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Pending exercises...
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Exercise
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Modify the collaboration diagram to enforce 
the assignment of at least one exercise



Solution?
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Modify the collaboration diagram to enforce 
the assignment of at least one exercise



Exercises
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Search for EPC/BPMN diagram drawing software products. 
For each product found, annotate the following features: 

1) which OS is supported? (Windows, Apple, Linux,...) 

2)  is it free? if not, describe its pricing. 

3)  is .epml/.bpmn format supported? 

4)  if you install the product, rate your user experience / usability  
     (on the scale 1-5 stars) 

Send your findings to: bruni@di.unipi.it

mailto:bruni@di.unipi.it


Exercise: drawing tools

6

?



Exercise:  
Dining philosophers
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The problem is originally due to E.W. Dijkstra (and 
soon elaborated by T. Hoare) as an examination 

question on a synchronization problem where five 
computers competed for access to five shared tape 

drive peripherals.  

It can be used to illustrate several important concepts 
in concurrency (mutual exclusion, deadlock, starvation)



Exercise:  
Dining philosophers
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The life of a philosopher consists of  
an alternation of thinking and eating 

Five philosophers are living in a house where a table is laid 
for them, each philosopher having his own place at the table 

Their only problem (besides those of philosophy) is that the 
dish served is a very difficult kind of spaghetti, that has to be 
eaten with two forks. There are two forks next to each plate, 
so that presents no difficulty: as a consequence, however, 

no two neighbours may be eating simultaneously.



Exercise:  
Dining philosophers
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Design a net for representing the dining 
philosophers problem, then use WoPeD to 

compute the reachability graph

image taken from wikipedia 
philosophers clockwise from top: 

Plato, Konfuzius, Socrates,  
Voltaire and Descartes



Dining philosophers

10



Dining philosophers
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Object
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We give a matrix-based representation of Petri 
nets and their computations 

Free Choice Nets (book, optional reading) 
https://www7.in.tum.de/~esparza/bookfc.html 

https://www7.in.tum.de/~esparza/bookfc.html


Digression
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Are you familiar with the following concepts? 

Vector notation

<latexit sha1_base64="Sti5YoPjGGjje7ey2lQHTYJdPGQ="></latexit>

[ 2 0 1 ] ·

2

4
0
3
2

3

5 =



Digression
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Are you familiar with the following concepts? 

Vector notation

<latexit sha1_base64="wd3ajrJLw0OcpptKeAnwo9J8cgo="></latexit>

[ 2 0 1 ] ·

2

4
0 1
3 4
2 2

3

5 =



Digression

16

Are you familiar with the following concepts? 

Linear algebra

<latexit sha1_base64="LUsdHz/i5aMSCivg0k+Jv4gxRXQ="></latexit>8
<

:

3x1 + 2x2 � 2x3 = 0
6x1 � 4x2 = 0
9x1 � 3x3 = 0



Digression
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Are you familiar with the following concepts? 

Linear algebra

<latexit sha1_base64="LUsdHz/i5aMSCivg0k+Jv4gxRXQ="></latexit>8
<

:

3x1 + 2x2 � 2x3 = 0
6x1 � 4x2 = 0
9x1 � 3x3 = 0

<latexit sha1_base64="S8C+/ebCOCp25YP/XPF8ifEFBOE="></latexit>2
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Digression
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Are you familiar with the following concepts? 

Linear algebra

<latexit sha1_base64="VHWnK6Lnz2fWS5RhE998qC9m1Zw="></latexit>

[x1 x2 x3 ] ·

2

4
3 6 9
2 �4 0

�2 0 �3

3

5 = [ 0 0 0 ]

<latexit sha1_base64="LUsdHz/i5aMSCivg0k+Jv4gxRXQ="></latexit>8
<

:

3x1 + 2x2 � 2x3 = 0
6x1 � 4x2 = 0
9x1 � 3x3 = 0



Vectors: notation
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Let E = {e1, e2, ..., en} be a finite set of elements.

Any mapping v : E � Q (or to N, Z,...) can be regarded as a vector:

v = [ v(e1), v(e2), ..., v(en) ]

We do not use di�erent symbols for row and columns vectors:

v =

�

⇧⇧⇧⇤

v(e1)
v(e2)
...

v(en)

⇥

⌃⌃⌃⌅



Marking as a vector
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Any marking M : P � N corresponds to a vector:

M = [ M(p1) M(p2) ... M(pn) ]

M0 = [ 4  0  1  0  0 ]4 0 1 0 0



Vectors: notation
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Let v,w be two vectors over E

We write v � w if v(e) � w(e) for any e ⇥ E

We write v < w if v � w and v(e) < w(e) for some e ⇥ E

We let 0 denote any vector of any length whose entries are all 0

We write v � w if v(e) < w(e) for any e ⇥ E



Question time
3a+ 2b

?
✓ 2a+ 3b+ c

3a+ 2b
?
◆ 2a+ 3b+ c

a+ 2b
?
⇢ 2a+ 3b

(a+ 2b) + (2a+ c) = ?

(2a+ 3b)� (2a+ b) = ?

(2a+ 2b)� (a+ c) = ?

<latexit sha1_base64="5pLYOC0r0Dl9SU+FmMJrsvfDkIo="></latexit>

[ 3 2 0 ]
?
 [ 2 3 1 ]

<latexit sha1_base64="YoJxCl2NF5fOaNZ0aqTQEvMJAeI="></latexit>

[ 3 2 0 ]
?
� [ 2 3 1 ]

<latexit sha1_base64="keGGOs2cVCdPRYfDg3RaY/nlM7A=">AAACMHicbVDLSsNAFJ3Ud31FXboZLIILKUlVdFFQdONSwarQhHIzvdahk4czN0IJ/Rk/wa9wqytdiLj1K0xqFr7uZg7nnMuZe4JESUOO82JVxsYnJqemZ6qzc/MLi/bS8rmJUy2wJWIV68sADCoZYYskKbxMNEIYKLwI+keFfnGL2sg4OqNBgn4IvUheSQGUUx272fY2Xe8mhS5vfD2Ot+lXPUMg+hpVtj/MmsNq7irlrW+ujl1z6s5o+F/glqDGyjnp2K9eNxZpiBEJBca0XSchPwNNUigcVr3UYJIHQw/bOYwgRONnoyuHfD01QDFPUHOp+IjE7xsZhMYMwiB3hkDX5rdWkP9p7ZSu9vxMRklKGIkiiKTCUZARWub1Ie9KjURQ/By5jLgADUSoJQchcjLN+yz6cH9f/xecN+ruTt053a4dHJbNTLNVtsY2mMt22QE7ZiesxQS7Yw/skT1Z99az9Wa9f1krVrmzwn6M9fEJq7+nHg==</latexit>

[ 1 2 0 ]
?
< [ 2 3 0 ]

<latexit sha1_base64="CJw32vH+tzEsxzQWHv+zhQTPlks=">AAACNHicbVDLSgNBEJz1bXxFPXoZDIIHCbui6M2gF48RTCJkl9A7aXVw9uFMryBLfsdP8Cu8Kgh6Eq9+g7MxiEnsyxTV1V3TFaZKGnLdV2dicmp6ZnZuvrSwuLS8Ul5da5ok0wIbIlGJvgjBoJIxNkiSwotUI0ShwlZ4c1L0W3eojUzic7pPMYjgKpaXUgBZqlOutf0d17/NoMt/n52g5BsCcaNR5Ue93LcbRa9klbtDSq9QdsoVt+r2i48DbwAqbFD1Tvnd7yYiizAmocCYtuemFOSgSQqFvZKfGUytOVxh28IYIjRB3r+0x7cyA5TwFDWXivdJ/DuRQ2TMfRRaZQR0bUZ7Bflfr53R5WGQyzjNCGNRGJFU2DcyQksbIfKu1EgExc+Ry5gL0ECEWnIQwpKZzbTIwxu9fhw0d6veftU926vUjgfJzLENtsm2mccOWI2dsjprMMEe2BN7Zi/Oo/PmfDifP9IJZzCzzobK+foGYsCpCw==</latexit>

[ 0 0 0 ]
?
� [ 2 0 1 ]

<latexit sha1_base64="sfuDAUFu+HRmhZ+z2QzbR+Kdn7s="></latexit>

[ 0 0 0 ]
?
� [ 2 3 1 ]



Question time
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(a+ 2b) + (2a+ c) = ?
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?
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<latexit sha1_base64="CJw32vH+tzEsxzQWHv+zhQTPlks=">AAACNHicbVDLSgNBEJz1bXxFPXoZDIIHCbui6M2gF48RTCJkl9A7aXVw9uFMryBLfsdP8Cu8Kgh6Eq9+g7MxiEnsyxTV1V3TFaZKGnLdV2dicmp6ZnZuvrSwuLS8Ul5da5ok0wIbIlGJvgjBoJIxNkiSwotUI0ShwlZ4c1L0W3eojUzic7pPMYjgKpaXUgBZqlOutf0d17/NoMt/n52g5BsCcaNR5Ue93LcbRa9klbtDSq9QdsoVt+r2i48DbwAqbFD1Tvnd7yYiizAmocCYtuemFOSgSQqFvZKfGUytOVxh28IYIjRB3r+0x7cyA5TwFDWXivdJ/DuRQ2TMfRRaZQR0bUZ7Bflfr53R5WGQyzjNCGNRGJFU2DcyQksbIfKu1EgExc+Ry5gL0ECEWnIQwpKZzbTIwxu9fhw0d6veftU926vUjgfJzLENtsm2mccOWI2dsjprMMEe2BN7Zi/Oo/PmfDifP9IJZzCzzobK+foGYsCpCw==</latexit>

[ 0 0 0 ]
?
� [ 2 0 1 ]

<latexit sha1_base64="sfuDAUFu+HRmhZ+z2QzbR+Kdn7s="></latexit>

[ 0 0 0 ]
?
� [ 2 3 1 ]

No

No

Yes

No

Yes



Computation as a vector 
transformation
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Linear transformations of vectors (spaces) 
can be expressed by matrix multiplication 

Can we express Petri net computations  
by matrix multiplication?



Key point
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The change of the numbers of tokens on a place p 
caused by the firing of the transition t does not 

depend on the current marking 

It is entirely determined by the net 
(i.e., by the flow relation) 

Let us have a look at the relative changes for 
every place and transition...



Possible connections 
between p and t
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(p, t) 62 F and (t, p) 62 F

Place p and transition t are completely unrelated:

• p has no influence on the enabling of t

• firing t does not change the number of tokens in p

p

t
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(p, t) 2 F and (t, p) 62 F

• one token in p is needed to enable t

• firing t reduces by one the number of tokens in p

p

t

Possible connections 
between p and t
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(p, t) 62 F and (t, p) 2 F

• firing t increases by one the number of tokens in p

p

t

Possible connections 
between p and t
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(p, t) 2 F and (t, p) 2 F

• one token in p is needed to enable t

• firing t does not change the number of tokens in p

p

t

Possible connections 
between p and t



Incidence matrix
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Let N = (P, T, F ) be a net.

Its incidence matrix N : (P ⇥ T ) ! {�1, 0, 1} is defined as:

N(p, t) =

8
>><

>>:

�1 if (p, t) 2 F ^ (t, p) 62 F
+1 if (p, t) 62 F ^ (t, p) 2 F
0 otherwise

( (p, t) 62 F ^ (t, p) 62 F or (p, t) 2 F ^ (t, p) 2 F )



Matrix view
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-1

...

+1

n rows, 
one for 

each place

m columns, one for each transition

t1
p1
p2
p3

pn



Matrix view
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+1

-1

+1

...

+1

-1

n rows, 
one for 

each place

m columns, one for each transition

t1
p1
p2
p3

pn

t2
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...

+1 -1

-1 +1

+1

+1

... ...

+1

-1

-1 +1

n rows, 
one for 

each place

m columns, one for each transition

t1
p1
p2
p3

pn

t2 t3

Matrix view



Matrix view
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...

+1 -1 -1

-1 +1

+1

+1

... ... +1

+1

-1

+1

-1 +1 -1

n rows, 
one for 

each place

m columns, one for each transition

t1
p1
p2
p3

pn

t2 t3 tm



Column vector tj
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...

+1 -1 -1

-1 +1

+1

+1

... ... +1

+1

-1

+1

-1 +1 -1

tj : P ! {�1, 0, 1} such that tj(p) = N(p, tj)

t1
p1
p2
p3

pn

t2 t3 tm



Row vector pi
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...

+1 -1 -1

-1 +1

+1

+1

... ... +1

+1

-1

+1

-1 +1 -1

pi : T ! {�1, 0, 1}
such that

pi(t) = N(pi, t)

t1
p1
p2
p3

pn

t2 t3 tm



Example: vending 
machine
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Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 

request for refill 

ready for coin 

holding 

ready to dispense 

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1

request for refill -1

ready for coin 

holding 

ready to dispense 

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1

request for refill -1 1

ready for coin 1

holding 

ready to dispense -1

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1

request for refill -1 1

ready for coin 1 -1

holding 1

ready to dispense -1

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1

request for refill -1 1

ready for coin 1 -1

holding 1 -1

ready to dispense -1 1

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine
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refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1

request for refill -1 1

ready for coin 1 -1 1

holding 1 -1 -1

ready to dispense -1 1

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Example: vending 
machine

44

refill 
dispense 

candy 
insert 
coin 

accept 
coin 

reject 
coin 

candy storage 1 -1 0 0 0

request for refill -1 1 0 0 0

ready for coin 0 1 -1 0 1

holding 0 0 1 -1 -1

ready to dispense 0 -1 0 1 0

t1

p1

p2

p3

p4

p5

t2 t3 t4 t5



Firing, in vector notation
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M0
t3�⇥ M1 = 4p1 + p4

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅



Firing, in vector notation
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M0
t3�⇥ M1

t4�⇥ M2
t2�⇥ M3

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅
+

t4�

⇧⇧⇧⇧⇤

0
0
0

�1
1

⇥

⌃⌃⌃⌃⌅
=

M2�

⇧⇧⇧⇧⇤

4
0
0
0
1

⇥

⌃⌃⌃⌃⌅
+

t2�

⇧⇧⇧⇧⇤

�1
1
1
0

�1

⇥

⌃⌃⌃⌃⌅
=

M3�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅



Firing, in vector notation
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M0
t3�⇥ M1

t4�⇥ M2
t2�⇥ M3

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅
+

t4�

⇧⇧⇧⇧⇤

0
0
0

�1
1

⇥

⌃⌃⌃⌃⌅
=

M2�

⇧⇧⇧⇧⇤

4
0
0
0
1

⇥

⌃⌃⌃⌃⌅
+

t2�

⇧⇧⇧⇧⇤

�1
1
1
0

�1

⇥

⌃⌃⌃⌃⌅
=

M3�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅



Firing, in vector notation
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M0
t3�⇥ M1

t4�⇥ M2
t2�⇥ M3

M0�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

t3�

⇧⇧⇧⇧⇤

0
0

�1
1
0

⇥

⌃⌃⌃⌃⌅
=

M1�

⇧⇧⇧⇧⇤

4
0
0
1
0

⇥

⌃⌃⌃⌃⌅
+

t4�

⇧⇧⇧⇧⇤

0
0
0

�1
1

⇥

⌃⌃⌃⌃⌅
=

M2�

⇧⇧⇧⇧⇤

4
0
0
0
1

⇥

⌃⌃⌃⌃⌅
+

t2�

⇧⇧⇧⇧⇤

�1
1
1
0

�1

⇥

⌃⌃⌃⌃⌅
=

M3�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅



Products
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Let x,y be two vectors of equal length n (written |x| = |y| = n)

We define their scalar product by

x · y =
n⌥

i=1

xiyi

[x1 x2 ... xn ] ·

�

⇧⇧⇧⇤

y1
y2
...
yn

⇥

⌃⌃⌃⌅
= x1y1 + x2y2 + ...+ xnyn



Products: example
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[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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[ 0 1 �1 0 1 ]·

2

66664

1
1
2
0
1

3

77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products: example
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Products: example
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[ 0 1 �1 0 1 ]·
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1
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77775
= (0·1)+(1·1)+(�1·2)+(0·0)+(1·1) = 0+1�2+0+1 = 0



Products

58

Let x1,x2, ...,xk,y be all vectors of equal length

Let X be a (k � n)-matrix whose i-th row is xi

We define the product X · y as the (column) vector where

(X · y)i = xi · y

�

⇧⇧⇧⇤

x1

x2
...
xk

⇥

⌃⌃⌃⌅
·

�

⇧⇧⇧⇤

y1
y2
...
yn

⇥

⌃⌃⌃⌅
=

�

⇧⇧⇧⇤

x1 · y
x2 · y

...
xk · y

⇥

⌃⌃⌃⌅

2

664

3

775 ·

2

66664

3

77775
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ws

2

664

3

775 ·

2

66664

3

77775
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�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

1
1
2
0
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

1� 1
�1 + 1
1� 2 + 1
2� 1
�1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

0
0
0
1

�1

⇥

⌃⌃⌃⌃⌅
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�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

1
1
2
0
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

1� 1
�1 + 1
1� 2 + 1
2� 1
�1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

0
0
0
1

�1

⇥

⌃⌃⌃⌃⌅
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Let x,y1,y2, ...,yk be all vectors of equal length

Let Y be a (n� k)-matrix whose i-th column is yi

We define the product x · Y as the (row) vector where

(x · Y )i = x · yi

[x1 x2 ... xn ] · [y1 y2 ... yk ] = [ x · y1 x · y2 ... x · yk ]

⇥ ⇤
·

2

664

3

775
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colu
mns

⇥ ⇤
·

2

664

3

775
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Let P = { p1, ..., pn } and T = { t1, ..., tm } 

The net (P,T,F) can be seen as a matrix (n x m) 

A marking is a vector of length n 

But we miss an ingredient: 

can any firing sequence be seen as a vector?



Parikh vectors of 
transition sequences

63

Let N = (P, T, F ) be a net and � 2 T ⇤ a finite sequence of transitions.

The Parikh vector

~� : T ! N

of � maps every t 2 T to the number of its occurrences in �.



Parikh vector of a firing

64

As a special case, for a sequence � = t (one single transition):

⇥t = [ 0 ... 0 1 0 ... 0 ]
t1 t tm



Recursive definition of 
Parikh vector

65

As a special case, for a sequence � = t (one single transition):

⇥t = [ 0 ... 0 1 0 ... 0 ]
t1 t tm
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M0 = 4p1 + p3

M0
�=t3t5t3t4t2���������⇥ 3p1 + p2 + p3 ⇥� = [ 0 1 2 1 1 ]

M0
��=t3t4t2t3t4t2t3t5t3��������������⇥2p1 + 2p2 + p4 ⇥�� = [ 0 2 4 2 1 ]

M0 = 4p1 + p3

M0
�=t3t5t3t4t2���������⇥ 3p1 + p2 + p3 ⇥� = [ 0 1 2 1 1 ]

M0
��=t3t4t2t3t4t2t3t5t3��������������⇥2p1 + 2p2 + p4 ⇥�� = [ 0 2 4 2 1 ]
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M0 = 4p1 + p3

M0
�=t3t5t3t4t2���������⇥ 3p1 + p2 + p3 ⇥� = [ 0 1 2 1 1 ]

M0
��=t3t4t2t3t4t2t3t5t3��������������⇥2p1 + 2p2 + p4 ⇥�� = [ 0 2 4 2 1 ]

M0 = 4p1 + p3

M0
�=t3t5t3t4t2���������⇥ 3p1 + p2 + p3 ⇥� = [ 0 1 2 1 1 ]

M0
��=t3t4t2t3t4t2t3t5t3��������������⇥2p1 + 2p2 + p4 ⇥�� = [ 0 2 4 2 1 ]
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M0 = 4p1 + p3

M0
�=t3t5t3t4t2���������⇥ 3p1 + p2 + p3 ⇥� = [ 0 1 2 1 1 ]

M0
��=t3t4t2t3t4t2t3t5t3��������������⇥2p1 + 2p2 + p4 ⇥�� = [ 0 2 4 2 1 ]



First fact
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0
0
1
0
0

N · �tj = tj

�tjt1
p1

pn

t1

tm

tm

tj

tj

⋅ =



Second fact

70

If M
t�⇥ M � then M � = M + t

If M
t�⇥ M � then M � = M +N · �t
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N · ~t = t



Consequence
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If M
t�⇥ M � then M � = M + t

If M
t�⇥ M � then M � = M +N · �t
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N · ~t = t



Marking equation lemma
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Lemma: If M
��⇥ M � then M � = M +N · ⇥�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

(inductive hyp. M 00 = M +N · ~�0)

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�

The proof is by induction on the length of �

base (� = ✏): and therefore M 0 = M . The equality holds trivially, because ~� = 0

induction (� = �0t for some sequence �0 and transition t):

Let M
�0
�! M 00 t�! M 0. We have: M 0 = M 00 + t

= M 00 +N · ~t
= M +N · ~�0 +N · ~t
= M +N · (~�0 + ~t)

= M +N · (
�!
�0t)

= M +N · ~�
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]

�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

0
1
2
1
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]

�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

0
1
2
1
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]

�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

0
1
2
1
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]

�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

0
1
2
1
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅

M0 N ~�



Marking equation 
lemma: consequences
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The marking reached by any occurrence 
sequence only depends on the number of 

occurrences of each transition 

It does not depend on the order in which 
transitions occur 

Every fireable permutation of the same 
transitions leads to the same marking 



Monotonicity lemma (1)
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The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L

Lemma: If M !!" M ! then M + L !!" M ! + L for any L

The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L

The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L

The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L

The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L

The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L

The proof is by induction on the length of ⇥

base (⇥ = �): the empty sequence is always enabled, at any marking

induction (⇥ = ⇥�t for some sequence ⇥� and transition t):

Let M ! !

!" M �� t!" M �.

By the marking equation lemma: M � = M �� +N á⇤t

By the induction hypothesis M + L ! !

!" M �� + L

Moreover, M �� + L t!" because M �� t!" .

By the marking equation lemma: M �� + L t!" M �� + L +N á⇤t = M � + L
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example
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]

�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

0
1
2
1
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅

<latexit sha1_base64="zkAGk97iZe93iWAI/NRX8k1ddOM=">AAACDnicbVDLSgNBEJyNrxhfq970MhgET2FXFD0GvXgJRDAPSELonXSSIbMPZnrVsAT8BL/Cq568iVd/wYP/4ibmoIl1Kqq66a7yIiUNOc6nlVlYXFpeya7m1tY3Nrfs7Z2qCWMtsCJCFeq6BwaVDLBCkhTWI43gewpr3uBy7NduURsZBjc0jLDlQy+QXSmAUqlt75XaDm/ea9nrE2gd3iVNI3s+jHipbeedgjMBnyfulOTZFOW2/dXshCL2MSChwJiG60TUSkCTFApHuWZsMAIxgB42UhqAj6aVTDKM+GFsgEIeoeZS8YmIvzcS8I0Z+l466QP1zaw3Fv/zGjF1z1uJDKKYMBDjQyQVTg4ZoWVaDvKO1EgE48+Ry4AL0ECEWnIQIhXjtK1c2oc7m36eVI8L7mnBuT7JFy+mzWTZPjtgR8xlZ6zIrliZVZhgD+yJPbMX69F6td6s95/RjDXd2WV/YH18A9REnCM=</latexit>

M 0
!!" M

<latexit sha1_base64="f8/Jp2VL1qPmw1oMR6a3T556Xy4="></latexit>

M = M 0 + N á!" = [ 3 1 1 0 0 ]
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M0 = [ 4 0 1 0 0 ] � = t3t5t3t4t2 ⇥� = [ 0 1 2 1 1 ]

�

⇧⇧⇧⇧⇤

4
0
1
0
0

⇥

⌃⌃⌃⌃⌅
+

�

⇧⇧⇧⇧⇤

1 �1 0 0 0
�1 1 0 0 0
0 1 �1 0 1
0 0 1 �1 �1
0 �1 0 1 0

⇥

⌃⌃⌃⌃⌅
·

�

⇧⇧⇧⇧⇤

0
1
2
1
1

⇥

⌃⌃⌃⌃⌅
=

�

⇧⇧⇧⇧⇤

3
1
1
0
0

⇥

⌃⌃⌃⌃⌅

<latexit sha1_base64="f8/Jp2VL1qPmw1oMR6a3T556Xy4="></latexit>

M = M 0 + N á!" = [ 3 1 1 0 0 ]
<latexit sha1_base64="zkAGk97iZe93iWAI/NRX8k1ddOM=">AAACDnicbVDLSgNBEJyNrxhfq970MhgET2FXFD0GvXgJRDAPSELonXSSIbMPZnrVsAT8BL/Cq568iVd/wYP/4ibmoIl1Kqq66a7yIiUNOc6nlVlYXFpeya7m1tY3Nrfs7Z2qCWMtsCJCFeq6BwaVDLBCkhTWI43gewpr3uBy7NduURsZBjc0jLDlQy+QXSmAUqlt75XaDm/ea9nrE2gd3iVNI3s+jHipbeedgjMBnyfulOTZFOW2/dXshCL2MSChwJiG60TUSkCTFApHuWZsMAIxgB42UhqAj6aVTDKM+GFsgEIeoeZS8YmIvzcS8I0Z+l466QP1zaw3Fv/zGjF1z1uJDKKYMBDjQyQVTg4ZoWVaDvKO1EgE48+Ry4AL0ECEWnIQIhXjtK1c2oc7m36eVI8L7mnBuT7JFy+mzWTZPjtgR8xlZ6zIrliZVZhgD+yJPbMX69F6td6s95/RjDXd2WV/YH18A9REnCM=</latexit>

M 0
!!" M

<latexit sha1_base64="l8lt3axHQamQfqF2ZLSnzIMECFM="></latexit>

L = [ 1 1 0 0 0 ]
<latexit sha1_base64="pGlogewr4W4mPdkgGFAlx/WYgUg="></latexit>

M 0 + L !!" M + L = [ 4 2 1 0 0 ]



Monotonicity lemma, 
intuitively
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If some activities can be done with less (resources),  
then the same activities can be done with more (resources) 

If we perform activities with more resources than needed, 
then the additional resources are preserved 

It also holds for infinite sequences...



Reminder:  
infinite sequence
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Let ! = t1t2... ! T ! be an inÞnite sequence of transitions.

We write M "" if:

there is an inÞnite sequence of markingsM 1, M 2, ...

with M = M 1 and M i
t i#" M i +1 for 1 $ i

(i.e. M = M 1
t 1#" M 2

t 2#" ...)

Proposition : M !!" i! M ! !

!" for every preÞx! ! of !



Monotonicity lemma (2)
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Lemma: If M !!" then M + L !!" for any L

If ! is Þnite then the thesis follows from monotonicity lemma 1

If ! is inÞnite, then it su! ces to prove that:

M + L ! !

!" for any Þnite preÞx! ! of !

Take any such preÞx! !. Then, M ! !

!" (becauseM !!" )

By the marking equation lemma,M ! !

!" M + N á"! ! .

By monotonicity lemma 1,M + L ! !

!" M + N á"! ! + L

HenceM + L ! !

!"

If ! is Þnite then the thesis follows from monotonicity lemma 1

If ! is inÞnite, then it su! ces to prove that:

M + L ! !

!" for any Þnite preÞx! ! of !

Take any such preÞx! !. Then, M ! !

!" (becauseM !!" )

By the marking equation lemma,M ! !

!" M + N á"! ! .

By monotonicity lemma 1,M + L ! !

!" M + N á"! ! + L

HenceM + L ! !

!"

If ! is Þnite then the thesis follows from monotonicity lemma 1

If ! is inÞnite, then it su! ces to prove that:

M + L ! !

!" for any Þnite preÞx! ! of !

Take any such preÞx! !. Then, M ! !

!" (becauseM !!" )

By the marking equation lemma,M ! !

!" M + N á"! ! .

By monotonicity lemma 1,M + L ! !

!" M + N á"! ! + L

HenceM + L ! !

!"



Corollary
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Corollary: If M !!" M ! with M # M ! then M !! ááá!!!"

We need to show that every preÞx of!! á á áis enabled atM .
Any such preÞx take the form! !! = ! á á á!! "# $

n

! ! with ! ! a preÞx of! .

We prove thatM ! !!

!!" by induction onn:

base: ! !! = ! ! is a preÞx of! and M ! !

!" by Enabledness Prop.

induction: We assume thatM ! !!

!!" and prove thatM !! !!

!!" .

Let L = M ! ! M . By Monotonicity LemmaM + L ! !!

!!" .

Thus M !!" M + L ! !!

!!" and M !! !!

!!" .

We need to show that every preÞx of!! á á áis enabled atM .
Any such preÞx take the form! !! = ! á á á!! "# $

n

! ! with ! ! a preÞx of! .

We prove thatM ! !!

!!" by induction onn:

base: ! !! = ! ! is a preÞx of! and M ! !

!" by Enabledness Prop.

induction: We assume thatM ! !!

!!" and prove thatM !! !!

!!" .

Let L = M ! ! M . By Monotonicity LemmaM + L ! !!

!!" .

Thus M !!" M + L ! !!

!!" and M !! !!

!!" .

We need to show that every preÞx of!! á á áis enabled atM .
Any such preÞx take the form! !! = ! á á á!! "# $

n

! ! with ! ! a preÞx of! .

We prove thatM ! !!

!!" by induction onn:

base: ! !! = ! ! is a preÞx of! and M ! !

!" by Enabledness Prop.

induction: We assume thatM ! !!

!!" and prove thatM !! !!

!!" .

Let L = M ! ! M . By Monotonicity LemmaM + L ! !!

!!" .

Thus M !!" M + L ! !!

!!" and M !! !!

!!" .



Boundedness Lemma

85

Lemma: If a system is bounded andM ! [M 0" with M # M 0,
then M = M 0.

Let M 0
!!" M .

By M # M 0, there exists a markingL with M = M 0 + L.

Let M k = M 0 + k áL for everyk $ N.

By the Monotonicity Lemma, we have:
M 0

!!" M 1
!!" M 2 á á á

i.e., M k $ [M 0%for any k $ N.

Since the system is bounded, it must beL = &.



Boundedness lemma: 
consequences

86

If we show that a marking M is reachable with 

then the system is not bounded 

M ! M 0



Repetition Lemma
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Lemma: If M !!" M ! and M !! ááá!!!" , then M # M !.

We proceed by contradiction.
SupposeM !" M !, i.e., there existk > 0, p # P such thatM !(p) = M (p) $ k.

By the Marking Equation Lemma we haveM ! = M + N á!" .
Therefore(N á!" )(p) = $ k.

Let n = M (p) + 1 and " ! = " á á á"! "# $
n

.

By hypothesis we haveM ! !

$% M !! ,
and by the Marking Equation LemmaM !! (p) = M (p) $ nk < 0, which is absurd.



Repetition Lemma: 
consequences
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If ! can be Þred any number of times
it means that! produces more resources than it consumes

(or as many as it consumes)



89

t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

¥ Compute the Parikh vector of! = t3t4t2t3t5t3t4t1t2t1t3t5t2

¥ Show that ! is not enabled atM 0 = 4p1 + p3

(Hint: Exploit the Marking Equation Lemma)

¥ Let ! ! = t3t4t2t1. Prove that M 0
! ! ! ! ááá!!!!"

(Hint: Exploit the Corollary of Monotonicity Lemma)

Exercises
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

¥ Compute the Parikh vector of! = t3t4t2t3t5t3t4t1t2t1t3t5t2

¥ Show that ! is not enabled atM 0 = 4p1 + p3

(Hint: Exploit the Marking Equation Lemma)

¥ Let ! ! = t3t4t2t1. Prove that M 0
! ! ! ! ááá!!!!"

(Hint: Exploit the Corollary of Monotonicity Lemma)

!" = [ 2 3 4 2 2 ]

Exercises

M 0 + N á!" = [ 3 1 2 0 ! 1 ]
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

!" = [ 2 3 4 2 2 ]

Exercises

<latexit sha1_base64="W2Jwp/JkJgAPYjI5/bQdogzm0cc="></latexit>!

"
"
"
"
#

4
0
1
0
0

$

%
%
%
%
&

+

!

"
"
"
"
#

1 ! 1 0 0 0
! 1 1 0 0 0

0 1 ! 1 0 1
0 0 1 ! 1 ! 1
0 ! 1 0 1 0

$

%
%
%
%
&

á

!

"
"
"
"
#

2
3
4
2
2

$

%
%
%
%
&

M 0 + N á!" = [ 3 1 2 0 ! 1 ]
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

!" = [ 2 3 4 2 2 ]

Exercises

<latexit sha1_base64="W2Jwp/JkJgAPYjI5/bQdogzm0cc="></latexit>!

"
"
"
"
#

4
0
1
0
0

$

%
%
%
%
&

+

!

"
"
"
"
#

1 ! 1 0 0 0
! 1 1 0 0 0

0 1 ! 1 0 1
0 0 1 ! 1 ! 1
0 ! 1 0 1 0

$

%
%
%
%
&

á

!

"
"
"
"
#

2
3
4
2
2

$

%
%
%
%
&

M 0 + N á!" = [ 3 1 2 0 ! 1 ]
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

¥ Compute the Parikh vector of! = t3t4t2t3t5t3t4t1t2t1t3t5t2

¥ Show that ! is not enabled atM 0 = 4p1 + p3

(Hint: Exploit the Marking Equation Lemma)

¥ Let ! ! = t3t4t2t1. Prove that M 0
! ! ! ! ááá!!!!"

(Hint: Exploit the Corollary of Monotonicity Lemma)

!" = [ 2 3 4 2 2 ]

M 0 + N á!" = [ 3 1 2 0 ! 1 ]

Exercises

M 0 + N á!" ! = M 0 ! M 0
<latexit sha1_base64="H5bysFrGhdQwqDJiCQHDT//opTo=">AAACHnicbVDLSsNQEL2p7/iqunRzsYjioiRSVBBBdOOygq1CEsrkOtZLbx7cOylI6D/4CX6FW125E7e68F9MahdaPTBwOGeGmTlhqqQhx/mwKhOTU9Mzs3P2/MLi0nJ1ZbVtkkwLbIlEJfoqBINKxtgiSQqvUo0QhQovw95p6V/2URuZxBd0l2IQQTeWN1IAFVKnuuP3UeS+kd0IBlv8iHv+IXfHyvEPA9vuVGtO3RmC/yXuiNTYCM1O9dO/TkQWYUxCgTGe66QU5KBJCoUD288MpiB60EWvoDFEaIJ8+NOAb2YGKOEpai4VH4r4cyKHyJi7KCw6I6BbM+6V4n+el9HNQZDLOM0IY1EuIqlwuMgILYuwkF9LjURQXo5cxlyABiLUkoMQhZgV6ZV5uOPf/yXt3bq7V2+cN2rHJ6NkZtk622DbzGX77JidsSZrMcHu2SN7Ys/Wg/VivVpv360VazSzxn7Bev8CTy2eag==</latexit>

!" ! = [ 1 1 1 1 0 ]
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

!" = [ 2 3 4 2 2 ]

M 0 + N á!" = [ 3 1 2 0 ! 1 ]

Exercises

M 0 + N á!" ! = M 0 ! M 0

<latexit sha1_base64="UMc5VVcwV36PqzY3jlFi9vNrF+w="></latexit>!

"
"
"
"
#

4
0
1
0
0

$

%
%
%
%
&

+

!

"
"
"
"
#

1 ! 1 0 0 0
! 1 1 0 0 0

0 1 ! 1 0 1
0 0 1 ! 1 ! 1
0 ! 1 0 1 0

$

%
%
%
%
&

á

!

"
"
"
"
#

1
1
1
1
0

$

%
%
%
%
&

<latexit sha1_base64="H5bysFrGhdQwqDJiCQHDT//opTo=">AAACHnicbVDLSsNQEL2p7/iqunRzsYjioiRSVBBBdOOygq1CEsrkOtZLbx7cOylI6D/4CX6FW125E7e68F9MahdaPTBwOGeGmTlhqqQhx/mwKhOTU9Mzs3P2/MLi0nJ1ZbVtkkwLbIlEJfoqBINKxtgiSQqvUo0QhQovw95p6V/2URuZxBd0l2IQQTeWN1IAFVKnuuP3UeS+kd0IBlv8iHv+IXfHyvEPA9vuVGtO3RmC/yXuiNTYCM1O9dO/TkQWYUxCgTGe66QU5KBJCoUD288MpiB60EWvoDFEaIJ8+NOAb2YGKOEpai4VH4r4cyKHyJi7KCw6I6BbM+6V4n+el9HNQZDLOM0IY1EuIqlwuMgILYuwkF9LjURQXo5cxlyABiLUkoMQhZgV6ZV5uOPf/yXt3bq7V2+cN2rHJ6NkZtk622DbzGX77JidsSZrMcHu2SN7Ys/Wg/VivVpv360VazSzxn7Bev8CTy2eag==</latexit>

!" ! = [ 1 1 1 1 0 ]
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t1 t2

t3

t4

t5

p1

p2

p3

p4

p5

¥ Compute the Parikh vector of! = t3t4t2t3t5t3t4t1t2t1t3t5t2

¥ Show that ! is not enabled atM 0 = 4p1 + p3

(Hint: Exploit the Marking Equation Lemma)

¥ Let ! ! = t3t4t2t1. Prove that M 0
! ! ! ! ááá!!!!"

(Hint: Exploit the Corollary of Monotonicity Lemma)

!" = [ 2 3 4 2 2 ]

M 0 + N á!" = [ 3 1 2 0 ! 1 ]

Exercises

M 0 + N á!" ! = M 0 ! M 0


