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Partial functions



Comparing functions

given two functions f, 2: A — B, whencanwe say f = ¢?
Va e A .f(a) = g(a)

If we see functions as relations
{(@@,fla))laeA} C AXB

we can use set equality
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Partial functions

letf: A — B, orequivalenty f: A > BU{ L }

the function f can be undefined on some inputs

we can still see partial functions as relations
{@afla)|aeA fla)y#L1} C AXB

omit pairs where f(a) is undefined



Partial functions

D=(A—B)=Pf(A,B)={f:A— B} partial functions

fC g iff(a)isdefined, g(a)is defined and g(a) = f(a)
but g(a)can be defined when f(a) is not

if we see partial functions as relations

Wz, f(z)) | f(z) # L} € AxB

fEg meansessentially fCg




Example

{ n/2 if n even

1 otherwise
f



Example

Pf(N, N)

( n/2 if n even
2-n otherwise
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P£(N,N)
o) =1 5% ohoreie =1
9 = { (070)7 (17 2)7

(2,1),(3,6),

(4, 2), (5, 10),

(6,3),(7,14),

(2%, k). (1+ 2%k, 2 + 4k), (2%, k),

Example

if n even
otherwise



which function(s) are we approximating?



Pf(N, N)
{(0,0) ;£ {(0,0), C {(0,0), =
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?



Example

Pf(N, N)
{(0,0)}C {(0,0), £ {(0,0), C{(0,0), C
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,3) }

which function(s) are we approximating?



Example

Pf(N, N)
{(0,0)}E {(0,0), € {(0,0), £ {(0,0), C{(0,0), C
(1,1}  (1,1) (1,1), (1,1),
(2,2) } (2,2), (2,2),
(3,3) } (3,3),
(4,4) }

which function(s) are we approximating?



Pf(N, N)
{(0,1)}E{(0,1), C{(0,1), C
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?



Example

Pf(N, N)
{(0,1)}C {(0,1), £{(0,1), E{(0,1), C
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,6) }

which function(s) are we approximating?



Example

Pf(N, N)
{(0,1)}C {(0,1), E{(0,1), C{(0,1), £{(0,1), C
(1,1) } (1,1), (1,1), (1,1),
(2,2) } (2,2), (2,2),
(3,6) } (3,6),
(4,24) )

which function(s) are we approximating?



Example

_{(01) C {(0,1), £

(0,1), £ {(0,1), C
(1,1), (1,1), (1,1),
(4,24)}  (3,6), (2,2),
(4,24)}  (3,6),

(4,24) }

which function(s) are we approximating?



Pf(N, N)
{(LDHIELA,T), S{A,1), £S{(1,1), C
(2,4) } (2,4), (2,4),
(3,81)} (3,81),
(4,256) }

which function(s) are we approximating?



Example

Pf(N, N)
{(42)}C{(42), E{(42), E{(42), £{42), C
(6,3) } (6,3), (6,3), (6,3),
(8,4) } (8,4), (8,4),
(9,3) } (9,3),
(10,5) }

which function(s) are we approximating?



Example

(2,28) }

which function(s) are we approximating?

C 1(1,6), £ 1(1,6),

(2,28),
(3,496) }
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Functional property
Pf(A,B) ={f:A— B} partial functions

Pf(A,B) = {f C Ax B |[Va € A¥by,by € B.(a,b1) € f A(a,b2) € f = by = by}
functional property

f(a) L =3b€ B. (a,b) € f function f is defined on a

fEg&e (Vac A fla)l = (g9(a) I Af(a) =g(a)))

(Pf(A, B),C) is a PO with bottom
what is bottom?
IS It complete?

the empty relation
(the function always undefined)

21



Is Pf complete?

(Pf(A,B),C)
complete?
Given a chain {fi}ien let us consider | ) fi € Ax B
ieN
we want to prove that | | fi € Pf(4, B)
1N

i.e. that / = U /i satisfies the functional property
1€N

we know that each f; is functional

Vi € NVa € AVby,by € B.(a,b1) € f; N\ (a,bs) € f; = b1 = b
we need to prove f is functional

Va € AVby,by € B.(a,b1) € f AN (a,bs) € f = by = bo

22
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b2) € f
we need to prove by = b

(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}
(a,bg) cf= U f; < dh € N.(a,bz) c fn

iEN
Clearly fr C fm fn C fm fm is functional

(a,b1) € fm (a,b2) € fm = b1 = b2

24



Pf(N, N) fo@ g {(Oj_)}fl
c {(0,1),(1,1)} 2 )
C {(0,1),(1,1),(2,2)}73 /
C {(0,1),(1,1),(2,2),(3,6)}’* £,
C {(0,1),(1,1),(2,2),(3,6), (4,24)}

U fi is (maybe) the factorial function
iEN

note: the limit of partial functions can be a total function

25



Total functions

Tf(A,B) = (A — B) total functions
Pf(A,B)=THABL) B, 2 puw(l)

Cp, = flat order

fCgeVace A fla) Ty, gla)

PO? immediate to check
bottom? fi(a) =1L forany a € A

complete? we will prove it later
(as an instance of a more general result)
(L] fi)(a) = | ] fi(a)
iEN (
26

N flat order, limit exists)



Monotone functions

27



Monotone function

(D,Cp) PO (E,Egr) PO f:D— E

f is monotone if Vdi,ds € D. dy Ep dy = f(dy) Cg f(ds)

Monotone = Order preserving

7

{d;}ien achainin D
= {f(d;)}ieny achainin E

f monotone

When D =F wesay f: D — D is afunction on D

28



Monotonicity illustrated

| |

C% ----------------------------------- *f(?Q)
achain | e a chain
i * f(dy) (by monotonicity)
do-=""" T * f(d())
D E

29



Example

- f(n) =
Jm=ne
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< Exercise

(NU {00}, <) g (NU {00}, <)
//(<T monotone? & | D\\
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+ Exercise

N f(n) = n/2 .
N U foo}, <) g (NU {oc}, <)
/( monotone? & >\\
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+ Exercise
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+ Exercise

n) =2
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+ Exercise

---------------

- o=

- T
. -
— -

' -~
........
-----------------

-----
- -
-
-
iy
~
Y
~
~
~

" f(1)=0 "#1=f(1)
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t Exercise

('(N),!') f(S)={m! N|"n! S,;m#n} (I (N),!)

monotone? &

36



t Exercise

('(N),') f(S)={m! N|"n! S,n<m} (I (N),!)

monotone? €3
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Composition

TH. Any composition of monotone functions is monotone

D, C P

EE:;?)) Pg fD%E monotone | hZQ!fZD" =

(Fj'_ ) PO g:E! F monotone monotone
b

proof. we need to prove !X,y " D.x #p y$ h(x) #¢ h(y)
take X! p Yy
we want to prove h(x) ! ¢ h(y)
then f(xX)! g f(y) becausef is monotone
then 9(f (x)) ! £ 9(f (¥)) because y is monotone

hx)  h(y)

38



Continuous functions

39



Continuous function

(D,Cp) cPO (F,Cg) CPO f:D — E monotone

f is continuous if !{di}ii n- T d = f(d)
chain il N il N

Iimitin  limit In
D E

Continuous = limit preserving

40



Con’rmun’ry |llus’rm’red

----------------------- d
lub I_l & _ (by monotonicity)

1EN 11 N

T a chain
* f(d1)  (by monotonicity)

| T

""""""""""""""""""" * f(do)

41



Con’rmun’ry

illustrated

lub |_| i | d
1eN 11 N
| =
f(di)
11 N | |
. f(d)! gf d;
: ©iIN i1 N
T T follows from
-------------------------------- N monotonicity
% / (%) (and CPO)
achain | e
?1 > f(?l)
do-""" T * f(d())



Con’rmun’ry illustrated
w Ll d

1EN 11 N

=
f(di)
11 N | 5 |
. . f(di)! ef di
T T -t continuity -t
@%2 -------------------------------- *f(?z)
e . f(dy)
I T
do" 7 * f(do)
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Example

- f(n) =
Jm=ne
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+ Exercise

(NU {00}, <) g (NU {00}, <)
/ continuous? & >\\
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Example

(NU {co}, <) fn) =n/2 (NU {00}, <)

= f(00) = o -
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(NU o0}, <)

----------
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Example

monotone function, not continuous

B O ifx! N
X P= 1 fx=e
\\ d=2a o=
T _ 3 11 N
? f d =f( )=1
1IN
. 2
] f(di)=0
_________ | f(d)= 0=0
L0 1N i1 N



t Exercise

('(N),!') f(S)={m! N|"n! S,;m#n} (I (N),!)

continuous? &

48



t Exercise

continuous? €3

49



Lemma

(D,! p) CPO

no infinite chains ¢ .| E | f
(E.l ) PO monotone continuous
proof. Take a chain {di}ii n

{di}ii N is finite !

{f(di)}irn is finite !

k"™ N.
i1 N

f(d)= f(d)=f d

il N 11N

50



Composition

TH. Any composition of continuous functions is continuous

D, C
( _D)Cpof:D%E continuous h=gqg!f:D" F
(E,Cg) CPO _ | _
g:E! F continuous continuous
(F.! F) CPO
proof. take a chain {di}iin- .
we need to prove h d = h(d;)
Il N 11 N
d = g f d =0 1:(di) = g(f (di ))
il N il N il N TN
= h(d)

11N
51



Kleene’s fixpoint theorem

52



Repeated application

f:D! D

fO(d) = d
f*(d) = f (f "(d))

" WSS
f(d) = f(4aad (d)) aa)

f":D! D

53



Lemma

(D,!') PO, f:D! D monotone (F7(! )}lnin
IS a chain

proof. we needtoprove !'n" N.f"(#)$ "™ (#)
by mathematical induction P(n) ! f"(! )" " (1)

PO)! fo(1 )" f1(!) FOt)y=1" f1(1)

'n" N.P(n)# P(n+1) take ageneric n

assume P(n)! f"(1 )" £ (1)

we want to prove P(n+1) ! f"* @)y §0 (1)
(! )" fnl ()

L y= FENQ)) T FENTI( ) = £ ()

54



Towards Kleene's theo.

when (D, ! ) IS a CPO, {f n(d)}n! N
N o . not necessarily
then {f" (! )}n: N is achain 2 chain

It must have a limit

Kleene’s fix point theorem states that
if f is continuous, then the limit of the above chain
is the least fixpoint of f

55



Pre-fixpoints
(D,!) PO f :D! D monotone

fixpoint p! D f(p)=1p

pre-fixpoint p! D f(p)! p

Clearly any fixpoint is also a pre-fixpoint

56



Kleene's theorem

(D,')CcPO, f :D! D continuous

et bx(f)! (1)

n! N
1. Px(f) is a fix point of f

f (bx(f)) = bx(f)

2. PXx(f) is the least pre-fixpoint of f
1d" D.f(d)# d$ bx(f)# d

if d is a pre-fixpoint then PX(f ) is smaller than d

57



Kleene's theorem: 1

1. f(Px(f)) = bx(f)

proof. ) .
f(Px(f))=f fn( ) bydefof Px
n! N
=  f({f"(")) by continuity
n! N
= M) by def of f"
n! N
= f"() by prefix independence of limits
n! N

= bx(f) by def of PxX

58



Kleene's theorem: 2

2. 'd" D.f(d)#d$ bx(f)# d
pProof.

we prove that any pre-fixpoint is an upper bound of the chain
{F7(! )} N

by definition PX(f) is the lub of the same chain
and thus smaller than any other upper bound

59



Kleene's theorem: 2

2. 'd" D.f(d# d$ bx(f)# d
take any d! D suchthat f(d)! d

weprove 'n" N.f"(#)$ d (d is an upper bound)
P(n)! f"(1)" by mathematical induction
PO)! f°%0 )" d O(I = d

In" N.P(n)# P(n+1) take a generic
assume P(n)! f"(')" d

we want to prove P(n+1) ! f"" ()" d
fr(r) " d

(by def) (monot.)! (pre-fixpoint)

Fr()= f(f (! )) r(d)! d



Example

n=2an (NU {0}, <) Il =0 CPO
f(n)=2 an monotone? ok
f(h)=" continuous? ok
f9%0)=0

f1(0)=f(0)=2 4 =0

fixpoint reached!

61



Example

n=n+1 (NU{oc}, <) l =0 CPO

f(n)=n+1 monotone? ok
F()=" continuous? ok

f9%0)=0
f10)=f(0)=0+1=1

f20)= f(f10)=f(1)=1+1=2
f3(0)= f(f4(0)=f(2)=2+1=3

f"0)= n=! fixpoint
n! N n! N
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Example

X = X1 {1} (! (N),!) | = CPO,
B monotone? ok
FOX) = Xy continuous? ok
fO(1) =1
fFfM)y=f@)=1" {1} =1

fixpoint reached!
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Example

X = N\ X (! (N),!) |

CPO,

monotone? NO

F(X)= N\ X
the larger X the smaller f (X)

fO(1) =1
fL(1)=f()= N\! =N
f2()=f(f+() = f(N)= N\ N=

not a chain!
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Example

X = X 1| {1} (' (N),!) | =" CPO
B monotone? ok
PO =X ontinuous? ok
fO(1)=1
Fr)=f()=1" {1} ={1

FeO) =)= {1 ={1" {1} ={1

fixpoint reached!
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Badge exercise

Let D be a CPC
let {d;};) y be a chain IinD
let {kj };1 n b€ an inPnite chain i{N,! )

1. Prove that{dy, }j: n IS @ chain InD

2. Prove or disprove that dy, =  d
1N IRy

66



