XKN0kcaXSCTtEZCtAVKqNbVEU1RNEjekav6M178l68d+9j0Zrykplj9Afe5w/1Wptp</latexit>

Consideriamo un � generico, se

<latexit sha1_base64="Fw3PvnM4qaLN0BRMpaOydxzfiRE="></latexit>

8b, c,�,�0. hwhile b do c,�i �! �0 ) hb,�0i �! ↵



Esempio (con.)
<latexit sha1_base64="58wxHwaN04tg5NXYNO9XKoOEY5M="></latexit>

w
M
= while b do c

<latexit sha1_base64="vF7nP7eEx1Tx72epOlap05LFHjI="></latexit>

ww
M
= while b do (while b do c)

<latexit sha1_base64="9kbuYSlNS6WVYmJlHbcEVx5gvRI="></latexit>w

<latexit sha1_base64="PHdVhXqAt+3ZBLBsdXOfNr4wlnE="></latexit>

if hb,�i �! tt:
<latexit sha1_base64="MduNl1ErRWqRewsYpO3V7d4NiT0="></latexit>

hww,�i �! �0
1

<latexit sha1_base64="WM3B0TWo5k4VXbqCthO6sxZ6zFA="></latexit>

- hb,�i �! tt, hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="BmOKhYebDCA47B1bn7CB5PKW76o="></latexit>

-⇤ hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="ciutbWOr9fYTicjaVn6ztFOvu8Q="></latexit>

if hw,�i 6�!:

<latexit sha1_base64="97rNxFt6TAG0h2iS/MbvCXhOnik="></latexit>

will diverge, because by hypothesis hw,�i 6�!
<latexit sha1_base64="HPtYlwQZq9PSj/n8uqpsUUwvLRQ="></latexit>

hww,�i 6�!

<latexit sha1_base64="YXGHom6VRebOXgxRk1ETWQfYZcg="></latexit>

w
?⇠o ww

<latexit sha1_base64="m7WIaN9Ypm055cRnk8wfBc62Too=">AAACDnicbVBNS0JBFJ1nX2ZfVss2Qyq0CHlPolpKbloa5AeoyLzxqoPz8ZiZF4j4C9r0V9q0KKJt63b9m0Z9i9IOXDiccy/33hNGnBnr+99eam19Y3MrvZ3Z2d3bP8geHtWNijWFGlVc6WZIDHAmoWaZ5dCMNBARcmiEo8rMbzyANkzJezuOoCPIQLI+o8Q6qZstVJQ0rAeaEaFwLHG+bdhAkDwegHQqVefYQDeb84v+HHiVBAnJoQTVbvar3VM0FiAt5cSYVuBHtjMh2jLKYZppxwYiQkdkAC1HJRFgOpP5O1NccEoP95V2JS2eq78nJkQYMxah6xTEDs2yNxP/81qx7V93JkxGsQVJF4v6McdW4Vk2uMc0UMvHjhCqmbsV0yHRhFqXYMaFECy/vErqpWJwWby4K+XKN0kcaXSCTtEZCtAVKqNbVEU1RNEjekav6M178l68d+9j0Zrykplj9Afe5w/1Wptp</latexit>

Consideriamo un � generico, se se

divergera’, perche’ per ipotesi



Una nota  sulla divergenza

<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="lhuog/giMgx3ojfKylVJbkLg2Bg="></latexit>

w2
M
= x := 0 ;while x � 0 do x := x+ 1

<latexit sha1_base64="IObmxFA5eciyg3jkj0xvdFFtyr8="></latexit>

w3
M
= y := 0 ;while y  0 do y := y � 100

<latexit sha1_base64="cbI37UhLiV4zGKqJD9lsYszlBSE="></latexit>

w4
M
= y := x+ 1 ;while x 6= y do (x := x� 1 ; y := y + 1)

<latexit sha1_base64="X4fsc5b02VueEFZVDI8c9+Z83jg="></latexit>

w1
?⇠o w2

<latexit sha1_base64="jG7wJ54MApFhZy8WQ6car30LGIA="></latexit>

w1
?⇠o w3

<latexit sha1_base64="kAcAKLhIPAfFGhe4F6yV3LEsLXk="></latexit>

w1
?⇠o w4

 due comandi qualsiasi  che divergono sono sempre equivalenti 



Un problema difficile
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="JVnd/uaQPy0vCVdJVmyKj82/3kM="></latexit>

p
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p



<latexit sha1_base64="RPtfGYqqibxy2QseGWrQ5KJ+OWM="></latexit>

w
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

Un  problema difficile
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

temina sempre
<latexit sha1_base64="VumwYle3sniLZPKIoqrAOKO+17Q="></latexit>

quando x � 2, alla fine, s prende la somma di tutti i divisori propri di x
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Un  problema difficile
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="ZvBIJlc5C0MweTAZps5ROjylnCA="></latexit>

s :=
X

i2div(x)

i

<latexit sha1_base64="uBdN9kySE+L3RkBvYkV2IXyD7Ng="></latexit>

i := 1 + (x/2)

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}



<latexit sha1_base64="JVnd/uaQPy0vCVdJVmyKj82/3kM="></latexit>

p
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="ZvBIJlc5C0MweTAZps5ROjylnCA="></latexit>

s :=
X

i2div(x)

i

<latexit sha1_base64="uBdN9kySE+L3RkBvYkV2IXyD7Ng="></latexit>

i := 1 + (x/2)

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}

<latexit sha1_base64="ysEEFgBtLzvG6u2HmeZg98Y6ymo="></latexit>

6 = 1 + 2 + 3

Un  problema difficile
un numero dispari

somma di divisori propri di x
esce quando x e’ perfetto
prossimo numero dispari

somma di divisori propri di x

un numero e’ perfetto
se e’ la somma  dei suoi divisori propri



<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="JVnd/uaQPy0vCVdJVmyKj82/3kM="></latexit>

p
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

Ochem, Pascal; Rao, Michaël. 

Odd perfect numbers are greater than 101500. 

Mathematics of Computation n.81(279): 1869–1877. 

(2012) doi:10.1090/S0025-5718-2012-02563-4

un numero e’ perfetto
se e’ la somma  dei suoi divisori propri

?

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

Un  problema difficile
termina quando viene trovato il primo numero dispari perfetto 

fino al 2021

non si sa se un numero dispari perfetto esiste



Per le menti curiose
<latexit sha1_base64="bo+OjMC+VgQFxGaG87ts+FpjuDs="></latexit>

Euclide ha provato che 2p�1(2p � 1) è un numero perfetto pari
quando 2p � 1 è primo

<latexit sha1_base64="8w4MYmOFp/9vsbcUU4v0RNxRNEU="></latexit>

Eulero ha provato che ogni numero perfetto pari
ha la forma 2p�1(2p � 1) con 2p � 1 primo

<latexit sha1_base64="V/+I5OljGpP83Oa0ULC5es0KqP4="></latexit>

Numero primi della forma (2p � 1) sono chiamati
numeri primi di Mersenne

<latexit sha1_base64="GW3JrZixytFUVW9/5p+3yvqjdbE="></latexit>

Numero pari perfetti e numeri primi di Mersenne sono in corrispondenza in 1 a
1

<latexit sha1_base64="yALhZ3tll3UeTRN8FdTgdOX4gkg="></latexit>

Perchè 2p � 1 sia primo è necessario che p primo
<latexit sha1_base64="lfauWvlr6oKgoWe7KmHRvtjLA4g="></latexit>

Se p è primo, 2p � 1 non è necessariamente primo

Fino al 2021, sono stati trovati solo 51 numeri primi di Mersenne 

Non si sa se ce ne sono un numero infinito



<latexit sha1_base64="SWcI0das4n1yyoW2Ploq+BRXan8="></latexit>

prime number p Mersenne prime 2p � 1 even perfect number 2p�1(2p � 1)
2 3 6
3 7 28
5 31 496
7 127 8.128
13 8.191 33.550.336
17 131.071 8.589.869.056
· · · · · · · · ·

82.589.933 24.862.048 digits! 49.724.095 digits!

Per le menti curiose



Un problema difficile
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="x9qR/KhrAnCXJ3TKUkgZO7hnoJk="></latexit>

p1
M
= x := 2;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="6Zc0qd21F6oWmHP249Lmo7MaeUs="></latexit>

w1
?⇠o p1

<latexit sha1_base64="bQYhAswHt8rL4cASHvq39u0B45M="></latexit>

x := 6
?⇠o p1

<latexit sha1_base64="dQG6FI0q5K90Gw7vr92jaDdMW94="></latexit>

x := 6;
s := 6;
i := 4;

?⇠o p1



Una variante
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="q/GwxT9hXcBoX/y5sNbrLFtq7ko="></latexit>

p2
M
= s := 1;

while x 6= s do (
x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="YGtSfjEBtK6GXRTLaMiWqqxZUYg="></latexit>

w1
?⇠o p2

<latexit sha1_base64="5bSY4cxk3ppL3mmF8Spb9Ch59Jo="></latexit>

x := 6;
s := 6;
i := 4;

?⇠o p2



 Un ultima istanza

<latexit sha1_base64="q/GwxT9hXcBoX/y5sNbrLFtq7ko="></latexit>

p2
M
= s := 1;

while x 6= s do (
x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="d5OLav++LMaqGPTGkP1MtJxbMOk="></latexit>

p3
M
= s := 1;

while x 6= s do (
x := x+ 1;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="0tcP+OVsS+5VRj+0ZR4aOX+v74k="></latexit>

p2
?⇠o p3


