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Overview of the basic concepts of

Petri nets


Free Choice Nets (book, optional reading)

https://www7.in.tum.de/~esparza/bookfc.html 

https://www7.in.tum.de/~esparza/bookfc.html


Why Petri nets?

3

Business process analysis:

validation: testing correctness


verification: proving correctness

performance: planning and optimization


Use of Petri nets (or alike)

visual + formal

tool supported




Approaching Petri nets
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Are you familiar with automata / transition systems?

They are fine for sequential protocols / systems

but do not capture concurrent behaviour directly


A Petri net is a mathematical model 

of a parallel and concurrent system


in the same way that a finite automaton is a 
mathematical model of a sequential system



Approaching Petri nets
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Petri net theory can be studied 

at several level of details


We study some basics aspects, relevant to the 
analysis of business processes


Petri nets have a faithful and convenient graphical 
representation, that we introduce and motivate next



Preliminaries
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Set notation
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Set notation

<latexit sha1_base64="F2HGZRsiNRrVhFVMN2Es5aCYqdk=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIoYlshIAygoYqChJ5SHEUnS+bcMr5obs1KFj5Ab6CFio6RMtfUPAv2MYFJEw1mtnVzo4bSqHRsj6NwsLi0vJKcbW0tr6xuWVu77R0ECkOTR7IQHVcpkEKH5ooUEInVMA8V0LbHV+mfvsOlBaBf4OTEHoeG/liKDjDROqbe3VH+NS5DyuOx/DWdeP69Khvlq2qlYHOEzsnZZKj0Te/nEHAIw985JJp3bWtEHsxUyi4hGnJiTSEjI/ZCLoJ9ZkHuhdn6af0MNIMAxqCokLSTITfGzHztJ54bjKZRtSzXir+53UjHJ73YuGHEYLP00MoJGSHNFciqQXoQChAZGlyoEkTnCmGCEpQxnkiRklPpaQPe/b7edI6rtqnVev6pFy7yJspkn1yQCrEJmekRq5IgzQJJw/kiTyTF+PReDXejPef0YKR7+ySPzA+vgGfT5lC</latexit>

N 2 }(N)
<latexit sha1_base64="rTcGdwPooECdiqYCxpJvMtJAdb0=">AAACDnicbVC7TsNAEDyHVwgvAx00JyKk0EQ2QkAZQUOFgiAPKbai82UTTjk/uFuDIisSn8BX0EJFh2j5BQr+BdukgMBUo5ld7ex4kRQaLevDKMzMzs0vFBdLS8srq2vm+kZTh7Hi0OChDFXbYxqkCKCBAiW0IwXM9yS0vOFp5rduQWkRBlc4isD12SAQfcEZplLX3Lp0dOxpQLihzl1UcXyG156XnI/3umbZqlo56F9iT0iZTFDvmp9OL+SxDwFyybTu2FaEbsIUCi5hXHJiDRHjQzaATkoD5oN2k/yHMd2NNcOQRqCokDQX4edGwnytR76XTmYR9bSXif95nRj7x24igihGCHh2CIWE/JDmSqTlAO0JBYgsSw5UBJQzxRBBCco4T8U4bauU9mFPf/+XNPer9mHVujgo104mzRTJNtkhFWKTI1IjZ6ROGoSTe/JInsiz8WC8GK/G2/dowZjsbJJfMN6/AMZrnBg=</latexit>

S ✓ }(N)
<latexit sha1_base64="F6m/KQzNLLOTAhM0qiaQQra5DKo=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNEFBG0FBFQSIPKbai82UTTjk/uFsjBSs/wFfQQkWHaPkLCv4F27iAhKlGM7va2fEiKTRa1qdRWlhcWl4pr1bW1jc2t8ztnbYOY8WhxUMZqq7HNEgRQAsFSuhGCpjvSeh448vM79yD0iIMbnASgeuzUSCGgjNMpb6513B07GlAuHN8hreelzSmfbNq1awcdJ7YBamSAs2++eUMQh77ECCXTOuebUXoJkyh4BKmFSfWEDE+ZiPopTRgPmg3ydNP6WGsGYY0AkWFpLkIvzcS5ms98b10MkuoZ71M/M/rxTg8dxMRRDFCwLNDKCTkhzRXIq0F6EAoQGRZcqAioJwphghKUMZ5KsZpT5W0D3v2+3nSPq7ZpzXr+qRavyiaKZN9ckCOiE3OSJ1ckSZpEU4eyBN5Ji/Go/FqvBnvP6Mlo9jZJX9gfHwDBpWaIw==</latexit>

N ✓ N

<latexit sha1_base64="xC5qpgZZ649bthpuO9R72Inn1ck=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCQBlBQ4WCRB4iiaLzZRNOOZ+tuzVSZIWvoIWKDtHyLxT8C3ZwAQlTjWZ2tbPjR0pact1PZ2FxaXlltbBWXN/Y3Nou7ew2bBgbgXURqtC0fG5RSY11kqSwFRnkga+w6Y8uM7/5gMbKUN/SOMJuwIdaDqTglEp3nYDTve8n15NeqexW3CnYPPFyUoYctV7pq9MPRRygJqG4tW3PjaibcENSKJwUO7HFiIsRH2I7pZoHaLvJNPGEHcaWU8giNEwqNhXx90bCA2vHgZ9OZgntrJeJ/3ntmAbn3UTqKCbUIjtEUuH0kBVGplUg60uDRDxLjkxqJrjhRGgk40KkYpx2U0z78Ga/nyeN44p3WnFvTsrVi7yZAuzDARyBB2dQhSuoQR0EaHiCZ3hxHp1X5815/xldcPKdPfgD5+MbgSyVeA==</latexit>N <latexit sha1_base64="/kbpt1LVo8E2KQbc/VuiwoAGs34=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlBQxkk8lAeitaXTTjlfLbu1kiRFb6CFio6RMu/UPAv2CYFJEw1mtnVzo4fKWnJdT+dpeWV1bX1wkZxc2t7Z7e0t9+wYWwE1kWoQtPywaKSGuskSWErMgiBr7Dpj68zv/mAxspQ39Ekwl4AIy2HUgClUrsbAN37ftKe9ktlt+Lm4IvEm5Eym6HWL311B6GIA9QkFFjb8dyIegkYkkLhtNiNLUYgxjDCTko1BGh7SZ54yo9jCxTyCA2Xiuci/t5IILB2EvjpZJbQznuZ+J/XiWl42UukjmJCLbJDJBXmh6wwMq0C+UAaJIIsOXKpuQADRGgkByFSMU67KaZ9ePPfL5LGacU7r7i3Z+Xq1ayZAjtkR+yEeeyCVdkNq7E6E0yzJ/bMXpxH59V5c95/Rpec2c4B+wPn4xuT7JWE</latexit>Z
<latexit sha1_base64="cmKJuTNtl0jJ2tsWJgV8UM77gzw=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlBQ5lI5CGSKFpfNuGU89m6WyNFVvgKWqjoEC3/QsG/YAcXkDDVaGZXOzt+pKQl1/10lpZXVtfWCxvFza3tnd3S3n7ThrER2BChCk3bB4tKamyQJIXtyCAEvsKWP77O/NYDGitDfUuTCHsBjLQcSgGUSnfdAOje95P6tF8quxV3Br5IvJyUWY5av/TVHYQiDlCTUGBtx3Mj6iVgSAqF02I3thiBGMMIOynVEKDtJbPEU34cW6CQR2i4VHwm4u+NBAJrJ4GfTmYJ7byXif95nZiGl71E6igm1CI7RFLh7JAVRqZVIB9Ig0SQJUcuNRdggAiN5CBEKsZpN8W0D2/++0XSPK145xW3flauXuXNFNghO2InzGMXrMpuWI01mGCaPbFn9uI8Oq/Om/P+M7rk5DsH7A+cj2+F3JV7</latexit>

Q <latexit sha1_base64="xPCwtnOIqjcNkeZ2kKjoVOyjPhU=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCQBlBQxkQeYgkis6XTTjlfLbu1kiRFb6CFio6RMu/UPAv2MEFJEw1mtnVzo4fKWnJdT+dhcWl5ZXVwlpxfWNza7u0s9uwYWwE1kWoQtPyuUUlNdZJksJWZJAHvsKmP7rM/OYDGitDfUvjCLsBH2o5kIJTKt11Ak73vp/cTHqlsltxp2DzxMtJGXLUeqWvTj8UcYCahOLWtj03om7CDUmhcFLsxBYjLkZ8iO2Uah6g7SbTxBN2GFtOIYvQMKnYVMTfGwkPrB0HfjqZJbSzXib+57VjGpx3E6mjmFCL7BBJhdNDVhiZVoGsLw0S8Sw5MqmZ4IYToZGMC5GKcdpNMe3Dm/1+njSOK95pxb0+KVcv8mYKsA8HcAQenEEVrqAGdRCg4Qme4cV5dF6dN+f9Z3TByXf24A+cj2+HbJV8</latexit>R <latexit sha1_base64="YkwQYxMTdNVyZpleSZuXKRsKxq0=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmFhjJI5CGSKFpfNuGU89m6WyNFVvgKWqjoEC3/QsG/YAcXkDDVaGZXOzt+pKQl1/10lpZXVtfWCxvFza3tnd3S3n7ThrER2BChCk3bB4tKamyQJIXtyCAEvsKWP77K/NYDGitDfUuTCHsBjLQcSgGUSnfdAOje95PatF8quxV3Br5IvJyUWY56v/TVHYQiDlCTUGBtx3Mj6iVgSAqF02I3thiBGMMIOynVEKDtJbPEU34cW6CQR2i4VHwm4u+NBAJrJ4GfTmYJ7byXif95nZiGl71E6igm1CI7RFLh7JAVRqZVIB9Ig0SQJUcuNRdggAiN5CBEKsZpN8W0D2/++0XSPK145xX35qxcreXNFNghO2InzGMXrMquWZ01mGCaPbFn9uI8Oq/Om/P+M7rk5DsH7A+cj29ubJVs</latexit>B

<latexit sha1_base64="dGJ1hWgSCcQtQzh6pqPZ2FynCIc=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlCQxkk8pASK1pfNuGU80N3a6TI5CdooaJDtPwMBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGdzSN0PVhHMiRFECp1L3ifQERbwwqVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpLnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp82U0z6c+e8XSfu05pzX7Nuzar1RNFNih+yInTCHXbA6u2FN1mKCKfbEntmL9Wi9Wm/W+8/oklXsHLA/sD6+AXd1k6c=</latexit>

A \B
<latexit sha1_base64="dDO7DBrlnJcBn7zsW4jkfXwPbJY=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlCQxkk8pASKzpfNuGU8/l0t0aKTH6CFio6RMvPUPAv2MYFJEw1mtnVzk6gpbDoup/O0vLK6tp6aaO8ubW9s1vZ22/bKDYcWjySkekGzIIUClooUEJXG2BhIKETTK4zv/MAxopI3eFUgx+ysRIjwRmmUveK9nmsaWNQqbo1NwddJF5BqqRAc1D56g8jHoegkEtmbc9zNfoJMyi4hFm5H1vQjE/YGHopVSwE6yd53hk9ji3DiGowVEiai/B7I2GhtdMwSCdDhvd23svE/7xejKNLPxFKxwiKZ4dQSMgPWW5EWgTQoTCAyLLkQIWinBmGCEZQxnkqxmkz5bQPb/77RdI+rXnnNff2rFpvFM2UyCE5IifEIxekTm5Ik7QIJ5I8kWfy4jw6r86b8/4zuuQUOwfkD5yPb5bdk7s=</latexit>

A [B
<latexit sha1_base64="MezoBAJ7tPot1ZVWeZ9Xon/vy3I=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrIRAsoQGsogkYeUWNH5sgmn3J3N3RopslLwFbRQ0SFaPoWCf8E2KSBhqtHMrnZ2gkgKi6776RSWlldW14rrpY3Nre2d8u5ey4ax4dDkoQxNJ2AWpNDQRIESOpEBpgIJ7WB8lfntBzBWhPoWJxH4io20GArOMJX8S9qzgEro2NJ6v1xxq24Ouki8GamQGRr98ldvEPJYgUYumbVdz43QT5hBwSVMS73YQsT4mI2gm1LNFFg/yUNP6VFsGYY0AkOFpLkIvzcSpqydqCCdVAzv7LyXif953RiHF34idBQjaJ4dQiEhP2S5EWkbQAfCACLLkgMVmnJmGCIYQRnnqRin9ZTSPrz57xdJ66TqnVXdm9NKrT5rpkgOyCE5Jh45JzVyTRqkSTi5J0/kmbw4j86r8+a8/4wWnNnOPvkD5+Mby8uWHQ==</latexit>

A \B<latexit sha1_base64="FstEmUOArzxcggJ56kbwHq3SqjA=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxInfGqCXRxhITQRIgZG4ZYMPe3mV3joQQ4q+w1crO2PpbLPwv3p1XKPiql/dmMm+eHylpyXU/ncLK6tr6RnGztLW9s7tX3j9o2jA2AhsiVKFp+WBRSY0NkqSwFRmEwFf44I9vUv9hgsbKUN/TNMJuAEMtB1IAJVK7MwGjQxpJPeyVK27VzcCXiZeTCstR75W/Ov1QxAFqEgqsbXtuRN0ZGJJC4bzUiS1GIMYwxHZCNQRou7Ms8pyfxBYo5BEaLhXPRPy9MYPA2mngJ5MB0Mgueqn4n9eOaXDVnUkdxYRapIdIKswOWWFk0gXyvjRIBGly5FJzAQaI0EgOQiRinJRTSvrwFr9fJs2zqndRde/OK7XrvJkiO2LH7JR57JLV2C2rswYTLGRP7Jm9OI/Oq/PmvP+MFpx855D9gfPxDYVelg4=</latexit>?
<latexit sha1_base64="2wCNSqixaJdflnI6Ex3Z0aIsaUM=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoADWWQyEOKo+h82YRTzvbpbo0UWZH4Clqo6BAtv0LBv3A2LiBhqtHMjnZ3AiWFQdf9dEpLyyura+X1ysbm1vZOdXevbeJEc2jxWMa6GzADUkTQQoESukoDCwMJnWBynfmdB9BGxNEdThX0QzaOxEhwhlby/diaWTa9nA2qNbfu5qCLxCtIjRRoDqpf/jDmSQgRcsmM6Xmuwn7KNAouYVbxEwOK8QkbQ8/SiIVg+ml+84weJYZhTBVoKiTNRfidSFlozDQM7GTI8N7Me5n4n9dLcHTRT0WkEoSIZ4tQSMgXGa6F/RfoUGhAZNnlQEVEOdMMEbSgjHMrJradiu3Dm/9+kbRP6t5Z3b09rTWuimbK5IAckmPikXPSIDekSVqEE0WeyDN5cR6dV+fNef8ZLTlFZp/8gfPxDT/hlnU=</latexit>

A

<latexit sha1_base64="yqazeauoz5jqIUaYdiKaleTonkU="></latexit>

a 2 A

<latexit sha1_base64="vYI2TXr9siT72DVoVbTZ5B3g4MI="></latexit>

a 62 A

<latexit sha1_base64="GVT07UcUKaa1Chfddey4xnd/fxI="></latexit>

A ⇢ B
<latexit sha1_base64="W/jKVdL8dG5exHsMGFzCJOwKOMA="></latexit>

A ✓ B

<latexit sha1_base64="BDHGF6G+cRr3Kwi9zk6Gdvmp0PM="></latexit>

A 6✓ B
<latexit sha1_base64="JzbiuEQ4zbdzQB8wPevDlAZKleU="></latexit>

A \B = ;

<latexit sha1_base64="kZmPF6OKllsCQn+614m3PAitYos="></latexit>

A⇥B

<latexit sha1_base64="HkNWjKPCRg569BCJ9GBMjBY1goE=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNeJUBGsogkYeUWNH5sgkHZ/t0twYFK/9ACxUdouVvKPgXbOMCEqYazexqZ8dTUhi07U+rMDe/sLhUXC6trK6tb5Q3t1omjDSHJg9lqDseMyBFAE0UKKGjNDDfk9D27i5Sv30P2ogwuMaxAtdno0AMBWeYSK3eg6qe7ffLFbtmZ6CzxMlJheRo9MtfvUHIIx8C5JIZ03VshW7MNAouYVLqRQYU43dsBN2EBswH48ZZ2gndiwzDkCrQVEiaifB7I2a+MWPfSyZ9hjdm2kvF/7xuhMNTNxaBihACnh5CISE7ZLgWSQ1AB0IDIkuTAxUB5UwzRNCCMs4TMUp6KSV9ONPfz5LWQc05rh1dHVbq53kzRbJDdkmVOOSE1MklaZAm4eSWPJFn8mI9Wq/Wm/X+M1qw8p1t8gfWxzdoMZMa</latexit>

}(A)
<latexit sha1_base64="3vz2mqzX4uRg0rHFR5vVM93Q47M="></latexit>

A 6= B

<latexit sha1_base64="ocXTm23wDOLLo1M4iUafjI0bS64="></latexit>

A = B

<latexit sha1_base64="RE/fE983hQsNvMDhvNB7R05zIEM=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJhshGvMoQGsog4SRSYkXnyyaccj5bd2ukyMo30EJFh2j5HAr+Bdu4gISpRjO72tnxIykM2vanVVpaXlldK69XNja3tnequ3ttE8aag8tDGequzwxIocBFgRK6kQYW+BI6/uQm8zuPoI0I1T1OI/ACNlZiJDjDVHKv6QltDqo1u27noIvEKUiNFGgNql/9YcjjABRyyYzpOXaEXsI0Ci5hVunHBiLGJ2wMvZQqFoDxkjzsjB7FhmFII9BUSJqL8HsjYYEx08BPJwOGD2bey8T/vF6MoysvESqKERTPDqGQkB8yXIu0BaBDoQGRZcmBCkU50wwRtKCM81SM01oqaR/O/PeLpH1ady7q53dntUazaKZMDsghOSYOuSQNcktaxCWcCPJEnsmLNbVerTfr/We0ZBU7++QPrI9v2oaSKw==</latexit>

A�B
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Functions, relations
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Functions, relations

<latexit sha1_base64="Esh+8xpxLk/JGEb9rKB9dYDnu6A=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRAkQVQkMZJPKQEis6XzbhlPPZulsjRSY/QQsVHaLlZyj4Fy7GBSRMNZrZ1exOEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfz/z2A2gjInWHkxj8kI2UGArO0Eqd4eVVDyNa75crbtXNQBeJl5MKydHol796g4gnISjkkhnT9dwY/ZRpFFzCtNRLDMSMj9kIupYqFoLx0+zeKT1KDLOpMWgqJM1E+L2RstCYSRjYyZDhvZn3ZuJ/XjfB4YWfChUnCIrPglBIyIIM18IWAXQgNCCy2eVAhaKcaYYIWlDGuRUT20zJ9uHNf79IWidV76zq3p5WavW8mSI5IIfkmHjknNTIDWmQJuFEkifyTF6cR+fVeXPef0YLTr6zT/7A+fgGwemT1g==</latexit>

f : A ! B

<latexit sha1_base64="izuW2FKxUeeck1rHGvTC+TV2KUA="></latexit>

R ✓ A⇥B

<latexit sha1_base64="yidVtIdAw5n2NIoKU3YmgCIu89E="></latexit>

Rf
M
= {(a, f(a)) | a 2 A}

functions as relations

<latexit sha1_base64="18qQMR77VG9sjGHtiKQz7cw6pDQ="></latexit>

fN (n)
M
=

⇢
1 n 2 N
0 otherwise

<latexit sha1_base64="9IGFN1wcV8NIKxrNCwofJeDKQ2Y="></latexit>

N = {n | fN (n) = 1}

sets as functions

(characteristic function)

<latexit sha1_base64="hJ/WzP9Ue7DZrA4M0ebq/9EcilM="></latexit>

fN : N ! B
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First order logic
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First order logic
<latexit sha1_base64="RP882L5FD6VWmhDRj8ciu4FLIz8="></latexit>

true<latexit sha1_base64="RKLkK4DbTkOoQBJeALxRN3auWAs="></latexit>

tt
<latexit sha1_base64="ZFDIuiJYNdQmsimcJYAXn2zqch0="></latexit>

T
<latexit sha1_base64="xDmJDgV5TDZFF9qO5omPEzGRrHA="></latexit>

F

<latexit sha1_base64="+HmY5SpNtH1tFw9hOu4YdmykVvY="></latexit>

↵
<latexit sha1_base64="DaMmFYvBPaITd/ArB4olm2nPaGI="></latexit>

false
<latexit sha1_base64="xYrQT2XrqE9RMpyNfnv6UQVYS+4="></latexit>

0
<latexit sha1_base64="/ELTcA9G/2qfycDBH2IYdDMXbeU="></latexit>

1

<latexit sha1_base64="+ApvY0IlIcwhNIa7ImCfvAptEUo="></latexit>

P , Q

<latexit sha1_base64="+t2s81o5FlAmRrNjEF+BZ69WcPs="></latexit>

P _Q
<latexit sha1_base64="YKzD47Jw6VeTdrQAs0SfOWTB+/c="></latexit>¬P<latexit sha1_base64="/MmKkQf6ouQze/w7xPasKKxfC4s="></latexit>

P ^Q

<latexit sha1_base64="OQ8gMX/6C9DUY6CRd5F9SoeKDrg="></latexit>

P ) Q

<latexit sha1_base64="sBmjF/uOUIbrEvZmWFGS36zHL34="></latexit>

8n 2 N. 9m 2 N. n < m

<latexit sha1_base64="Z2RzScf7CknWh4vlnr7lpMGKuB8="></latexit>

9m 2 N. 8n 2 N. n < m

order of quantifiers matters!
<latexit sha1_base64="OQ8gMX/6C9DUY6CRd5F9SoeKDrg="></latexit>

P ) Q
<latexit sha1_base64="GV1VIbRsrgwZp5zyHYOXYYGwxQU="></latexit>

Q _ ¬P
<latexit sha1_base64="ZA0XIxBZ0BnDHsBLQ9GOu6vxhVY="></latexit>

¬Q ) ¬P

meaning of implication!

<latexit sha1_base64="LGgPtLxMocMPweAecY2lXyxKBIo="></latexit>

8x. P (x)
<latexit sha1_base64="Be3s7h8AvoOVYnRbZ55X8+62dGM="></latexit>

9x. P (x)



1313

First order logic
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First order logic



Kleene-star notation A*
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Given a set A we denote by A⇤

the set of finite sequences of elements in A, i.e.:
A⇤ = { a1 · · · an | n � 0 ^ a1, ..., an 2 A }
We denote the empty sequence by ✏ 2 A⇤

For example:
A = { a, b } A⇤ = { ✏, a, b, aa, ab, ba, bb, aaa, aab, ... }
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Strings
<latexit sha1_base64="xV+sNVIDKhyZkA9g5kQPWLSpM2k="></latexit>

An M
= A⇥ · · ·⇥A| {z }

n

<latexit sha1_base64="0BBomVmGSgb5kHpqpp8dyehFM5k="></latexit>

A
<latexit sha1_base64="eCAiQ/AGZhs7Q/JwjP28gMMz2aA="></latexit>

A⇤ M
=

[

n2N
AnAlphabet

<latexit sha1_base64="MvUMGZKXSgz3zZwl7lEf4pIt7/o="></latexit>

B⇤ = {✏, 0, 1, 00, 01, 10, 11, 000, . . .}

<latexit sha1_base64="OrLLsn9J3qvS231tyy9x3mN5T3c="></latexit>

B0 = {✏}
<latexit sha1_base64="Pc4Nl5xO5wpkUuKt33PQg+pPV64="></latexit>

B1 = {0, 1}
<latexit sha1_base64="Hx8sE3tQJWzltXVNXJulClaeO2k="></latexit>

B2 = {00, 01, 10, 11}
<latexit sha1_base64="TJWrZjv4RuUHUpogtvdZH0n3dNk="></latexit>

B3 = {000, 001, 010, 011, 100, 101, 110, 111}

<latexit sha1_base64="MlP8ulAXJAXWfME0pkGQ2r0y4UQ="></latexit>

B = {0, 1}

<latexit sha1_base64="n9LzM9LKMjUKqzWaawVQID1LANo="></latexit>· · ·



Inductive definitions
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Inductive definitions

18

A natural number is either:

- 0

- or the successor n+1 of a natural number n


A sequence over the alphabet A is either:

- the empty sequence ε

- or the juxtaposition wa of a sequence w with an 

element a of A



Inductively defined 
functions

19

Let us define the exponential function 


base case: for any k>0 we set

exp(k,0) = 1


inductive case: for any k>0, n≥0 we set

exp(k,n+1) = exp(k,n) x k

kn



Inductively defined 
functions

20

Let us define the exponential function 


base case: for any k>0 we set

exp(k,0)  1


inductive case: for any k>0, n≥0 we set

exp(k,n+1)  exp(k,n) x k

kn

≜

≜
Recursive definition



Inductively defined 
functions

21

Let us define the exponential function 


base case: for any k>0 we set

exp(k,0)  1


inductive case: for any k>0, n≥0 we set

exp(k,n+1)  exp(k,n) x k

kn

≜

≜
More complex


case
Simpler


case
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Recursive definitions

<latexit sha1_base64="dEsUQ9ihNuEDcalbFCnHYsECoMk="></latexit>

f(12) = f(6) = f(3) = f(10) = f(5) = f(16) = f(8) = f(4) = f(2) = f(1) = 1

<latexit sha1_base64="auk+DVnwrSti7bSQi8DdRKU7o7w="></latexit>

f(n)
M
=

8
<

:

1 if n  1
f(n/2) if n > 1 ^ n%2 = 0
f(3n+ 1) otherwise

<latexit sha1_base64="4We2I636sbzewHB0zKfQPFJ5iiM="></latexit>✓
n
k

◆
, n!

k! (n� k)!

<latexit sha1_base64="ys6SlqXCgsNhxgVdhaAN7cCeuLg="></latexit>✓
n
0

◆
, 1

<latexit sha1_base64="nUN7cGzlf8oegXAlkRVWWadgIKo="></latexit>

✓
n+ 1
k + 1

◆
,

(n+ 1)

✓
n
k

◆

k + 1
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Inductive definitions

<latexit sha1_base64="Ga3J4zsbNqzq6SxB6Kv01qQdgzM="></latexit>

0!
M
= 1

(n+ 1)!
M
= n! · (n+ 1)

<latexit sha1_base64="JUQ9E3KOYUoXZ7zq8KSE7n7LBtc="></latexit>

A0 M
= {✏}

A(n+1) M
= A⇥An

<latexit sha1_base64="uhtXZgB0ekWOhTvdej1bECFd69Y="></latexit>

|✏| M
= 0

|w a| M
= |w|+ 1



Finite automata 
examples

24



Finite state automaton

25



Applications

26

Finite automata are widely used, e.g., in 

protocol analysis, 


text parsing, 

video game character behavior, 


security analysis, 

CPU control units, 


natural language processing, 

speech recognition,

mechanical devices 


(like elevators, vending machines, traffic lights)

and many more …



How to define an 
automaton

27

1. Identify the admissible states of the system

(Optional: mark some states as error states)


2. Add transitions 

to move from one state to another

(no transition to recover from error states)


3. Set the initial state


4. (Optional: mark some states as final states)



Example: Turnstile

28

locked

unlocked

card

push

card

push



Example: �
Vending Machine

29
($1.25 per soda)

$0.00

$0.25

$0.25

$0.25 $0.25

$0.25

$0.25, $1.00 $0.25, $1.00 $0.25, $1.00

$0.25, $1.00

$0.25

$1.00 $1.00 $1.00 $1.00

$1.00

$1.00 $1.25 $1.50

$0.50

$1.75

$2.00

start

select select select

select

select

select select select

select

$0.75



Example: Language Processing
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Example: ATM

31



Computer controlled 
characters for games

32

States = characters behaviours


Transitions = events that cause a change in behaviour


Example:

Pac-man moves in a maze

wants to eat pills

is chased by ghosts

by eating power pills, pac-man can defeat ghosts

4 AI in Video Games: Pac-Man’s Ghosts

Figure 2: Screenshot of a Pacman Clone

Finite state machines lend themselves to representing the behavior of computer-
controller characters in video games. The states of the machine correspond to the
character’s behaviors, which change according to various events. These changes are
modeled by transitions in the state diagram. State machines are certainly not the
most sophisticated means of implementing artificially intelligent agents in games, but
many games include characters with simple, state-based behaviors that are easily and
e↵ectively modeled using state machines.

Here we consider the classic game, Pac-Man. For those unfamiliar with the game-
play, Pac-Man requires the player to navigate through a maze, eating pellets and
avoiding the ghosts who chase him through the maze. Occasionally, Pac-Man can
turn the tables on his pursuers by eating a power pellet, which temporarily grants
him the power to eat the ghosts. When this occurs, the ghosts’ behavior changes,
and instead of chasing Pac-Man they try to avoid him.

The ghosts in Pac-Man have four behaviors:

1. Randomly wander the maze

5



Example: �
Pac-Man Ghosts

33

Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man



Example: �
Pac-Man Ghosts

34

Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man

Spot

Pac-Man

Lose

Pac-Man



Example: �
Pac-Man Ghosts
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Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man

Spot

Pac-Man

Lose

Pac-Man

Power

Pellet 


Expires

Pac-Man Eats

Power Pellet



Example: �
Pac-Man Ghosts
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Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man

Spot

Pac-Man

Lose

Pac-Man

Power

Pellet 


Expires

Pac-Man Eats

Power Pellet

Pac-Man Eats

Power Pellet



Example: �
Pac-Man Ghosts
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Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man

Spot

Pac-Man

Lose

Pac-Man

Power

Pellet 


Expires

Pac-Man Eats

Power Pellet

Pac-Man Eats

Power Pellet

Eaten by

Pac-Man



Example: �
Pac-Man Ghosts
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Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man

Spot

Pac-Man

Lose

Pac-Man

Power

Pellet 


Expires

Pac-Man Eats

Power Pellet

Pac-Man Eats

Power Pellet

Eaten by

Pac-Man

Reach

Central 

Base



Example: �
Pac-Man Ghosts
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Wander the Maze Chase Pac-Man

Return to Base Flee Pac-Man

Spot

Pac-Man

Lose

Pac-Man

Power

Pellet 


Expires

Pac-Man Eats

Power Pellet

Pac-Man Eats

Power Pellet

Eaten by

Pac-Man

Reach

Central 

Base



Other examples
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standing

jumping

Press “↑”

ducking

Press “↓”

Release “↓”

diving

Press “↓”

wander
 attack

evade
find aid

low 


healthpoints

found

aid

player

out of sight

player

is near

player is

attacking back player 


is idle

Press “↑”



Exercises
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Choose your favourite (video) game, and draw the 
finite state automaton for one of the characters in 

that game 



Finite state automata,

formally

42



DFA

43

A Deterministic Finite Automaton (DFA) is a tuple A = (Q,⌃, �, q0, F ),
where

• Q is a finite set of states;

• ⌃ is a finite set of input symbols;

• � : Q⇥ ⌃ ! Q is the transition function;

• q0 2 Q is the initial state (also called start state);

• F ✓ Q is the set of final states (also accepting states)



Example: Turnstile
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locked

unlocked

card

push

card

push

A Deterministic Finite Automaton (DFA) is a tuple A = (Q,⌃, �, q0, F ),
where

• Q is a finite set of states;

• ⌃ is a finite set of input symbols;

• � : Q⇥ ⌃ ! Q is the transition function;

• q0 2 Q is the initial state (also called start state);

• F ✓ Q is the set of final states (also accepting states)

<latexit sha1_base64="PJnlnNQgQ0nHsbIJb4LbzIogz6M="></latexit>

Q = {locked, unlocked}
<latexit sha1_base64="edXwWyLOzUkvecKVCQkF5C95UPU="></latexit>

⌃ = {push, card}
<latexit sha1_base64="xC/2Jg9I64dh1yAE/eF4NKlDDKU="></latexit>

�(locked, card) = unlocked
<latexit sha1_base64="fpyy12dpTCySAKyu5cZhsiMWkps="></latexit>

q0 = locked
<latexit sha1_base64="5ySQyv+efnCeP3m/0D2pfs2R9as="></latexit>

F = {locked}



Extended transition function 
(destination function)

45

Given A = (Q,⌃, �, q0, F ), we define b� : Q⇥ ⌃⇤ ! Q by induction:

base case: For any q 2 Q we let
b�(q, ✏) = q

inductive case: For any q 2 Q, a 2 ⌃, w 2 ⌃⇤ we let

b�(q, wa) = �( b�(q, w) , a )

(b�(q, w) returns the state reached from q by observing w)

≜

≜



Extended transition function 
(destination function)

46

Given A = (Q,⌃, �, q0, F ), we define b� : Q⇥ ⌃⇤ ! Q by induction:

base case: For any q 2 Q we let
b�(q, ✏) = q

inductive case: For any q 2 Q, a 2 ⌃, w 2 ⌃⇤ we let

b�(q, wa) = �( b�(q, w) , a )

(b�(q, w) returns the state reached from q by observing w)
Recursive definition

≜

≜



Extended transition function 
(destination function)

47

Given A = (Q,⌃, �, q0, F ), we define b� : Q⇥ ⌃⇤ ! Q by induction:

base case: For any q 2 Q we let
b�(q, ✏) = q

inductive case: For any q 2 Q, a 2 ⌃, w 2 ⌃⇤ we let

b�(q, wa) = �( b�(q, w) , a )

(b�(q, w) returns the state reached from q by observing w)

More complex

case

Simpler

case

≜

≜



Example: Turnstile
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locked

unlocked

card

push

card

push

<latexit sha1_base64="xC/2Jg9I64dh1yAE/eF4NKlDDKU="></latexit>

�(locked, card) = unlocked
<latexit sha1_base64="bWfEeqwyJVgAQfdZ6eFE53o7dHQ="></latexit>

�(locked, push) = locked

<latexit sha1_base64="OQGQmM5R1d/eeTS2Qu6cUjLHmFo="></latexit>

�(unlocked, push) = locked

<latexit sha1_base64="XhvuSRLfVJYAiPCUwBcKBJgnqgI="></latexit>

�(unlocked, card) = unlocked

<latexit sha1_base64="VYp5KlF70xhST6U6Vpvj3VjX2uw="></latexit>

b�(locked, card card push) = locked
<latexit sha1_base64="gz2PiCQQSmV0Xmsn9uOO2MtqBh8="></latexit>

= �(b�(locked, card card), push)
<latexit sha1_base64="yuwNtulbjzws5cix0JL3HGLhy90="></latexit>

= �(�(b�(locked, card), card), push)
<latexit sha1_base64="MDk+geQ0BQ3ktiw6jfuXxu0Msko="></latexit>

= �(�(�(b�(locked, ✏), card), card), push)
<latexit sha1_base64="nIiYW4P1eQ0/5uSOFJvsg+kx7WA="></latexit>

= �(�(�(locked, card), card), push)
<latexit sha1_base64="8A4KI21Fu46fkPtr7sL94z6pg6A="></latexit>

= �(�(unlocked, card), push)
<latexit sha1_base64="zGYDQUrr9UwH0Nedl2pwa1Gk99o="></latexit>

= �(unlocked, push) = locked



Example: Turnstile
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locked

unlocked

card

push

card

push

<latexit sha1_base64="xC/2Jg9I64dh1yAE/eF4NKlDDKU=">AAACbnicbZDNahRBEMd7x6+4fm0ieJFg40ZYQZaZgMYcAkEvHiO4SWBnWWp6atdm+2Psro6EYZ4lT+NVz76Fj2DvOAFNrNO//1XVVfUrKiU9penPXnLj5q3bdzbu9u/df/Dw0WBz69jb4AROhFXWnRbgUUmDE5Kk8LRyCLpQeFKs3q/zJ2fovLTmE51XONOwNHIhBVC05oP9nbxERTDKNdBnv6iVFSssm1eXbwGubF4eXD6D6Q p25oNhOk7b4NdF1okh6+JovtnbzksrgkZDQoH30yytaFaDIykUNv08eKxArGCJ0ygNaPSzur2x4S+CB7K8Qsel4q2Jf3fUoL0/10WsbFe9mlub/8tNAy3ezmppqkBoxHoQSYXtIC+cjPCQl9IhEaw3Ry4Nj1CACJ3kIEQ0Q6TZzw1+FVZrMGUdoS7wS1O32ByqOi+CVGVUPD+LBzsJZhmn5Db+z+uDpmn6EWh2Fd91cbw7zt6MX3/cHR6+69BusKfsORuxjO2xQ/aBHbEJE+yCfWPf2Y/er+RJsp08+1Oa9Lqex+yfSEa/AeQpv8M=</latexit>

�(locked, card) = unlocked
<latexit sha1_base64="bWfEeqwyJVgAQfdZ6eFE53o7dHQ=">AAACbHicbVDbbhMxEHWWWwm3FHirKllNQUWqot1KtLxUquCFxyKRtlI2ima9k8SK7V3scavK2k/ha3iFD+An+AacJUiQdp6Oz5nxmTlFraSjNP3ZSe7cvXf/wcbD7qPHT54+620+P3OVtwKHolKVvSjAoZIGhyRJ4UVtEXSh8LxYfFjq55donazMZ7qucaxhZuRUCqBITXpHu3mJimAv10BzNw2qEgssm/2/79q7efPmeE3enf T66SBti98E2Qr02apOJ5ud7byshNdoSChwbpSlNY0DWJJCYdPNvcMaxAJmOIrQgEY3Du2FDX/lHVDFa7RcKt6S+O9EAO3ctS5iZ7vourYkb9NGnqbvxkGa2hMasTQiqbA1csLKGB3yUlokguXmyKXhAiwQoZUchIikj1l2c4NXotIaTBlipFP80oQ2NIsq5IWXqoyI55fxYCvBzKJLXsX/eThumqYbA83W47sJzg4G2eHg7aeD/sn7VbQbbIvtsD2WsSN2wj6yUzZkgn1l39h39qPzK3mZbCXbf1qTzmrmBfuvkte/ARj3vvI=</latexit>

�(locked, push) = locked

<latexit sha1_base64="OQGQmM5R1d/eeTS2Qu6cUjLHmFo=">AAACbnicbVBNbxMxEHWWrxK+UpC4oAqLFClIVbRbiQKHShVcOBaJtJWyUTTrnaRWbO9ij1tV1v4Wfg1XOPMv+Ak4y1aCljk9vzfjN/OKWklHafqzl9y4eev2nY27/Xv3Hzx8NNh8fOQqbwVORKUqe1KAQyUNTkiSwpPaIuhC4XGx+rDWj8/QOlmZz3RR40zD0siFFECRmg/ebeclKoJRroFO3SJ4oyqxwrLZuWRq706bV/uXz0 7eng+G6Thti18HWQeGrKvD+WZvKy8r4TUaEgqcm2ZpTbMAlqRQ2PRz77AGsYIlTiM0oNHNQntjw196B1TxGi2Xirck/j0RQDt3oYvY2S56VVuT/9OmnhZvZ0Ga2hMasTYiqbA1csLKGB7yUlokgvXmyKXhAiwQoZUchIikj2n2c4PnotIaTBliqAv80oQ2NIsq5IWXqoyI52fxYCvBLKNLXsX/edhvmqYfA82uxncdHO2Os73x60+7w4P3XbQb7Bl7wUYsY2/YAfvIDtmECfaVfWPf2Y/er+RpspU8/9Oa9LqZJ+yfSka/AS8fv+k=</latexit>

�(unlocked, push) = locked

<latexit sha1_base64="XhvuSRLfVJYAiPCUwBcKBJgnqgI=">AAACcHicbZBbaxNBFMcn663GW6ovgoijqVBFwm7BC0ih6IuPFUxbyIZwdvYkDpnLOnOmUob9MH4aX/XRr+EncLJG0Mbz9Od/7r+qUdJTnv/oZRcuXrp8Zetq/9r1GzdvDbZvH3kbnMCxsMq6kwo8KmlwTJIUnjQOQVcKj6vl21X++BSdl9Z8oLMGpxoWRs6lAErWbPB6p6xREeyWGuijn8dglBVLrNtnfxwBrm6f7G8U7MwGw3 yUd8E3RbEWQ7aOw9l2735ZWxE0GhIKvJ8UeUPTCI6kUNj2y+CxAbGEBU6SNKDRT2P3ZcsfBw9keYOOS8U7E//uiKC9P9NVquxOPZ9bmf/LTQLNX02jNE0gNGK1iKTCbpEXTiZ8yGvpkAhWlyOXhicoQIROchAimSHx7JcGPwurNZg6Jqxz/NTGDptDFcsqSFUnxcvT9LCTYBZpS2nTfB7327btJ6DFeXyb4mhvVLwYPX+/Nzx4s0a7xe6xR2yXFewlO2Dv2CEbM8G+sK/sG/ve+5ndzR5kD3+XZr11zx32T2RPfwH8H8C6</latexit>

�(unlocked, card) = unlocked
<latexit sha1_base64="VYp5KlF70xhST6U6Vpvj3VjX2uw="></latexit>

b�(locked, card card push) = locked

<latexit sha1_base64="rx7FoYQg8Dyhb79C6zIYPPTlVbg="></latexit>

b�(locked, card card) = unlocked

<latexit sha1_base64="Rtg9vuLml1ynN99wob5ixoILLls="></latexit>

b�(locked, card) = unlocked

<latexit sha1_base64="dooG+t7t76Jpt7ZnjdGnGbB/b/k="></latexit>

b�(locked, ✏) = locked



String processing
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Given A = (Q,⌃, �, q0, F ) and w 2 ⌃⇤ we say that A accept w i↵

b�(q0, w) 2 F

The language of A = (Q,⌃, �, q0, F ) is

L(A) = { w | b�(q0, w) 2 F }



Transition diagram

51

We represent A = (Q,⌃, �, q0, F ) as a graph s.t.

• Q is the set of nodes;

• { q a�! q0 | q0 = �(q, a) } is the set of arcs.

Plus some graphical conventions:

• there is one special arrow Start with
Start�! q0

• nodes in F are marked by double circles;

• nodes in Q \ F are marked by single circles.



String processing as 
paths

52

A DFA accepts a string w, if there is a path in its 
transition diagram such that:


it starts from the initial state


it ends in one final state


the sequence of labels in the path is exactly w




DFA: example
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Start

q0

q1

q2
0 1

01 0 , 1

1 0 0 1 1 0

1 1 1 0 0 0q0 q0 q0 q0

q1

q1 q1 62 F

2 Fq1q0 q0 q1 q2 q2 q2



DFA: question time
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Start

q0 q1 q2
0 1

01 0 , 1

Does it accept 100 ?

Does it accept 011 ?

Does it accept 1010010 ?

What is L(A) ?



DFA: question time
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Start

q0 q1 q2
0 1

01 0 , 1

Does it accept 100 ? NO

Does it accept 011 ?

Does it accept 1010010 ?

What is L(A) ?



DFA: question time
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Start

q0 q1 q2
0 1

01 0 , 1

Does it accept 100 ? NO

Does it accept 011 ? YES

Does it accept 1010010 ?

What is L(A) ?



DFA: question time
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Start

q0 q1 q2
0 1

01 0 , 1

Does it accept 100 ? NO

Does it accept 011 ? YES

Does it accept 1010010 ? YES

What is L(A) ?



DFA: question time
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Start

q0 q1 q2
0 1

01 0 , 1

Does it accept 100 ? NO

Does it accept 011 ? YES

Does it accept 1010010 ? YES

What is L(A) ? { x01y | x, y 2 {0, 1}⇤ }



DFA: question time
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locked

unlocked

card

push

card

push

What is L(A) ?



Transition table
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Conventional tabular representation


its rows are in correspondence with states


its columns are in correspondence with input symbols


its entries are the states reached after the transition


Plus some decoration 


start state decorated with an arrow


all final states decorated with *



Transition table
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�(q, a)q

a

!

⇤

⇤



DFA: example
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Start

q0 q1 q2
0 1

01 0 , 1

0 1

! q0 q1 q0
q1 q1 q2

? q2 q2 q2



DFA: exercise
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Does it accept 100 ?        Does it accept 1010 ?

Write its transition table.              What is L(A) ?



NFA

64

ANon-deterministic Finite Automaton (NFA) is a tuple A = (Q,⌃, �, q0, F ),
where

• Q is a finite set of states;

• ⌃ is a finite set of input symbols;

• � : Q⇥ ⌃ ! }(Q) is the transition function;

• q0 2 Q is the initial state (also called start state);

• F ✓ Q is the set of final states (also accepting states)

powerset of Q = set of sets over Q



NFA: example
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Start

q0 q1 q2
0 1

0 , 1

Can you explain why it is not a DFA?



NFA: example
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Start

q0 q1 q2
0 1

0 , 1

Can you explain why it is not a DFA?

0 , 10



NFA: example
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Start

q0 q1 q2
0 1

0 , 1

Can you explain why it is not a DFA?

0 , 10
<latexit sha1_base64="2HzLo9NhUOWhXgp0e5O1kj97IWc=">AAACUnicbVJNbxMxEPWGAiUUSOGIKlmkSEVC0W4lPi6VKrhwbKWmrRRHq1nvJFi1vRt7tqiy9sSv4Qp/hQt/pad6Qw79mtPTezN+M08uaq08pem/pPdg7eGjx+tP+k83nj1/Mdh8eeyrxkkcy0pX7rQAj1pZHJMijae1QzCFxpPi7Gunn5yj86qyR3RR49TA3KqZkkCRygdb26JETbCzyNP36Tu+x0Xo4CLPRLudD4bpKF0Wvw uyFRiyVR3km8mWKCvZGLQkNXg/ydKapgEcKamx7YvGYw3yDOY4idCCQT8Nyzta/rbxQBWv0XGl+ZLE6xMBjPcXpoidBui7v6115H3apKHZ52lQtm4IreyMSGlcGnnpVAwIeakcEkG3OXJluQQHROgUBykj2cTE+sLiD1kZA7YMMbgZLtogOj+HOoiiUbqMiIvzeLBTYOfRRVTxfR722rbtx0Cz2/HdBce7o+zj6MPh7nD/yyradfaavWE7LGOf2D77xg7YmEn2k/1iv9mf5G9y2Yu/5H9rL1nNvGI3qrdxBVc/shE=</latexit>

�(q0, 0) = {q0, q1}
<latexit sha1_base64="NC+FQA8g+5DeOtAoDsoSeDSISQ4=">AAACTnicbVBNaxsxFNS6H3HdjzjtqZSCqFNIoZjdQNJeAqG59JhCnAQsY95qn10RSbuR3iYEsfTX9Nr8lVz7R3IrrdbxoU06p2HmPY3e5JVWntL0Z9K5d//Bw5Xuo97jJ0+frfbXnh/6snYSR7LUpTvOwaNWFkekSONx5RBMrvEoP9lr/aMzdF6V9oAuKpwYmFs1UxIoStP+y3VRoCbYOJ2m77N3fIeLEKlo1qf9QTpMF+B3Sb YkA7bE/nQteS2KUtYGLUkN3o+ztKJJAEdKamx6ovZYgTyBOY4jtWDQT8Lihoa/rT1QySt0XGm+EPHvjQDG+wuTx0kD9NXf9lrxf964ptnHSVC2qgmtbINIaVwEeelULAd5oRwSQftz5MpyCQ6I0CkOUkaxjm31hMVzWRoDtgixtBmeNkG0eQ51EHmtdBEZF2fxYKfAzmOKKOP7POw0TdOLhWa367tLDjeH2fZw68vmYPfTstoue8XesA2WsQ9sl31m+2zEJPvGvrMf7DK5Sq6TX8nvm9FOstx5wf5Bp/sHxZiyuw==</latexit>

�(q0, 1) = {q0}

<latexit sha1_base64="DZXp/xnelleh6Y4nDV+gAdwV8L4="></latexit>

�(q1, 0) = ;
<latexit sha1_base64="4SKB7RhefaHZrXWSCVd0i6vMSoM="></latexit>

�(q1, 1) = {q2}
<latexit sha1_base64="RdWZQUHPfLRgv3Eq3A5lwEG6xkM="></latexit>

�(q2, 0) = �(q2, 1) = ;



Reshaping

68



Step 1: get a token
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Start

q0 q1 q2
0 1

0 , 1

10 0 0 1



Step 2: forget initial 
state decoration

70

q0 q1 q2
0 1

0 , 1



Step 3: transitions as 
boxes
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q0 q1 q200

0

1

1



Step 4: forget final 
states
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q0 q1 q200

0

1

1



Step 5: allow for more 
tokens
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q0 q1 q200

0

1

1



Example: �
Four Pac-Man Ghosts
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Wander the Maze Chase Pac-ManSpot

Pac-Man

Lose

Pac-Man

Return to Base Flee Pac-Man

Pac-Man Eats

Power Pellet

Eaten by

Pac-Man

Reach

Central 

Base

Power

Pellet 


Expires

Pac-Man Eats

Power Pellet



Example: token game

75

q0 q1 q200

0

1

1

01 1 0 1



Step 6: allow for more 
arcs
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q0 q1 q200

0

1

1



Terminology
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0
PlaceTransition

Arc Token



Some facts
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Nets are bipartite graphs:

arcs never connect two places


arcs never connect two transitions


Static structure for dynamic systems:

places, transitions, arcs do not change


tokens move around places


Places are passive components

Transitions are active components: 


tokens do not flow!

(they are removed or freshly created)




Token game: example
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0

0



Token game: example
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0

0



Token game: example
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0

0



Token game: example
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0



Token game: example
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0

0



Token game: example
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0

0



Token game: firing rule
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0

0

Collect one token from

each “input” place

Produce one token into

each “output” place



Example: token game
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q0 q1 q200

0

1

1



Example: token game
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q0 q1 q200

0

1

1



Example: token game
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q0 q1 q200

0

1

1



Example: token game
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q0 q1 q200

0

1

1



Example: token game
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q0 q1 q200

0

1

1



Example: Coin Handling
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