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Induzione 



Come facciamo a
dimostrare un'affermazione esistenziale?

<latexit sha1_base64="TnumFhDMi2ZRvTPqvLw8Wv2w54w="></latexit>

9x. P (x)

mostriamo un testimone
<latexit sha1_base64="lWK9yhzArrDVf34cud/91HasE8Y="></latexit>

9n 2 N. n2  n
<latexit sha1_base64="uanpVDvRubDkb+5Ko1mgZchYxT4="></latexit>

n = 0

confutare un'affermazione universale?
<latexit sha1_base64="8eCS7YarytQcIDau+Pax+a9E+xI="></latexit>

¬8x. P (x)
mostriamo un controesempio a  P

<latexit sha1_base64="P+84eFAQcP2r0ZL6FzmDKVPg04E="></latexit>

⌘ 9x. ¬P (x)

<latexit sha1_base64="Ja4AmjNCDKHr3gwVh2Xu6nUHXhg="></latexit>

8n 2 N. n2  n
<latexit sha1_base64="xxMCK25FKNIvgKVllfXaAn6XNLM="></latexit>

n = 2

dimostrare un'affermazione universale?

usiamo l’induzione!

<latexit sha1_base64="il5H0W2qVPFBOAUieQXANzcqhlY="></latexit>

8x. P (x)



Cosa hanno in comune 
numeri  naturali 


liste


alberi


grammatiche


termini di una segnatura


teoremi di un sistema logico 


derivazioni


computazioni

Li possiamo 
pensare come 
generati da un 
numero finito di 
applicazioni di 
regole :

caso base


caso induttivo



Cosa hanno in comune
numeri naturali


liste


alberi


grammatiche di linguaggi


termini  della segnatura


teoremi  di un sistema logico


derivazioni


computazioni

caso base
 caso induttivo
0 succ

nil cons

nil node

produzioni con solo 
simboli terminali

costanti funtori

assiomi regole di inferenza

assiomi

passo singolo concatenazione 
di passi

produzioni con simboli

non terminali

regole di inferenza



Una dimostrazione famosa
Ogni numero maggiore di 1 o e’ primo o può essere scritto 
come il prodotto di due o più numeri primi

<latexit sha1_base64="UPYNPH+wWQpFeG6/5ppKcdbdzoY="></latexit>

caso base (n = 2): 2 è primo

caso induttivo: preso un generico n, assumiamo che la proprietà valga per
tutti i numeri da 2 a n e proviamo a dimostrarla per n+ 1:

• se n+ 1 è primo abbiamo finito;

• altrimenti, sia n+ 1 = a · b per qualche 1 < a e b <= n. Per ipotesi
induttiva a e b possono essere riscritti come prodotto di numeri primi.
Sia a = p1 ·...·pk e b = q1 ·...·qh. Allora n+1 = a·b = p1 ·...·pk ·q1 ·...·qh
puo’ essere riscritto come prodotto di k + h numeri primi.



Una prova meno conosciuta
Tutti i gatti sono dello stesso colore

<latexit sha1_base64="mxnjDOCF+pur+JjDCc6Yyl94x8g="></latexit>n<latexit sha1_base64="mxnjDOCF+pur+JjDCc6Yyl94x8g="></latexit>n

<latexit sha1_base64="oHxVfC1MV4v2d0s2L0pYgYCevUQ="></latexit>

n+ 1

… …

<latexit sha1_base64="HrjSdbEqaxGwwyZUIm7ky14ISm8=">AAACCHicbVDLSgMxFL3js9bXqEsXBotQN2WmiIogFN24rGAf0JaSSTNtaCYZkkyhDF268VfcuFDErZ/gzr9xpp2Fth64cDjn3uTe44WcaeM439bS8srq2npuI7+5tb2za+/t17WMFKE1IrlUTQ9rypmgNcMMp81QURx4nDa84W3qN0ZUaSbFgxmHtBPgvmA+I9gkUtc+QnHb8xEiWEuUPoQmRXHtnl4hORoxme/aBafkTIEWiZuRAmSodu2vdk+SKKDCEI61brlOaDoxVoYRTif5dqRpiMkQ92kroQIHVHfi6SETdJIoPeRLlZQwaKr+nohxoPU48JLOAJuBnvdS8T+vFRn/shMzEUaGCjL7yI84MhKlqaAeU5QYPk4IJooluyIywAoTk2SXhuDOn7xI6uWSe146uy8XKjdZHDk4hGMoggsXUIE7qEINCDzCM7zCm/VkvVjv1sesdcnKZg7gD6zPH1/jl6k=</latexit>

caso base (n=1): ovvio

<latexit sha1_base64="GcGmORJPLfVpuXsGxvm4BCQ63W4="></latexit>

caso induttivo: preso un generico n, assumiamo che la proprietà valga per
tutti i gruppi con k  n gatti e proviamo a dimostrarla per un gruppo di
n+ 1 gatti:
Prendiamo n+ 1 e mettiamoli su una linea.
Per ipotesi induttiva i primi n� 1 gatti sono tutti dello stesso colore.
Per ipotesi induttiva gli ultimi n� 1 gatti sono tutti dello stesso colore.
Dal momento che i gatti nel mezzo appartengono a entrambi i gruppi, per
transitività tutti i gatti sono dello stesso colore.



Induzione ben fondata



Ingredienti
<latexit sha1_base64="bNZvF//lXqOLghMtjE0Eyy1VXc8=">AAACHHicbVDLSgMxFM34rPU16tJNsBV0U2aqqEsfG5cVrAptKZn0jr00kwxJRijFD3Hjr7hxoYgbF4J/Y6Z2oa0HAodzzk1yT5QKNDYIvryp6ZnZufnCQnFxaXll1V9bvzIq0xzqXAmlbyJmQKCEukUr4CbVwJJIwHXUO8v96zvQBpW8tP0UWgm7lRgjZ9ZJbX8vkxSlQUiAdpCCcERapOWTMt1JlTEYocglcLEYJVq12/ZLQSUYgk6ScERKZIRa2/9odhTP8mu4YMY0wiC1rQHTFrmA+2IzM5Ay3mO30HBUsgRMazBc7p5uO6VDY6XdkZYO1d8TA5YY008il0yY7ZpxLxf/8xqZjY9aA5RpZkHyn4fiTFCraN6Uq0MDt6LvCOMa3V8p7zLNuHV9Fl0J4fjKk+SqWgkPKvsX1dLx6aiOAtkkW2SHhOSQHJNzUiN1wskDeSIv5NV79J69N+/9JzrljWY2yB94n9+W+aEV</latexit>

un insieme di elementi A (possibilmente infinito)

<latexit sha1_base64="Nro2I628enmZ+sJwGv+BPxi3ukI="></latexit>

una relazione binaria di precedenza � ✓ A⇥A

<latexit sha1_base64="Oeffodi0oSA8D6xD2cWU2Kmimw8=">AAACCXicbVA9SwNBFNyL3/Hr1NJmMQixCXdB1FK0sVQwGkiO8G7zokv29o7dd4EQ0tr4V2wsFLH1H9j5b9zEFJo4sDDMvLePmThT0lIQfHmFufmFxaXlleLq2vrGpr+1fWPT3AisiVSlph6DRSU11kiSwnpmEJJY4W3cPR/5tz00Vqb6mvoZRgncadmRAshJLZ+Xdaq5RoHWgpGQoCbkZEBbSbIHBy2/FFSCMfgsCSekxCa4bPmfzXYq8tFHQoG1jTDIKBqAISkUDovN3GIGogt32HBUu5M2GoyTDPm+U9q8kxr3NPGx+ntjAIm1/SR2kwnQvZ32RuJ/XiOnzkk0kDrLCbX4OdTJFaeUj2rhbWlQkOo7AsK46IKLezAgyJVXdCWE05FnyU21Eh5VDq+qpdOzSR3LbJftsTIL2TE7ZRfsktWYYA/sib2wV+/Re/bevPef0YI32dlhf+B9fAObJJpK</latexit>

(non necessariamente transitiva)

<latexit sha1_base64="0xno2ROM0g7nNX+neRaCFctp4yI=">AAACHHicbVDLSsNAFJ34rPVVdelmsBVclaSKuiy6cVnBPqAJZTK5aYdOHmRuxBL6IW78FTcuFHHjQvBvnKZdaOuBgcM59zH3uLEUCk3z21haXlldWy9sFDe3tnd2S3v7LRWlCYcmj2SUdFymQIoQmihQQidOgAWuhLY7vJ747XtIlIjCOxzF4ASsHwpfcIZa6pVOK8zWDZy6FaoEldDvA6XURnjAfHrmyhTGGaOTKvCAuuNeqWxWzRx0kVgzUiYzNHqlT9uLeBpAiFwypbqWGaOTsQQFlzAu2qmCmPEh60NX05AFoJwsXz+mx1rxqB8l+oVIc/V3R8YCpUaBqysDhgM1703E/7xuiv6lk4kwThFCPl3kp5JiRCdJUU/oi1GONGE8EfqvlA9YwjjqPIs6BGv+5EXSqlWt8+rZba1cv5rFUSCH5IicEItckDq5IQ3SJJw8kmfySt6MJ+PFeDc+pqVLxqzngPyB8fUDhFGhFA==</latexit>

a � b si legge a precede b

relazione ben fondata

<latexit sha1_base64="NCLy8sBwf7+/xdBuxLrYWyRyxk4=">AAACJHicbVDJSgNBEO2JW4xb1KOXxkTwFGaCqOAl6MVjBLNAMoSeTk3SpKd7mO4RQsjHePFXvHhwwYMXv8XKctDEBw2PV1Vd9V4QS2Gs6345mZXVtfWN7GZua3tndy+/f1A3Ok041LiWOmkGzIAUCmpWWAnNOAEWBRIaweBmUm88QGKEVvd2GIMfsZ4SoeDMotTJXymtqNFKUxZFYAxQrIAC2hWGg+qCsoIKFQolLCChiGIbV3Ba7OQLbsmdgi4Tb04KZI5qJ//e7mqeRvgpl8yYlufG1h+xxAouYZxrpwZixgesBy2kiuFF/mhqckxPUOnSUCf4lKVT9ffEiEXGDKMAOyNm+2axNhH/q7VSG176I6HiFI3z2aIwldRqOkkMk0C3Vg6RMJ4IvJXyPksYt5hrDkPwFi0vk3q55J2Xzu7Khcr1PI4sOSLH5JR45IJUyC2pkhrh5JE8k1fy5jw5L86H8zlrzTjzmUPyB873Dxsdo8o=</latexit>

non sono ammesse catene discendenti infinite in �

<latexit sha1_base64="MDwq/ACrTMJCJaErHMt2pBewRAg=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDiaCVdgNopZBG8sI5gFJCLM3N8mQ2dllZlYIIaWNv2JjoYitn2Dn3zibpNDEAxcO59zL5ZwgFlwbz/t2Miura+sb2c3c1vbO7p67f1DTUaIAqxCJSDUCplFwiVXDjcBGrJCFgcB6MLxJ/foDKs0jeW9GMbZD1pe8x4EZK3XcYw2KGxNRJmGAFKIQKaWFoKUTAMoKHTfvFb0p6DLx5yRP5qh03K9WN4IkRGlAMK2bvheb9pgpw0HgJNdKNMYMhqyPTUslC1G3x9MgE3pqlS7tRcqONHSq/r4Ys1DrURjYzZCZgV70UvE/r5mY3lV7zGWcGJQwe9RLBLXB01ZolysEI0aWsLQQDhQGTDEwtrucLcFfjLxMaqWif1E8vyvly9fzOrLkiJyQM+KTS1Imt6RCqgTII3kmr+TNeXJenHfnY7aaceY3h+QPnM8fl2CYaA==</latexit>

scritto anche come b � a

<latexit sha1_base64="xQ19eftno6XoZoly+n1EsUwKaWA=">AAACEnicbVC7SgNBFJ31GeNr1dJmMBGSJuwGfIBN1MYygnlANoS7k0kyZHZmmZkNhJBvsPFXbCwUsbWy82+cPApNPHDhcM693HtPGHOmjed9Oyura+sbm6mt9PbO7t6+e3BY1TJRhFaI5FLVQ9CUM0ErhhlO67GiEIWc1sL+7cSvDajSTIoHM4xpM4KuYB1GwFip5eYHsssZRBLHSg5AUZwNOlIB5xgCJvB1AQdX5Rzksy034xW8KfAy8eckg+Yot9yvoC1JElFhCAetG74Xm+YIlGGE03E6SDSNgfShSxuWCoiobo6mL43xqVXa2F5iSxg8VX9PjCDSehiFtjMC09OL3kT8z2skpnPZHDERJ4YKMlvUSTg2Ek/ywW2mKDF8aAkQxeytmPRAATE2xbQNwV98eZlUiwX/vHB2X8yUbuZxpNAxOkE55KMLVEJ3qIwqiKBH9Ixe0Zvz5Lw4787HrHXFmc8coT9wPn8AfHOcCg==</latexit>

vogliamo provare 8a 2 A. P (a)

<latexit sha1_base64="CzcE09IHic/aBoy56copKsTme4k=">AAACGnicbVDLSsNAFJ34rPUVdelmsBVcSEm6qCIItW5cVrAPaEKZTCbt0MkkzEyUEvodbvwVNy4UcSdu/BsnbRbaemDgcM49zL3HixmVyrK+jaXlldW19cJGcXNre2fX3NtvyygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcbXWd+554ISSN+p8YxcUM04DSgGCkt9U074VAH/EyIYLl5ceUIOhgqJET0AJ0QqaHnpY3JpZNap9B2JuW+WbIq1hRwkdg5KYEczb756fgRTkLCFWZIyp5txcpNkVAUMzIpOokkMcIjNCA9TTkKiXTT6WkTeKwVHwaR0I8rOFV/J1IUSjkOPT2Z7SrnvUz8z+slKjh3U8rjRBGOZx8FCYO6hawn6FNBsGJjTRAWVO8K8RAJhJVus6hLsOdPXiTtasWuVWq31VK9kddRAIfgCJwAG5yBOrgBTdACGDyCZ/AK3own48V4Nz5mo0tGnjkAf2B8/QCV6Z/y</latexit>

un predicato P : A ! B = {0, 1}



Grafo di una relazione 
binaria di precedenza

• A={a,b,c,d,e} 

a

b

c

d

e

<latexit sha1_base64="7J8IC8L17pRR9BjcGH5YUgW2cnM=">AAACGHicbVA7T8MwGHTKq5RXgJHFokZiqEpSIWCsYGEsEn1IbVQ5jtNadZzIdpCqqj+Dhb/CwgBCrN34N7hNBmg5ydL5vu9k3/kJZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5aKU0lok8Q8lh0fK8qZoE3NNKedRFIc+Zy2/dHdfN5+olKxWDzqcUK9CA8ECxnB2kh9+wLhnjEQ6FcQRH7GMapAFOQ6ghQiml0I6ttlp+osAFeJm5MyyNHo27NeEJM0okITjpXquk6ivQmWmhFOp6VeqmiCyQgPaNdQgSOqvMki2BSeGSWAYSzNERou1N+OCY6UGke+2YywHqrl2Vz8b9ZNdXjjTZhIUk0FyR4KUw51DOctwYCZuJqPDcFEMvNXSIZYYqJNlyVTgrsceZW0alX3qnr5UCvXb/M6iuAEnIJz4IJrUAf3oAGagIBn8ArewYf1Yr1Zn9ZXtlqwcs8x+ANr9gPjNpyR</latexit>

a � b, b � a, d � b e e � c



Grafo di una relazione
<latexit sha1_base64="vRG2brD+d847SulSwe1j9ATn0As="></latexit>

A = B⇤

…

Esempio:
<latexit sha1_base64="ipv1zAZW3xMruKtqyovo47Zb+t4="></latexit>

u � w se u appare in w (con u 6= ✏ e u 6= w)



Catene discendenti infinite



Esempio
<latexit sha1_base64="YYt7cS/h5FgdSL0Ojank7EV/cko="></latexit>

A = {mon, tue,wed, thu, fri, sat, sun}

<latexit sha1_base64="ksnJAMMyXVd1pRHZ/zTfKGRrNxE="></latexit>

a(n) = an

Catene discendenti infinite

<latexit sha1_base64="W1WByI25VIKGKFigeV1LFg3ofKs="></latexit>

la sequenza puo’ essere anche vista come una funzione a : N ! A

<latexit sha1_base64="eROtdTnfK9Yi4b9uWh6OAFQfUCY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMFWaDchKaIui25cVrAXaEM5mU7aoZMLMxOhhO7c+CpuXCji1ldw59s4bYNo6w8DH/85hzPn92LOpLLtLyO3srq2vpHfLGxt7+zumfsHTRklgtAGiXgk2h5IyllIG4opTtuxoBB4nLa80fW03rqnQrIovFPjmLoBDELmMwJKWz3zuARlu9KVCSEYys4PVSuWVqlnFm3Lngkvg5NBEWWq98zPbj8iSUBDRThI2XHsWLkpCMUIp5NCN5E0BjKCAe1oDCGg0k1nd0zwqXb62I+EfqHCM/f3RAqBlOPA050BqKFcrE3N/2qdRPmXbsrCOFE0JPNFfsKxivA0FNxnghLFxxqACKb/iskQBBCloyvoEJzFk5ehWbWcc+vstlqsXWVx5NEROkFl5KALVEM3qI4aiKAH9IRe0KvxaDwbb8b7vDVnZDOH6I+Mj291F5Xb</latexit>

a(0) � a(1) � a(2)....

<latexit sha1_base64="xOZtAI7v+gkB626Nzj1gf1aSBc0="></latexit>

a(n) = n-simo giorno prima

<latexit sha1_base64="JN4LxdRG4BS4tlAK0bntJsMJ0nY="></latexit>

Catena discendente infinita:
una sequenza infinita {ai}i2N di elementi di A

tali che 8i 2 N. ai � ai+1



Una relazione si dice ben fondata 

se non ha catene discendenti infinite

Relazioni di precedenza 

ben fondate


<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n ! m if m = n + 1
<latexit sha1_base64="sohyyPdopvfhPdfuJFIOcMZChGI="></latexit>

Z
<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n ! m if m = n + 1
<latexit sha1_base64="+i/VchdDsp7XXnATGcA13Mr4nQ8="></latexit>

n ! m if n < m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="+i/VchdDsp7XXnATGcA13Mr4nQ8="></latexit>

n ! m if n < m
<latexit sha1_base64="sohyyPdopvfhPdfuJFIOcMZChGI="></latexit>

Z
<latexit sha1_base64="7fio6s3K2ZzHYbrW2EEE9WrOPXg="></latexit>

n ! m if n " m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="slLvKVJ/jH7bK6DmJKHPNVx6ESs="></latexit>

n ! m if n = m



Chiusura transitiva
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

! " A # A

<latexit sha1_base64="CLcIzVjOxvGhNlW3HulB/COsS8w="></latexit>

! + " A # Ala sua chiusura transitiva

e’ la piu’ piccola relazione generata dalle regole
<latexit sha1_base64="4fbbWPJpD2Ar+n+aT8u4+tUIEDA="></latexit>

a ! b
a ! + b

<latexit sha1_base64="KetEHpkh8O0uceTl6ZTEvzcn+HM="></latexit>

a ! + b b! + c
a ! + c

dalla prima regola, e’ ovvio che
<latexit sha1_base64="yV8lE3Xe7JGyDi0YsvP9EPzKmBM="></latexit>

! " ! +

si puo’ dimostrare che
<latexit sha1_base64="LC03+2q6apY3qVEI0x6pKAR7G9w="></latexit>

(! + )+ = ! +

Data una relazione binaria di precedenza 



<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

! " A # Auna relazione binaria

e’ ovvio che 

la sua chiusura transitiva e riflessiva
<latexit sha1_base64="wkp0/va7MvE823skVvOEPThDMiw="></latexit>

! ! " A # A

<latexit sha1_base64="ohCywDWD0IaKrMcISfo//1pIu/8="></latexit>

a ! A
a " ! a

<latexit sha1_base64="w96IUhkhCO8B5x60p90XB2neGrc="></latexit>

a ! ! b b! ! c
a ! ! c

<latexit sha1_base64="rZjO8CbeAJs0YHUlay5k9IxNjwc="></latexit>

a ! b
a ! ! b

<latexit sha1_base64="WEwSrqZaIk/D80/l85qM9pHUG1Q="></latexit>

! " ! + " ! !

<latexit sha1_base64="y7TgC2l/m9NKUGH7YDlWQBBNy1I="></latexit>

(! ! )! = ! !

Chiusura transitiva e riflessiva 

e’ la piu’ piccola relazione generata dalle regole

si puo’ dimostrare che



Chiusure  e cammini
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

! " A # AData una relazione binaria di precedenza 

<latexit sha1_base64="D9mqF+8sWZsl07+zknLTAhvMxT4="></latexit>

! k > 0, { ci } i ! [0,k ] . a = c0 " c1 " á á á" ck = b

<latexit sha1_base64="DXi3X2/7Mw8+fuBOrPBOnLzM4Xs="></latexit>

! k " 0, { ci } i ! [0,k ] . a = c0 # c1 # á á á# ck = b

<latexit sha1_base64="ug8SuaAy2ahLOSiW9V+jlN4YCBk="></latexit>

a ! + b sse cÕè un cammino non vuoto daa a b nel grafo di !

<latexit sha1_base64="DnRWWvTb/o9U9+0tjOoWb82KxA4="></latexit>

a ! ! b sse cÕè un cammino eventualmente vuoto daa a b nel grafo di !



Chiusure

<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n ! m if m = n + 1
<latexit sha1_base64="sohyyPdopvfhPdfuJFIOcMZChGI="></latexit>

Z
<latexit sha1_base64="+kSvwgMoHBARb84aToL508Tccq4="></latexit>

n ! m if m = n + 1
<latexit sha1_base64="+i/VchdDsp7XXnATGcA13Mr4nQ8="></latexit>

n ! m if n < m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="7fio6s3K2ZzHYbrW2EEE9WrOPXg="></latexit>

n ! m if n " m
<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N

<latexit sha1_base64="fQbpTTffaNJFw2e8c7I8XKeiVo8="></latexit>

! + <latexit sha1_base64="9KF0Wkwktpv2fDIDcsSSM5rFoZc="></latexit>

! !

<latexit sha1_base64="akcu5MBl3ldT6mKbDeWps+QnEgM="></latexit>

N
<latexit sha1_base64="slLvKVJ/jH7bK6DmJKHPNVx6ESs="></latexit>

n ! m if n = m

<latexit sha1_base64="szuj0eD9CEDbdrdK5yU4gUuUfMg="></latexit>n < m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n ! m
<latexit sha1_base64="szuj0eD9CEDbdrdK5yU4gUuUfMg="></latexit>n < m

<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n ! m
<latexit sha1_base64="szuj0eD9CEDbdrdK5yU4gUuUfMg="></latexit>n < m

<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n ! m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n ! m
<latexit sha1_base64="y5BT2+gsS7QP1ZEpMKY8Yp4JB30="></latexit>

n ! m
<latexit sha1_base64="JRsX4GdclRFAsZt3k2dIYmdU5jI="></latexit>n = m <latexit sha1_base64="JRsX4GdclRFAsZt3k2dIYmdU5jI="></latexit>n = m



Teorema
Una relazione è ben fondata sse (se e solo se) la sua chiusura 
transitiva è ben fondata

<latexit sha1_base64="mpY0Xsf2XEPpBP7bPUlsIQ5kPe4=">AAACLXicbVDLSgNBEJz1GeNr1aOXwUQQhLAbBD2KuXhUMUbIrrF3MkkGZ2eXmV4lLH6QF39FEA8K4tXfcPI4aEydiupqqruiVAqDnvfhzMzOzS8sFpaKyyura+vuxuaVSTLNeJ0lMtHXERguheJ1FCj5dao5xJHkjeiuNpg37rk2IlGX2E95GENXiY5ggFZqubVyYP3sZp+WaXDLKY24op1EtQGBloML0e0haJ08lOnIOcXXcktexRuC/if+mJTIGGct9zVoJyyLuUImwZim76UY5qBRMMkfi0FmeArsDrq8aamCmJswHz77SHet0rbRehCPdKj+3sghNqYfR9YZA/bM5GwgTps1M+wchblQaYZcsVFQJ5MUEzpojraFfR9l3xJgWthbKeuBBoa236ItwZ98+T9pVCv+QcX3z6ul45NxHwWyTXbIHvHJITkmp+SM1AkjT+SFvJMP59l5cz6dr5F1xhnvbJE/cL5/AMwMpVg=</latexit>

! + è ben fondata " ! è ben fondata
<latexit sha1_base64="aiQzWiHFTAoKKM2hBNxTqYt+2KQ="></latexit>

ovvio:
ogni catena discendente per! è anche una catena discendente per! + edè Þnita
perchè ! + è ben fondata

Dimostriamo  prima  



Una relazione è ben fondata sse (se e solo se) la sua chiusura 
transitiva è ben fondata

<latexit sha1_base64="SHXcPBeewREeQ6SPnC3Fyol4DTU="></latexit>

! è ben fondata " ! + è ben fondata # Â(! + b.f.) " Â(! b.f.)
<latexit sha1_base64="c/huRUpk4T5SPwD1bQiRmiT1GrE="></latexit>

per contrapposizione: assumiamo che! + non sia ben fondata e proviamo
che neanche! lo è. Consideriamo una catena discendente inÞnita per! +

a0 " + a1 " + a2 " + ...

per deÞnizione,a ! + b sse esiste un cammino non vuoto daa a b nel grafo di !

a0 " ... " a1 " ... " a2 " ...

quindi abbiamo che anche la catena di! è discendente inÞnita

Ora dimostriamo

Relazione ben fondata



Relazioni Acicliche
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

! " A # AUna relazione binaria di precedenza 

<latexit sha1_base64="E6qJ4xK/rMVbmH0wEOnMtn4AdmQ=">AAACHHicbVBNSwMxFMz6WevXqkcvwVbwVHaLoMeiHjxWsLbQlvo2fW1Ds8myyQql9H948a948aAgXjwI/huz2x60dSAwzMxL8iaIBNfG876dpeWV1bX13EZ+c2t7Z9fd27/TKokZ1pgSKm4EoFFwiTXDjcBGFCOEgcB6MLxM/foDxporeWtGEbZD6Eve4wyMlTpu+YozDqGibIC02LKzrEhb90iBcSZsjGqkUkk6AJopNN9xC17Jy0AXiT8jBTJDteN+trqKJSFKwwRo3fS9yLTHEBt7IU7yrURjBGwIfWxaKiFE3R5nu03osVW6tKdie6Shmfp7Ygyh1qMwsMkQzEDPe6n4n9dMTO+8PeYySgxKNn2olwhqFE2Lol1uuzBiZAmwmNu/2o4gBmZsnWkJ/vzKi6ReLvmnJd+/KRcqF7M+cuSQHJET4pMzUiHXpEpqhJFH8kxeyZvz5Lw4787HNLrkzGYOyB84Xz8zYZ9u</latexit>

Diciamo che ! è aciclica se non ha cicli

<latexit sha1_base64="qd99v/8oR7LBtnFLvIeglKVJKmg=">AAACHnicbVBNSwJBGJ7t0+xrq2OXIQ2CQHZFqKPUpVMYZApqNju+6uDszrLzbiDiH+nSX+nSoSCCTvVvmtUNSnth4OH54J338UIpNDrOl7WwuLS8sppZy65vbG5t2zu7N1rFEYcqV1JFdY9pkCKAKgqUUA8jYL4noeYNzhO9dg+RFiq4xmEILZ/1AtEVnKGh2nbpUiFDoLwPNN80UZ6nzTugjAsujYtq/SPcHuepVInatnNOwZkMnQduCnIknUrb/mh2FI99CJBLpnXDdUJsjViEZguMs81YQ8j4gPWgYWDAfNCt0eS6MT00TId2VWRegHTC/k6MmK/10PeM02fY17NaQv6nNWLsnrZGIghjhIBPF3VjSVHRpCraEeZqlEMDGI+E+aupiUWMoyk0a0pwZ0+eB7ViwS0VXPeqmCufpX1kyD45IEfEJSekTC5IhVQJJw/kibyQV+vRerberPepdcFKM3vkz1if37mLoDs=</latexit>

Notate che ! è aciclica sse! + lo è

<latexit sha1_base64="u6a4hENbNJchKnscHuxT7HhyGZY=">AAACHHicbVC7SgNBFJ31bXxFLW0uJoIghF3FRxm1sVQwJpDEcHdyYwZnZ9eZWSGEfIiNv2JjoYiNheDfOBtT+DowcDjnPuaeMJHCWN//8MbGJyanpmdmc3PzC4tL+eWVCxOnmlOFxzLWtRANSaGoYoWVVEs0YRRKqobXx5lfvSVtRKzObS+hZoRXSnQER+ukVn6ni5Aq4ILLGAwBFLHhBvDLLcAiQEIablKUvEuZIxQcFnOtfMEv+UPAXxKMSIGNcNrKvzXaMU8jUpZLNKYe+Ilt9lFbt5YGuUZqKEF+jVdUd1RhRKbZHx43gA2ntKETa/eUhaH6vaOPkTG9KHSVEdqu+e1l4n9ePbWdg2ZfqCS1pPjXok4qwcaQJQVt4XKwsucIci3cX4F3USO3Ls8shOD3yX/JxXYp2Cvtnm0XykejOGbYGltnmyxg+6zMTtgpqzDO7tgDe2LP3r336L14r1+lY96oZ5X9gPf+CY49nok=</latexit>

ha un ciclo sea ! + a per qualchea " A



Teorema
Se una relazione e’ ben fondata allora e’  aciclica

<latexit sha1_base64="K72+0nIyoItubZyr/zlbqEgOFcM="></latexit>

Per contrapposizione:
proviamo che se! ha un ciclo allora non è ben fondata. Consideriamoa " A
tale che a ! + a allora abbiamo una catena discendente inÞnita per! +

a # + a # + a # + ...

quindi abbiamo che ! + non è ben fondata
per il teorema precedente neanche! è ben fondata.



Teorema

La prova utilizza il principio dei piccioni

<latexit sha1_base64="znUXdLwjI6o4uuGniVqe/alEBbE=">AAACM3icbVDLSgNBEJz1GeMr6tHLYBQ8hd0g6DHqRW8RjQkkIfZOepMhs7PLzqwQQr7Ji18ieNCDgnj1H+w8DkZtGCiqurumy4+VNNZ1X5y5+YXFpeXMSnZ1bX1jM7e1fWuiNBFYEZGKkpoPBpXUWLHSKqzFCULoK6z6vfORXr3HxMhI39h+jM0QOloGUoAlqpW7vEa+z0/pNe6QB1JLG3GiGrRFTEgQUiga4KBoG8xoPmoeRLoNFlq5vFtwx8X/Am8K8mxa5VbuqdGORBqitkKBMXXPjW1zAIklPxxmG6nBGEQPOlgnqCFE0xyMTx7yA2LaZJ2M7C0fsz8nBhAa0w996gzBds1vbUT+p9VTG5w0B1LHqUUtJkZBqjjFMsqPtyUdb1WfAIhE0l+56EICwlLKWQrB+33yX1AtFryjguddFfOls2keGbbL9tgh89gxK7ELVmYVJtgDe2Zv7N15dF6dD+dz0jrnTGd22Ew5X9/KnKdg</latexit>

SeA è Þnito e ! è aciclica allora ! è ben fondata



Il principio dei piccioni


nella figura: 10 piccioni e nove slots

<latexit sha1_base64="Opg5Bg7iXeYBM0Win7FsGgTCPOU="></latexit>

Sen oggetti sono posti in m < n slots,
allora almeno uno slot contiene pi«u di un oggetto



Teorema
<latexit sha1_base64="znUXdLwjI6o4uuGniVqe/alEBbE=">AAACM3icbVDLSgNBEJz1GeMr6tHLYBQ8hd0g6DHqRW8RjQkkIfZOepMhs7PLzqwQQr7Ji18ieNCDgnj1H+w8DkZtGCiqurumy4+VNNZ1X5y5+YXFpeXMSnZ1bX1jM7e1fWuiNBFYEZGKkpoPBpXUWLHSKqzFCULoK6z6vfORXr3HxMhI39h+jM0QOloGUoAlqpW7vEa+z0/pNe6QB1JLG3GiGrRFTEgQUiga4KBoG8xoPmoeRLoNFlq5vFtwx8X/Am8K8mxa5VbuqdGORBqitkKBMXXPjW1zAIklPxxmG6nBGEQPOlgnqCFE0xyMTx7yA2LaZJ2M7C0fsz8nBhAa0w996gzBds1vbUT+p9VTG5w0B1LHqUUtJkZBqjjFMsqPtyUdb1WfAIhE0l+56EICwlLKWQrB+33yX1AtFryjguddFfOls2keGbbL9tgh89gxK7ELVmYVJtgDe2Zv7N15dF6dD+dz0jrnTGd22Ew5X9/KnKdg</latexit>

SeA è Þnito e ! è aciclica allora ! è ben fondata

<latexit sha1_base64="8mx8PIrPtJONH5eu8ur2yY6Oayg="></latexit>

Per contrapposizione:
proviamo che se! non è ben fondata allora ha un ciclo. Consideriamo una
catena discendente inÞnita per! ,

a0 " a1 " a2 " ...

k = |A| e prendiamo i primi k + 1 elementi della catena discendente

a0 " a1 " a2 " ... " ak

per il principio dei piccioni, ai = aj per qualche 0# i < j # k,

ai " ai +1 " ... " aj ! 1 " aj = ai

quindi ai ! + ai e ! ha un ciclo.



Elementi Minimali
<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

! " A # A

<latexit sha1_base64="dZgmWTJzoE21w5DIUyL4auGTJxk="></latexit>

! x " Q. x #$m
<latexit sha1_base64="a1FQOp+du00BQ2hZUbBJyhmcLNM="></latexit>

! Â" x # Q. x $ m

<latexit sha1_base64="8BVQc21BaNhZbeS44oB8pGIK5z4="></latexit>

Q has no minimal elementmeans! m " Q. #x " Q. x $ m

Sia                       una relazione binaria di precedenza.
<latexit sha1_base64="EyCTajpmz7QV8aLPU7RPivCnvow=">AAACB3icbVBNS8NAEN3Ur1q/oh5FWGwETyUpgh6rXjy2aG2hLWWznbRLN5u4uxFK6MmLf8WLBwXx6l/w5r9x2+agrQ8GHu/NMDPPjzlT2nW/rdzS8srqWn69sLG5tb1j7+7dqSiRFOo04pFs+kQBZwLqmmkOzVgCCX0ODX94NfEbDyAVi8StHsXQCUlfsIBRoo3UtQ9vGMFOra0SX4GGe3zhYMBO2GYC15yuXXRL7hR4kXgZKaIM1a791e5FNAlBaMqJUi3PjXUnJVIzymFcaCcKYkKHpA8tQwUJQXXS6RtjfGyUHg4iaUpoPFV/T6QkVGoU+qYzJHqg5r2J+J/XSnRw3kmZiBMNgs4WBQnHOsKTTHCPSaCajwwhVDJzK6YDIgnVJrmCCcGbf3mRNMol77TkebVysXKZ5ZFHB+gInSAPnaEKukZVVEcUPaJn9IrerCfrxXq3PmatOSub2Ud/YH3+AHjtlwE=</latexit>

Sia Q ! A e m " Q

m  e’ minimale in Q se nessun elemento  di Q precede m

Q non ha elementi minimali sse



Elementi Minimali
<latexit sha1_base64="ccIBDfLomwL0j/Mu9y2bhSaen5Y="></latexit>

N, <

<latexit sha1_base64="Vp4/b1N8/dk+joH7q5FBW65GgeE="></latexit>

Z, <

<latexit sha1_base64="cojRiCdwgbnbvmTUiLvaPGb+IuE="></latexit>

! (N), !
<latexit sha1_base64="smv11U+gJNXNyxVSnsfOpAjMgiY="></latexit>

! ! Q " ! (N)

<latexit sha1_base64="m4w8O5TwfkW6fGOpd3oBOm8ERMU="></latexit>

! ! Q " N

<latexit sha1_base64="IksSkgNWEMnHgdjJu9Kaus0FVbo="></latexit>

! ! Q " Z

Elemento     
Minimale ? Unico?



Lemma
<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1!
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2!
<latexit sha1_base64="J3eLMaa3vzC8qyQ+TBuElVsZj44="></latexit>

1! " 2!

<latexit sha1_base64="p+ZBznZuJ5N95gNEVTqs4ZEgS3E="></latexit>!

<latexit sha1_base64="KfRaASerYGOEPLkkSW698d0HwWQ="></latexit>

! è b.f. sse ogni" #= Q $ A ha un elemento minimale
<latexit sha1_base64="5HR6A0sIdChLiPazt8GwMp+0Pn0=">AAACG3icbVDLSgMxFM3UV62vqks3wVZwVSZFUHBTdOOygrWFdih3Mnfa0ExmmGSEUvodbvwVNy4UxJXgwr8xfSy09ULI4Zx7b3KOn0ihjet+O7mV1bX1jfxmYWt7Z3evuH9wr+Ms5djgsYzTlg8apVDYMMJIbCUpQuRLbPqD64nefMBUi1jdmWGCXgQ9JULBwViqW2Tlju3nncsy7QPNFFCroL0CoTmqAJVBKlQolDBAtcZCt1hyK+606DJgc1Ai86p3i5+dIOZZZFdxCVq3mZsYbwSpEVziuNDJNCbAB9DDtoUKItTeaGptTE8sE9AwTu1Rhk7Z3xMjiLQeRr7tjMD09aI2If/T2pkJL7yRUElm7fLZQ2EmqYnpJCfr38Zi5NAC4Kmwf6W8DylwY9OchMAWLS+DZrXCziqM3VZLtat5HnlyRI7JKWHknNTIDamTBuHkkTyTV/LmPDkvzrvzMWvNOfOZQ/KnnK8fEu2gFw==</latexit>

! ha una catena discendente inÞnita sse
<latexit sha1_base64="NHKViDfHq1wCIQQxwNPg99ztenU=">AAACKXicbVDLTgIxFO34RHyhLt00gokrMkNMdCfqxiUkIiRASKdcoKGPse0QCeFz3PgrbozRRN36I3aAhYI3aXJ6zr29PSeMODPW9z+9peWV1bX11EZ6c2t7Zzezt39nVKwpVKjiStdCYoAzCRXLLIdapIGIkEM17F8nenUA2jAlb+0wgqYgXck6jBLrqFbmAuca8OD2GFxumDg0YOEeX+awVBIPYmUVpj2Y3HoEAwcB0jIsmGSCcJZuZbJ+3p8UXgTBDGTRrEqtzGujrWicPEM5MaYe+JFtjoi2jHIYpxuxgYjQPulC3UFJBJjmaGJ0jI8d08Ydpd2RFk/Y3xMjIowZitB1CmJ7Zl5LyP+0emw7580Rk1FsQdLpok7MsbOfpIbbTAO1fOgAoZq5v7pYiCbUumyTEIJ5y4ugWsgHp/kgKBeyxatZHil0iI7QCQrQGSqiG1RCFUTRI3pGb+jde/JevA/va9q65M1mDtCf8r5/AORspa8=</latexit>

! Q " A non vuoto che non ha elementi minimali

<latexit sha1_base64="UOqvYiFdfLjcWambCGzHn67YuVI="></latexit>

Consideriamo lÕinsiemeQ = { ai |i ! N} . Q non ha elementi minimali.
Se ne avesse uno, diciamoak , avremmo cheak+1 " ak .



Lemma
<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1!
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2!

<latexit sha1_base64="p+ZBznZuJ5N95gNEVTqs4ZEgS3E="></latexit>!

<latexit sha1_base64="x4rBFYi0aMiD044P705xbslco5Y=">AAAC9HicfVE9b9RAEN0zHwnH1wVKmhUnJKqTHaFAEymCBrqAuCTS2Tqt1+PLKvthdscXjpV/BS0dooVfQ0EDf4W144K7REz1NPPevtk3eSWFwzj+NYiuXb9xc2v71vD2n bv37o92Hhw5U1sOU26ksSc5cyCFhikKlHBSWWAql3Ccn71q58dLsE4Y/R5XFWSKLbQoBWcYWvPRmxThI3JhuYTCp6UxqA2CE5+A7jbD9J1YnCKz1pzT4X+oSTOcj8bxJO6KXgZJD8akr8P5zuBzWhheK9DIJXNulsQVZp5ZFMEimNcOKsbP2AJmAWqmwGW++3NDn9SOoaEVWCok7Zrwr8Iz5dxK5YGpGJ66zVnbvGo2q7F8kXmhqxpB89YIhYTOyHErQphAC2EBkbWbAxWacmYZIlhBGeehWYd01wwdKmZXtgif0nDOjVJMhwwLKOFD49N2CwvSp3ktZBEQTZchBiuYXgTv1ARX6vebZkOfB0/VzJLMX9ymTcHnsob+TVf6cRJUa6LlVSILRdNxwxmTzaNdBke7k2RvEr99Nj542R90mzwij8lTkpDn5IC8JodkSjj5QX6S3+RPtIy+RF+jbxfUaNBrHpK1ir7/BZRg+JA=</latexit>

2! " 1!

<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1!
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2!

<latexit sha1_base64="KfRaASerYGOEPLkkSW698d0HwWQ="></latexit>

! è b.f. sse ogni" #= Q $ A ha un elemento minimale
<latexit sha1_base64="5HR6A0sIdChLiPazt8GwMp+0Pn0=">AAACG3icbVDLSgMxFM3UV62vqks3wVZwVSZFUHBTdOOygrWFdih3Mnfa0ExmmGSEUvodbvwVNy4UxJXgwr8xfSy09ULI4Zx7b3KOn0ihjet+O7mV1bX1jfxmYWt7Z3evuH9wr+Ms5djgsYzTlg8apVDYMMJIbCUpQuRLbPqD64nefMBUi1jdmWGCXgQ9JULBwViqW2Tlju3nncsy7QPNFFCroL0CoTmqAJVBKlQolDBAtcZCt1hyK+606DJgc1Ai86p3i5+dIOZZZFdxCVq3mZsYbwSpEVziuNDJNCbAB9DDtoUKItTeaGptTE8sE9AwTu1Rhk7Z3xMjiLQeRr7tjMD09aI2If/T2pkJL7yRUElm7fLZQ2EmqYnpJCfr38Zi5NAC4Kmwf6W8DylwY9OchMAWLS+DZrXCziqM3VZLtat5HnlyRI7JKWHknNTIDamTBuHkkTyTV/LmPDkvzrvzMWvNOfOZQ/KnnK8fEu2gFw==</latexit>

! ha una catena discendente inÞnita sse
<latexit sha1_base64="NHKViDfHq1wCIQQxwNPg99ztenU=">AAACKXicbVDLTgIxFO34RHyhLt00gokrMkNMdCfqxiUkIiRASKdcoKGPse0QCeFz3PgrbozRRN36I3aAhYI3aXJ6zr29PSeMODPW9z+9peWV1bX11EZ6c2t7Zzezt39nVKwpVKjiStdCYoAzCRXLLIdapIGIkEM17F8nenUA2jAlb+0wgqYgXck6jBLrqFbmAuca8OD2GFxumDg0YOEeX+awVBIPYmUVpj2Y3HoEAwcB0jIsmGSCcJZuZbJ+3p8UXgTBDGTRrEqtzGujrWicPEM5MaYe+JFtjoi2jHIYpxuxgYjQPulC3UFJBJjmaGJ0jI8d08Ydpd2RFk/Y3xMjIowZitB1CmJ7Zl5LyP+0emw7580Rk1FsQdLpok7MsbOfpIbbTAO1fOgAoZq5v7pYiCbUumyTEIJ5y4ugWsgHp/kgKBeyxatZHil0iI7QCQrQGSqiG1RCFUTRI3pGb+jde/JevA/va9q65M1mDtCf8r5/AORspa8=</latexit>

! Q " A non vuoto che non ha elementi minimali

<latexit sha1_base64="evpPvevOyP4hmK3M9ugZzsTl9MA="></latexit>

Considera! "= Q # A che non ha un elemento minimale.
Dal momento che! "= Q scegliamo una0 $ Q.
Dal momento che a0 non è minimale, possiamo considerarea1 $ Q tale che
a1 % a0

Dal momento che a1 non è minimale, possiamo considerarea2 $ Q tale che
a2 % a1

....
Dal momento cheak non è minimale, possiamo considerareak+1 $ Q tale che
ak+1 % ak

....



Teorema [induzione b.f.]
<latexit sha1_base64="BvWJ695oofUrQzMD3c53gQ3593I="></latexit>

( ! a " A. P (a) ) # ( ! a " A. (! b $ a. P(b)) % P(a) )

<latexit sha1_base64="9GgTLQgjysFeLeS/zY0MLgKvzto="></latexit>

Set S(a) != H (a) ! P(a)

<latexit sha1_base64="xU+D0vMOtidV7ZUgta5LguCTybg="></latexit>

( ! a " A. P (a) ) # ( ! a " A. S(a) )
<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1!
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2!

<latexit sha1_base64="J3eLMaa3vzC8qyQ+TBuElVsZj44="></latexit>

1! " 2!
<latexit sha1_base64="P3Mkf/t7fUCazZpIFRv8vGU8R+M="></latexit>

Assume! a. P(a)
<latexit sha1_base64="hAfVelgtYweoi2DpSApUBe5BW4c="></latexit>

Take a generica ! A
<latexit sha1_base64="2DwAYOZOWiIBTlpjeK3xb0UF0og="></latexit>

S(a) ! (H (a) " P(a)) ! (ÂH (a) # P(a)) ! (ÂH (a) # tt ) ! tt

<latexit sha1_base64="SZ5j2bEC+J7s6z9t51mPrTcjlCk="></latexit>

Sia ! " A # A una relazione binaria di precedenza b.f.

<latexit sha1_base64="yQqk4Ip7x7zJ9/bID8kJKMQJsnc="></latexit>

Sia H (a) != ! b " a. P(b) e 



Teorema [induzione b.f.]

<latexit sha1_base64="GeRkjrkL9BPpknbMTimPfnqXOcg="></latexit>

Â 1! " Â 2!<latexit sha1_base64="p+ZBznZuJ5N95gNEVTqs4ZEgS3E="></latexit>!
<latexit sha1_base64="x4rBFYi0aMiD044P705xbslco5Y=">AAAC9HicfVE9b9RAEN0zHwnH1wVKmhUnJKqTHaFAEymCBrqAuCTS2Tqt1+PLKvthdscXjpV/BS0dooVfQ0EDf4W144K7REz1NPPevtk3eSWFwzj+NYiuXb9xc2v71vD2n bv37o92Hhw5U1sOU26ksSc5cyCFhikKlHBSWWAql3Ccn71q58dLsE4Y/R5XFWSKLbQoBWcYWvPRmxThI3JhuYTCp6UxqA2CE5+A7jbD9J1YnCKz1pzT4X+oSTOcj8bxJO6KXgZJD8akr8P5zuBzWhheK9DIJXNulsQVZp5ZFMEimNcOKsbP2AJmAWqmwGW++3NDn9SOoaEVWCok7Zrwr8Iz5dxK5YGpGJ66zVnbvGo2q7F8kXmhqxpB89YIhYTOyHErQphAC2EBkbWbAxWacmYZIlhBGeehWYd01wwdKmZXtgif0nDOjVJMhwwLKOFD49N2CwvSp3ktZBEQTZchBiuYXgTv1ARX6vebZkOfB0/VzJLMX9ymTcHnsob+TVf6cRJUa6LlVSILRdNxwxmTzaNdBke7k2RvEr99Nj542R90mzwij8lTkpDn5IC8JodkSjj5QX6S3+RPtIy+RF+jbxfUaNBrHpK1ir7/BZRg+JA=</latexit>

2! " 1!

<latexit sha1_base64="G32bfMJugP3vOaCAwImTMVraWEE="></latexit>

Set H (a) != ! b " a. P(b)

<latexit sha1_base64="9GgTLQgjysFeLeS/zY0MLgKvzto="></latexit>

Set S(a) != H (a) ! P(a)

<latexit sha1_base64="xU+D0vMOtidV7ZUgta5LguCTybg="></latexit>

( ! a " A. P (a) ) # ( ! a " A. S(a) )<latexit sha1_base64="k18djYnAFub1JkRzVqKR5zUEuWA="></latexit>

1!
<latexit sha1_base64="D7lKrWbA9xuO9+YKsIbWyJRznuA="></latexit>

2!

<latexit sha1_base64="XFVhlrkJRdEK60F10/U4hpxLreM=">AAACEHicbVC7SgNBFJ31GeNr1dJmMFGslt0gKNgk2lhGNCaQXcLsZDYZMvtw5q4QlvyBjb9iY6EgtpZ2/o2TZAtNPDBwOOce7tzjJ4IrsO1vY2FxaXlltbBWXN/Y3No2d3bvVJxKyho0FrFs+UQxwSPWAA6CtRLJSOgL1vQHl2O/+cCk4nF0C8OEeSHpRTzglICWOubRDSe47OoMxe65q1JfMWD3uOYCD5nCtTL2rcDqmCXbsifA88TJSQnlqHfML7cb0zRkEVBBlGo7dgJeRiRwKtio6KaKJYQOSI+1NY2IXuZlk3tG+FArXRzEUr8I8ET9nchIqNQw9PVkSKCvZr2x+J/XTiE48zIeJSmwiE4XBanAEONxObjLdQ8ghpoQKrn+K6Z9IgkFXWFRl+DMnjxPmhXLObEc57pSql7kfRTQPjpAx8hBp6iKrlAdNRBFj+gZvaI348l4Md6Nj+nogpFn9tAfGJ8/oAma7A==</latexit>

Sia ! " A # A b.f.

<latexit sha1_base64="qO61XBh/xHY0HIWoXlyxF+YYivw="></latexit>

Assumiamo! a " A. ÂP(a)
<latexit sha1_base64="0Tzbb5d9eFiWzNcaZHSoztBvXyU="></latexit>

Prendiamo Q = { q ! A | ÂP(q)} "= #, percheÕ almenoa ! Q
Dal momento che$ è b.f., sappiamo cheQ ha un elemento minimalem ! Q

Ovviamente, ÂP(m) (perchè m ! Q)
m è minimale, quindi %b $ m.b "! Q
cioè %b $ m.P (b) & H (m)

Ne consegueH (m) ' ÂP(m) & Â(H (m) ( P(m)) & ÂS(m)
cioè ) a ! A.ÂS(a)



<latexit sha1_base64="Q1ugxftH/EHEaMfsJVwMHT49RAw="></latexit>

! " A # AData una relazione di precedenza  b.f.

<latexit sha1_base64="h9e3YP2fcvriQzMMuMntf1P92cU="></latexit>

! a " A. ( ( ! b # a. P(b)) $ P(a) )
! a " A. P (a)

<latexit sha1_base64="JneZn/K4xNC0zkWOiX7ykC2vidU="></latexit>

Vantaggio: quando proviamo P(a) per un a generico,
possiamo usare lÕassunzione! b " a.P(b)!

Riscriviamo il precedente risultato sotto forma di regola di inferenza

Induzione b.f.



Deriviamo il principio di 
induzione matematica debole

<latexit sha1_base64="h9e3YP2fcvriQzMMuMntf1P92cU="></latexit>

! a " A. ( ( ! b # a. P(b)) $ P(a) )
! a " A. P (a)

<latexit sha1_base64="20LaNaqRRor+OyHQDM7jtWbV6vg="></latexit>

A = N
<latexit sha1_base64="5l6Hz64yvaRJ7nNK5D/cizHbeGE="></latexit>

! = { (n, n + 1) | n " N} (relazione di precedenza immediata)
<latexit sha1_base64="oWdRqZ+ZMfKdlscsCGsdizUxhWM="></latexit>

¥ sea = 0, allora non esiste unb ! 0, per cui (" b ! 0.P(b)) # tt e
(( " b ! 0.P(b)) $ P(0)) # tt $ P(0) # P(0)

¥ sea = n + 1, allora esiste un solob tale che b ! n + 1,
ovvero b = n allora (( " b ! n + 1 .P(b)) $ P(n + 1)) # P(n) $ P(n + 1)



Otteniamo il principio di 
Induzione matematica 

<latexit sha1_base64="E/ekcIkIApeGg1ENWoWzC0FlzEA="></latexit>

P (0) ! n " N. ( P(n) # P(n + 1) )
! n " N. P(n)

Debole:  possiamo assumere P(n) per provare P(n+1)!



Deriviamo il principio di 
induzione matematica forte

<latexit sha1_base64="h9e3YP2fcvriQzMMuMntf1P92cU="></latexit>

! a " A. ( ( ! b # a. P(b)) $ P(a) )
! a " A. P (a)

<latexit sha1_base64="20LaNaqRRor+OyHQDM7jtWbV6vg="></latexit>

A = N
<latexit sha1_base64="dAqEWn+wSOj+GUiwYWOMrGnheIM="></latexit>! = < (minore stretto)

<latexit sha1_base64="dHR1HCnXS0DU3q+bquPXEGGnUe8="></latexit>

¥ come prima sea = 0, allora non esiste unb ! 0, per cui (" b ! 0.P(b)) # tt
e
(( " b ! 0.P(b)) $ P(0)) # P(0)

¥ sea = n + 1, allora (( " b ! n + 1 .P(b)) = P(0) %P(1) %... %P(n)
allora (( " b ! n+1 .P(b)) $ P(n+1)) # P(0)%P(1)%...%P(n) $ P(n+1)



<latexit sha1_base64="Arq56n4mr7Drb5DTW8Sje69PMEM="></latexit>

P (0) ! n " N. ( (P(0) # á á á# P(n)) $ P(n + 1) )
! n " N. P(n)

Forte:  possiamo assumere piu’ di P(n) per provare P(n+1)!

Otteniamo il principio di 
induzione matematica forte



Induzione Strutturale



Relazione di sottotermine immediato

<latexit sha1_base64="9IPFLb7MYLhRhSZsAmjotrOcS6c="></latexit>

! = { (t i , f (t1, ..., tn )) | f " ! n , i " [1, n]}

<latexit sha1_base64="3eytPG0mDN7gdhWQWZaKvCVVgLY="></latexit>

! 0 = { 0}
<latexit sha1_base64="VrNg7GdFmisd6hFhqEq25gGKqe8="></latexit>

! 1 = { succ}
<latexit sha1_base64="SV+GuOswybGBRDY3/pUDM/DvKh0="></latexit>

! 2 = { plus}
<latexit sha1_base64="JCvJkLV4VVKhWZuiy7tkK5Bohqk="></latexit>

0 ! succ(0) ! plus(0, succ(0))
<latexit sha1_base64="2tbC5DeoRlZlRdPpC4Cfs7b9Ik8="></latexit>

0 ! plus(0, succ(0))
<latexit sha1_base64="SjaXbjtXIAtc4S28LkyE+ct1X/k="></latexit>

0 !" plus(succ(0), succ(0))

Esempio

<latexit sha1_base64="9Bos35sFXmrcOs1f0dwIkcU+1W0=">AAACFXicbVBNS8NAEN3Ur1q/oh69LLaCIJSkCHosevEkFa0tNKFMtpt26WYTdjdCCf0RXvwrXjwoiFfBm//GbZuDtj4YeLw3w8y8IOFMacf5tgpLyyura8X10sbm1vaOvbt3r+JUEtokMY9lOwBFORO0qZnmtJ1IClHAaSsYXk781gOVisXiTo8S6kfQFyxkBLSRuvZJKgAr2hegUwm44mXeLetH0BXe2BQTXgR6EITZ9bjStctO1ZkCLxI3J2WUo9G1v7xeTNKICk04KNVxnUT7GUjNCKfjkpcqmgAZQp92DBUQUeVn06fG+MgoPRzG0pTQeKr+nsggUmoUBaZzcqKa9ybif14n1eG5nzGRpJoKMlsUphzrGE8Swj0mKdF8ZAgQycytmAxAAtEmx5IJwZ1/eZG0alX3tOq6N7Vy/SLPo4gO0CE6Ri46Q3V0hRqoiQh6RM/oFb1ZT9aL9W59zFoLVj6zj/7A+vwBrsGfBA==</latexit>

una segnatura{ ! n } n ! N
<latexit sha1_base64="/WXMY622Bqw1X16mTxzSqO0yxWA=">AAACE3icbVDNSgMxGMzWv1r/Vj16CbZCeym7RdCLUPXisWJrC+2yZNNsG5pklyQrlKXP4MVX8eJBQbx68ebbmLZ70NaBwDAzH1++CWJGlXacbyu3srq2vpHfLGxt7+zu2fsH9ypKJCYtHLFIdgKkCKOCtDTVjHRiSRAPGGkHo+up334gUtFINPU4Jh5HA0FDipE2km9XTFr0KeIRLF1eNP20d0cHHE1KsKyJ5FRQiIc0UbTi20Wn6swAl4mbkSLI0PDtr14/wgknQmOGlOq6Tqy9FElNMSOTQi9RJEZ4hAaka6hAnCgvnZ00gSdG6cMwkuYJDWfq74kUcaXGPDBJjvRQLXpT8T+vm+jw3EupiBNNBJ4vChMGdQSn/cA+lQRrNjYEYUnNX00BSCJs6lAFU4K7ePIyadeq7mnVdW9rxfpV1kceHIFjUAYuOAN1cAMaoAUweATP4BW8WU/Wi/VufcyjOSubOQR/YH3+AHx+nSc=</latexit>

prendiamo A = T! (termini chiusi)

(relazione di sottotermine immediato)

senza variabili!



Lemma

<latexit sha1_base64="d3fQCMnjlgm/Fg4DwbC2Uae+x9s="></latexit>

Let depth : T! ! N deÞned as:
<latexit sha1_base64="pEWotP40ftl9v0tV4oXhiemCJXs="></latexit>

depth(c) != 1 if c ! ! 0

depth(f (t1, ..., tn )) != 1 + max i ! [1,n ] depth(t i ) if f ! ! n

<latexit sha1_base64="Bgd/tCTu9YEr2P/Y2liBAzhJDQ8=">AAACCnicbVDNSgMxGMzWv1r/Vj16CbaCB1l2i6DgpejFY8XWFrpLzabZNjTJLklWKEuvXnwVLx4UxKtP4M23MW33oK0DgWHmG758EyaMKu2631ZhaXllda24XtrY3NresXf37lScSkyaOGaxbIdIEUYFaWqqGWknkiAeMtIKh1cTv/VApKKxaOhRQgKO+oJGFCNtpK4NYaXRzfxb2udofAL9C9/EMaxA/57A0Imcrl12HXcKuEi8nJRBjnrX/vJ7MU45ERozpFTHcxMdZEhqihkZl/xUkQThIeqTjqECcaKCbHrJGB4ZpQejWJonNJyqvxMZ4kqNeGgmOdIDNe9NxP+8Tqqj8yCjIkk1EXi2KEoZ1DGc1AJ71Jyt2cgQhCU1f4V4gCTC2pRXMiV48ycvklbV8U4dz7uplmuXeR9FcAAOwTHwwBmogWtQB02AwSN4Bq/gzXqyXqx362M2WrDyzD74A+vzB3FTmBA=</latexit>

T! , ! è b.f.

Definiamo

se
se

<latexit sha1_base64="+zT8XGFAd1auTLfrS1nyH84ldBs=">AAACMXicdVBNSwMxEM36WevXqkcvwVbwVHaLoAcPRQ96s4K1hXYp2ey0Dc1ml01WKKU/yYs/RS8KCuLVP+G03YO2OhB4efNmkvf8WAptHOfVWlhcWl5Zza3l1zc2t7btnd07HaUJhxqPZJQ0fKZBCgU1I4yERpwAC30Jdb9/Me7X7yHRIlK3ZhCDF7KuEh3BmUGqbV9e45XiDRSjgdAcVADKABWKFlu4ihcRBikHmqLiH+FZsW0XnJIzKToP3AwUSFbVtv3UCiKehriDS6Z103Vi4w1ZYgSXMMq3Ug0x433WhSZCxULQ3nBieEQPkQloJ0rwKEMn7M+JIQu1HoQ+KkNmenq2Nyb/6jVT0zn1hkLFKfrk04c6qaQmouP00DgmYuQAAeOJwL9S3mMJ4wYzzmMI7qzleVAvl9zjkuvelAuV8yyPHNknB+SIuOSEVMgVqZIa4eSBPJM38m49Wi/Wh/U5lS5Y2cwe+VXW1zfOnaiV</latexit>

Ogni catena discendente in! induce una catena discendente in<
<latexit sha1_base64="V933l1F12YyTK+vm/CZYHTOKvVs=">AAACHnicbVBNS8MwGE7n15xfVY9egpvgqbRjoAcPQz14nODcYC0zzdItLElLkgpj7I948a948aAggif9N6ZbQd18IPDwPO9H3idMGFXadb+swtLyyupacb20sbm1vWPv7t2qOJWYNHHMYtkOkSKMCtLUVDPSTiRBPGSkFQ4vMr91T6SisbjRo4QEHPUFjShG2khdu3aJGOQxJ0LHEA8IhJWzCvTvCAydyIFIZFrFNzPxj9y1y67jTgEXiZeTMsjR6Noffi/GabYFM6RUx3MTHYyR1BQzMin5qSIJwkPUJx1DBeJEBePpdRN4ZJQejGJpntBwqv7uGCOu1IiHppIjPVDzXib+53VSHZ0GYyqSVBOBZ4uilEGTRBYV7FFztWYjQxCW1PzVJIQkwtoEWjIhePMnL5JW1fFqjuddV8v18zyPIjgAh+AYeOAE1MEVaIAmwOABPIEX8Go9Ws/Wm/U+Ky1Yec8++APr8xted57F</latexit>

Dal momento che< è b.f. anche ! è b.f.

<latexit sha1_base64="RvisJbBvRwdJXEnFrEHmBzzySXs="></latexit>

Per deÞnizione, set ! t ! allora depth(t) < depth(t !)



Principio di induzione 
strutturale

<latexit sha1_base64="O2KEZ7JT2fifO017XEqGj8S8BnI="></latexit>

! n " N. ! f " ! n . ! t1, ..., tn " T! . (P(t1) # á á á# P(tn )) $ P(f (t1, ..., tn ))
! t " T! . P(t)



Corollario

<latexit sha1_base64="3eytPG0mDN7gdhWQWZaKvCVVgLY="></latexit>

! 0 = { 0}
<latexit sha1_base64="VrNg7GdFmisd6hFhqEq25gGKqe8="></latexit>

! 1 = { succ}
<latexit sha1_base64="SV+GuOswybGBRDY3/pUDM/DvKh0="></latexit>

! 2 = { plus}

Esempio

<latexit sha1_base64="cHNt1lsJrt5ammsiLQPEu5tdqgk="></latexit>

0 ! + succ(0) ! + plus(0, succ(0))
<latexit sha1_base64="6slYJiKvKKK9hpoL2nBB45syip4="></latexit>

0 ! + plus(0, succ(0))
<latexit sha1_base64="PJxnpoBvKHKKQ5kD5CCjf4siYt8="></latexit>

0 ! + plus(succ(0), succ(0))

<latexit sha1_base64="0QZ6z3nsnxg/EUHOIz5E/b6zhEg=">AAACDHicbVDNSsNAGNzUv1r/oh69LG0FQQlJERS8FL14rNjaQhPjZrtpl+4mYXcjlNC7F1/FiwcF8eoDePNt3LY5aHVgYZj5hm+/CRJGpbLtL6OwsLi0vFJcLa2tb2xumds7NzJOBSYtHLNYdAIkCaMRaSmqGOkkgiAeMNIOhhcTv31PhKRx1FSjhHgc9SMaUoyUlnyzDKtNP3OvaZ+j8RF0z1wdx7eHsArdOwIDK7R8s2Jb9hTwL3FyUgE5Gr756fZinHISKcyQlF3HTpSXIaEoZmRcclNJEoSHqE+6mkaIE+ll01vGcF8rPRjGQr9Iwan6M5EhLuWIB3qSIzWQ895E/M/rpio89TIaJakiEZ4tClMGVQwnxcAe1YcrNtIEYUH1XyEeIIGw0vWVdAnO/Ml/SbtmOceW41zVKvXzvI8i2ANlcAAccALq4BI0QAtg8ACewAt4NR6NZ+PNeJ+NFow8swt+wfj4BqCgmK0=</latexit>

T! , ! + è b.f.

<latexit sha1_base64="f+1i8PrIsPvn53hCIFTvJmzqzO8="></latexit>

Perchè ! + è la chiusura transitiva di una relazione b.f.



Terminazione delle derivazioni 
per le  espressioni aritmetiche

<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="3aKT+zvuGm7pv9wVZz1vGahAJvU="></latexit>

op ! { + , " , # }

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

! x, ! " #$ ! (x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

! n, ! " #$ n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

! a0, ! " #$ n0 !a1, ! " #$ n1

!a0 op a1, ! " #$ n0 op n1

<latexit sha1_base64="Nqw/lZFgtnszX7WzoofAQBPucPY="></latexit>

P (a) != ! ! " M. #m " Z. $a, ! % &' m

<latexit sha1_base64="Tf6eyI8pBM/YSzJ25JKWZgL44ks="></latexit>

n ! Z

<latexit sha1_base64="OmqjCHZpZWpXQnuB+YTGyFWsk5o="></latexit>

x ! Ide
<latexit sha1_base64="F33hCTYTidzMsMewq4QT/Zd6PSY="></latexit>

M != { ! | ! : Ide ! Z}

<latexit sha1_base64="H7fyBqzON93oOgl4228ctmTLDmU="></latexit>

! a. P(a) ?



Principio di induzione 

strutturale

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

! n " Z. P(n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

! x " Ide. P(x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

! a0, a1. P(a0) " P(a1) # P(a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

! a. P(a)



Caso Base
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

! x " Ide. P(x)
<latexit sha1_base64="QfeZdiMpRZUEAmtQDl2TydXq1J0="></latexit>

We want to proveP(x) != ! ! . " m. #x, ! $ %& m
variabile

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

! x, ! " #$ ! (x)

<latexit sha1_base64="Ut0R/FC55aBwp9hLwfC3jB727vo="></latexit>

! x, ! " #$ m %[m = ! (x ) ] !

<latexit sha1_base64="MrJSbRhD+asNbnEiqHTvN8DDC+8=">AAACFXicbVBNSwMxEM3Wr1q/qh69BFtBEMpuEfRY9KK3CtYWuqVks9M2NJssSVYsS3+EF/+KFw8K4lXw5r8x2/agrQ8GHu/NMDMviDnTxnW/ndzS8srqWn69sLG5tb1T3N270zJRFBpUcqlaAdHAmYCGYYZDK1ZAooBDMxheZn7zHpRmUtyaUQydiPQF6zFKjJW6xRNcVyBCRiKJE4H7IEAxKjEuP/hMYD8iZsBMeh3CuNwtltyKOwFeJN6MlNAM9W7xyw8lTSIQhnKiddtzY9NJiTKMchgX/ERDTOiQ9KFtqSAR6E46eWqMj6wS4p5UtoTBE/X3REoirUdRYDuzI/W8l4n/ee3E9M47KRNxYkDQ6aJewrGROEsIh0wBNXxkCaGK2VsxHRBFqLE5FmwI3vzLi6RZrXinFc+7qZZqF7M88ugAHaJj5KEzVENXqI4aiKJH9Ixe0Zvz5Lw4787HtDXnzGb20R84nz8Js53+</latexit>

Prendiamo un genericox ! Ide

Vogliamo provare

<latexit sha1_base64="G14sGeOv1nl+7aE2GyE192YpOY8="></latexit>

Prendiamo un generico! ! M e consideriamo il goal"x, ! # $ m

Dalla regola abbiamo

<latexit sha1_base64="ro4NRaycwMXPp+fKMvaZ3gyxUd8=">AAACF3icbVDJSgNBFOyJe9yiHr00RiEeDDNB0IvgcvEYwRghGcKbnp7YpJehu0cMQ77Ci7/ixYOCeNWbf2NnObgVNBRV7/G6Kko5M9b3P73C1PTM7Nz8QnFxaXlltbS2fmVUpgltEMWVvo7AUM4kbVhmOb1ONQURcdqMemdDv3lLtWFKXtp+SkMBXckSRsA6qVPawydRxEAonDDJrMIVoqRhMdUgY4W3sThqG9YVULnb3d7tlMp+1R8B/yXBhJTRBPVO6aMdK5IJKi3hYEwr8FMb5qAtI5wOiu3M0BRID7q05agEQU2Yj2IN8I5TYpwo7Z60eKR+38hBGNMXkZsUYG/Mb28o/ue1MpschjmTaWapJONDScaxiz/sCMdMU2J53xEgmrm/YnIDGoh1TRZdCcHvyH9Js1YN9qtBcFErH59O+phHm2gLVVCADtAxOkd11EAE3aNH9IxevAfvyXv13sajBW+ys4F+wHv/AjH3neo=</latexit>

Abbiamo Þnito (considerandom = ! (x))



Caso Base
<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

! n " Z. P(n)

<latexit sha1_base64="3fSE8yQnRjMoHNkR5wxKCyxAcco="></latexit>

We want to proveP(n) != ! ! . " m. #n, ! $ %& m

<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

! n, ! " #$ n

<latexit sha1_base64="l8YBSgoR/5FzD/4gQJ1mqPy+QoY="></latexit>

! n, ! " #$ m %[m = n ] !

<latexit sha1_base64="Q6XvNeXc9QJ90BAi0J/ZLJueFMs=">AAACE3icbVA9SwNBEN3zM8avU0ubxUTQJtwFQcugjWUEY4K5EPY2k2TJ3u6xuyeEI7/Bxr9iY6EgtjZ2/hv3kis08cHA470ZZuaFMWfaeN63s7S8srq2Xtgobm5t7+y6e/t3WiaKQoNKLlUrJBo4E9AwzHBoxQpIFHJohqOrzG8+gNJMilszjqETkYFgfUaJsVLXPcV1BaLHSCRxIvAABChGJcZlETCBg4iYITPp/aTcdUtexZsCLxI/JyWUo951v4KepEkEwlBOtG77Xmw6KVGGUQ6TYpBoiAkdkQG0LRUkAt1Jpy9N8LFVergvlS1h8FT9PZGSSOtxFNrO7EQ972Xif147Mf2LTspEnBgQdLaon3BsJM7ywT2mgBo+toRQxeytmA6JItTYFIs2BH/+5UXSrFb8s4rv31RLtcs8jwI6REfoBPnoHNXQNaqjBqLoET2jV/TmPDkvzrvzMWtdcvKZA/QHzucPea+dKA==</latexit>

Prendiamo un genericon ! Z

Dalla regola abbiamo

<latexit sha1_base64="8TD7qXAUejfJPVgKqYPFo4EM0oI="></latexit>

Prendiamo un generico! ! M e consideriamo il goal"n, ! # $ m

<latexit sha1_base64="CCcD1Gf5sJocK1eVrQS5nW108+w=">AAACD3icbVDLSgMxFM3UV62vUZdugm2hbspMEXQjVN24rGBtoR1KJpNpQ/MYkoxQSr/Ajb/ixoWCuHXrzr8xbWehrQcCh3Pu5eacMGFUG8/7dnIrq2vrG/nNwtb2zu6eu39wr2WqMGliyaRqh0gTRgVpGmoYaSeKIB4y0gqH11O/9UCUplLcmVFCAo76gsYUI2OlnluGl2FIEZcwpoIaCStYCk0jopCIJCxBfiFKJz236FW9GeAy8TNSBBkaPferG0mcciIMZkjrju8lJhgjZShmZFLoppokCA9Rn3QsFYgTHYxncSawbJUIxlLZJwycqb83xohrPeKhneTIDPSiNxX/8zqpic+DMRVJaojA80NxyqCNPe0GRlQRbNjIEoQVtX+FeIAUwsY2WLAl+IuRl0mrVvVPq75/WyvWr7I+8uAIHIMK8MEZqIMb0ABNgMEjeAav4M15cl6cd+djPppzsp1D8AfO5w9bWJrS</latexit>

Abbiamo Þnito (considerandom = n)

Vogliamo provare



Caso Induttivo
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

! a0, a1. P(a0) " P(a1) # P(a0 op a1)
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generica0, a1

<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo="></latexit>

We assumeP(a0) != ! ! . " m0. #a0, ! $ %& m0
<latexit sha1_base64="c0YK0LxS6xS5iN91P+sldrFc5Ic="></latexit>

P (a1) != ! ! . " m1. #a1, ! $ %& m1
<latexit sha1_base64="XvuTOpeOyysOBcH4LGXm5xkOTvs="></latexit>

We want to proveP(a0 op a1) != ! ! . " m. #a0 op a1, ! $ %& m

Prendiamo

Assumiamo

Vogliamo provare



Caso Induttivo (cont.)

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

! a0, ! " #$ n0 !a1, ! " #$ n1

!a0 op a1, ! " #$ n0 op n1

<latexit sha1_base64="O0V1kHWyqv73LeOm0NQt+22zTaA="></latexit>

! a0 op a1, ! " #$ m %[m = m 0 op m 1 ] !a0, ! " #$ m0 , !a1, ! " #$ m1

Per la regola abbiamo

<latexit sha1_base64="hr9fpKmarfmSjmYeUX9ElaUMJO8="></latexit>

Prendiamo un generico! ! M e consideriamo il goal"a0 op a1, ! # $ m

<latexit sha1_base64="vPUQ7d6kOWW4GAf+pSXNbCYUubk="></latexit>

Per ipotesi induttiva, esistono m0, m1 tali che
!a0, ! " # m0 e !a1, ! " # m1

<latexit sha1_base64="mbhihEVfk86I+i94QCXxTk87BV4=">AAACH3icbVDLSgMxFM3UV62vqks3wVaoIGWmKLoRqm5cVrC20A5DJpNpQ/MYkoxQSr/Ejb/ixoWCiLv+jWk7C60euJfDOfeS3BMmjGrjuhMnt7S8srqWXy9sbG5t7xR39x60TBUmTSyZVO0QacKoIE1DDSPtRBHEQ0Za4eBm6rceidJUinszTIjPUU/QmGJkrBQUz+BVGFLEJYypoEbCCpZC04goJCIJy5BfQh64sHsCZTLtPPDKx0Gx5FbdGeBf4mWkBDI0guJXN5I45UQYzJDWHc9NjD9CylDMyLjQTTVJEB6gHulYKhAn2h/NzhvDI6tEMJbKljBwpv7cGCGu9ZCHdpIj09eL3lT8z+ukJr7wR1QkqSECzx+KUwZtDNOsYEQVwYYNLUFYUftXiPtIIWxsogUbgrd48l/SqlW906rn3dVK9essjzw4AIegAjxwDurgFjRAE2DwBF7AG3h3np1X58P5nI/mnGxnH/yCM/kG1SOfjA==</latexit>

Abbiamo Þnito (considerandom = m0 op m1)


