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P, q

CCS syntax

;= nil iInactive process
x process variable (for recursion)
p-p action prefix
p\& restricted channel
p|9] channel relabelling
p+q nondeterministic choice (sum)
plq parallel composition
rec x. p recursion

(operators are listed in order of precedence)



CCS op. semantics

pq g {a,al P q
P\a = g\a plg] 2 qlg)

Act) Res)

7
p.p—p

A A v
1 P1—>41 P2 — QG2 P2 — g2

q Com) - ParR) 7
q1|p2 p1lpe — q1lqe p1lpe — p1lge

p[rec x. p/a:] ﬁ q

recx.pﬁq
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Strong bisimilarity
P set of processes R C P x P abinary relation

R is a strong bisimulation if
Vu,pl.p = p = 3. q5 d AP R
vp,q. (p,q) € RI= { A Alice plays Bob replies
Vu, ¢ g q = Fp.pSpAp R
e IS an equivalence
strong bisimilarity =~ = U R X
R s.b. IS a strong bisimulation

Vu,p'.p B p = 3. q 5 ¢ Ap =~
Vp,q. p >~ ql& A\
V¢ q = q = Fp.pLpAp ~¢



Bisimulation game

P—snil P~Qo  Qy—2>nil
o R o
B 5
P, Alice plays (1 3 o
5( QB Bob replies 5( Qz]
Py Q)2



CCS
Bisimilarity as a fixpoint



Strong bis as fix

vp,q. (p,q) € Ri=

Vu,p'.p B p = 3. g5 dAp R
A
V.. q = q = Fp.pLHpAp R

d:p(PxP)— 0P xP) mapsrelations to relations

Vu,p'.p 5 p = 3. g5 d A R
A
Vu, . q S q = I .p B Ap R

R C &(R)
a strong bisimulation
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Strong bis as fix

Vu,p'.p B p = 3. g5 gAY =~
Vp,q. p >~ ql& A\
V. q = q = W .p L Ap ~d

d:p(PxP)— 0P xP) mapsrelations to relations
Vi, p'.p=p = 3. q=d AP R

®(R) =< (p,q)| A
Vu,¢'.q 5 q = Fp.pHpAp R

~ = §(~)
strong bisimilarity is a fixpoint
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Fixpoint: which CPO?

Can we reuse Kleene’s fix point theorem?

we want to find the coarsest relation,
not the least relation

ldea: reverse the usual order (inclusion)!

(p(P xP),E)

a relation with more pairs Is RCR < R CR
smaller than one with less pairs

1L =P x7P



Least fixpoint... reversed

(P x P)

R CR' ©« RCR / pre-fixpoints ®(R)C R
(R € ®(R))
coarser, " .
l larger strong bisimulations

least pre-fixpoint
T finer, strong bisimilarity

smaller



Computing fixpoints
can we reuse Kleene’s fix point theorem to compute =~ ?
~ = u O™ (P x P)

 ———_intersection

start from the universal relation (all pairs, a unique partition)
all processes are equivalent

we apply & to distinguish more and more processes
R, distinguishable in one step
R distinguishable in two steps

the number of partitions increases at each step



TH. & Is monotone

proof.

take R; C Rs we needto prove ®(R;)C ®(R5)
R, C R; ®(R,) C ®(Ry)

take (p,q) € ®(R-)we need to prove (p,q) € ®(R1)

take P — P’ we wantto find ¢ 2= ¢’ with (p’.¢") € Ry

since (p,q) € ®(R>) we have ¢ = ¢’ with (p',q") € Ry C Ry

take ¢ = ¢’ we want to find p 5 p' with (0, 4) € Ry
analogous to the previous case
hence (p, q) € ®(R)



TH. ® is continuous (for finitely branching processes)

roof.
P RyCR,C---CR,LC...
take a chain {R fnen R,OR,;D---OR, DO.
we need to prove @ (|_| Rn> = | | (R
neN neN
<I>(|_|Rn)|_|<1>(Rn) <I>(|_|Rn)|_|<1>(R
neN neN neN neN
follows from monotonicity & (ﬂ Rn) 5 ﬂ B(R,,)
neEN neN
take (p,q) € ﬂ ®(R,,) we want to prove (p,q) € ® (ﬂ Rn)
neN

neN
Vn. (p,q) € ®(R,,) (continue)
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TH. ® is continuous (for finitely branching processes)

proof. (continue) .o < N 2®.) ( ﬂ )
R,

vn. (p,q) € ®(R,) = (p,q) €
neN
take p L p" we want to find q LA q with (p',q") € ﬂ R,
neN
vn. (p',¢") € R,
sinceVn. (p,q) € ®(R,) thenVn. 3q,,. ¢ & ¢, with (p’,q,) € R,

RhbODR{D2---O2R, D... Vk <n. (p',q,) € Ry

q is finitely branching: {¢’ | ¢ = ¢’} is finite
thus Im € N such that {n | ¢, = ¢} is infinite
hence Vn. (p', ¢n) € R, and we take ¢ = qnm,

take ¢ — ¢ we want to find p 5 p'with (p,q') € ﬂ R,
analogous to the previous case neN

| 4



Strong bis as fix

P finitely branching processes

~ = | | @"(Ps x Py)

neN
how do we know a process is finitely branching?

we can restrict the syntax: guarded processes



Example

Guarded! Guarded!

P2 o (B.P+~.P) P ~ Q) Q= a.0.0Q+av.Q
P (8% Q (8%
() 7 AN
Y
B.P +~.P 8.Q— 7 T T=4.Q



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Ro={{P,Q,B8P+~P, .Q,vQ}}

Processes with different capabilities must be distinguished

|7



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Ri={{P,Q},{!.P+".P} {1.Q, {".Q}}

Pl ['.P+".Q]
Q" ['.QL[I".Ql

The ! transitions of P and Q ends in different partitions

|18



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Rz2={{P},1Q}, (! .P+".P}, {1.Q}, {".Q}}




Example

Guarded! Guarded!
P2 o (B.P+~.P) P~Q Q= a.6.Q+ av.Q
£ Q o Q o
(] /AN
\
B.P +~.P B.Q— 7 T T.Q

Ro={{P,Q, .P+~.P, B.Q, 71.Q}}
Ry={{P,Qt, { . P+".P}, {1.Q}, {".Q}}
R2: {{P} ’ {Q} , {I P+ "'P} , {I Q} ’ {"Q}}

Only singletons partitions, we canstop P !" Q
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+ Exercise

finitely branching! P, 1’ Q, finitely branching!

s :
P > nil Qo P > nil

() {7 w

84

x
Po, Qo, P1, Q1, P21

Ro = {1{Po,Qo,P1,Q1,P2,Q2,nil } }
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+ Exercise

2
Po! Qo
Py > nil Oo B

Y
of o g 123 o, Qg! [nil]

> nil

P Q- P1, Q1, Pz#!l [nil |
< o [Qs
P1,Po#  [Qy]

R1={{Po,Qo,P1,Q1,P2} , {Q2} , {nil}}
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+ Exercise

2
Po! Qo

Py > nil Qo > nil

dit ()

PQ QQ Qo#ﬂ' [Pl
W) Pl [Py
F’z#!I [Po]

Ro>={1{Po.Qo} , {P1,P2} , {Q1} , {Q2} , {nil'}}
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+ Exercise

P() > nil

Po I" Qo
Rz ={{Po}, {Qo}

2
Po! Qo

, {Pl} , {PZ} , {Ql} , {QZ}

24
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+ Exercise

finitely branching! P, 1’ Q, finitely branching!

Po Q | 0 o6~ |
0 /R
| e N\
Pl# Q1 & # %-2
g) \#_/ ,
Ro = {{ Po,Qo,P1,Q1,Q2} } Py, Qg

P11Q11Q2 I!! -
R1={{Po, Qo} , {P1,0Q1,Q2}}

No more reasons to discriminate!
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Unguarded processes?

What about the general case? (unguarded processes)
any powerset ordered by inclusion defines a complete lattice

Complete lattice: (D,! ) PO such that

any X ! D has a least upper bound I X
any X ! D has a greatest lower bound ! X

it has bottom and top elements ! =1 D =1 D

26



TH. [Knaster-Tarski] (D, ! ) complete lattice

f ID! D monotone

has least and greatest fixpoint

Omin ! 1 {d" D !'f(d) #d} is the least fixpoint

\glb I pre-fixpoints

Omax ! ! {d" D 'd#f(d)} isthe greatest fixpoint
N\ T

lub post-fixpoints

least and greatest fixpoint exist... but how to compute them?
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