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HOFL pre-terms
(Higher Order Functional Language)



HOFL Syntax

n! z
op € {+,—, x} if t=0 then tg else t;

w |

r | n | toopty | if ¢t then ty else t; ordinary ops

t
to,t1) | fst(t) | snd(t) pairing, projections
Ax. t | to ty abstraction, application
rec r.t recursion
letx = tinXx

can contain x



« EXercise

rec f. \x. if x then 1 else x x (f (z — 1))

guess the meaning of the above pre-term

factorial



£ EXxercise

rec rep. A\n. Af. Ax. if n then z
else f (rep (n —1) f x)

guess the meaning of the above pre-term

repnfx =f1"X



L Exercise

rec f. ly.If (x—y) then O
else if (x+y)then 1 $ 0%
else f (y+1)

guess the meaning of the above pre-term

greater or equal than O



Badge exercise

assuming true = 0
false = any n # 0

fill the dots (in HOFL)

or = An. A\m. -

and = An. dm. ---
not = Am. -
implies = A\n.dm. -
iff S An.dm. -



Pre-terms

t == x | n | toopty | if ¢t then t; else t;
(to, tl) ‘ fst (t) ‘ Snd(t)
AT. T ‘ t() tl
rec x.t

they are called pre-terms, why?

x+1 @& € 1+ (0,5)
if xthen x+1 elsex! 1 & Q2x .z
(0, Az. x) Q we need a Q 3 . x+1
fst(0, \z. =) @ type system € fst(3)
(Ix.x+1)3 & € if = then \z. z else (z, z)

rec f. \r. x + (f 0) @& € rec f.lz. f+u



HOFL types



Types

t = x| n | togopty | if t then ¢, else t;
(to, tl) ‘ fst (t) ‘ Snd(t)
AT. T ‘ t() tl
rec x.t
which types? iInPnitely many combinations!
pairs functions
INt int x int It I Int

int I (int" int) (int!int)" Int
nt! (int!int) (int! Int)! Int

(int — wnt) * (int — int) (nt! int)! (int ! (int " int))



Types Syntax

o= int | To! !y | 1o" I T set of all types

why not lists? for the same reason we avoid division
head and tail are not total functions

assume variables are typed  [de = {Ide,},ct

Vo lde — T
k denotes the type of «



Type judgements

reads Ohas typeO
/

formulas: ¢!

types are assigned to pre-terms
using a set of inference rules
(structural induction of HOFL syntax)



Type system

to: Nt tq :INt

T n:int

t:t to:7 t1:7T

x:T T:7T

feC X. ¢ 7

to opty :Int if ¢t then {g else t; : 7
t:70*Tq t:70%m
fst(t) : 7o snd(t) : 7
t:!]_ tliT()%Tl toZT()
s ti to: ™



Well-formed terms

t = x| n | togopty | if t then ¢, else t;
(to,tl) | fSt(t) ‘ Snd(t)
AT. T | t() tl
rec r.t
L = Int | Ity | 1" 14 T set of all types

apre-term t iswell formedif dre7T.¢t: 7

l.e. If we can assign a type to it
also called well-typed or typeable

T’- set of all well-formed terms of type T

| 4



Type checking



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

fact : int — int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int

|7



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

AN

f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

x=int x:int 1:int (xx (f(x—1))) : int

AN

f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

X=int f:int— int x—1:int
X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

P

f=int —int x:int 1:int

X=int f:int— int x—1:int
X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

X =int

P

f=int —int x:int 1:int

X=int f:int— int x—1:int
X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

factdéfrec f .Aﬁ.ifxthenlelsex x( f (x—1))

Ll .
int—sint it

24



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

factdéfrec f .Aﬁ.ifﬁthenlelsex x( f (x—1))

Ll . :
int—int WL
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

factdéfrec f .Aﬁ.ifﬁthenéelsex x( f (x—1))
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

factdéfrec f .Aﬁ.ifﬁthenéelseﬁ x( f (x—1))

int—int It int int int

27



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

factdéfrec f .Aﬁ.ifﬁthenéelseﬁ x( f (x—1))

int—int it int int mnt int—int

28



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def .
fact = rec |]_C| .Aﬁ.lfﬁthenéelSEﬁ x( f (ﬁ_l))
inf—sint It int int int  jpf_sipp Nt

29



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def o
fact =rec f A x.ifxthenlelsex x( f (x—1))
L U u v LI iy 4 u
int—int It int int int  jpp—sipg 0t int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def .
fact =rec f A x.ifxthenlelsex x( f (x—1))
L b u u u b 4 u
1 ' int int int int 1 ' int int
int— int int— int

int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def .
fact =rec f A x.ifxthenlelsex x( f (x—1))

L b u u u b 4 u
1 ' int int int int 1 ' int int

int— int int— int

int
—
int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

factdéfrec f .Aﬁ.ifﬁthenéelseﬁ x( f (x—1))

L . . ! . u u
int—sint  int int int int  jpp—sipe Nt int
| I |

int
| I |

int
—
int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def

fact =rec f A x.ifxthenlelsex x( f (x—1))

Lo TuTu T e 0w

1 ' int int int int 1 ' int int

int—int int—int
int
—
int

-

int
—_— el
int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def

fact =rec f A x.ifxthenlelsex x( f (x—1))

Lo TuTu T e 0w

1 ' int int int int 1 ' int int

int—int int—int
int
—
int

-

int
—_— el
int
—
int—int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

more concisely

def

fact =rec f .Ax.ifxthenlelsex x( f (x—1)) int — int

i U u u u U u
1 ' int int int int 1 ' int int

int—int int—int

int
—
int
I —

int
—_— el
int
—
int—int

36



Type inference

37



Example

types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unibcation) debPne the principal type

t < rec p.Ax. (x,(p (x+2)))

Intuitively

t0=(0,(t2))=(0,(2,(t4)))=---

(0,(2,(4,...)))

seqguence of all even numbers

we can type sequence of integers of bxed length
we have no type for sequences of any/inbnite length

38



Example

types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unibcation) debPne the principal type

t < rec p.Ax. (x,(p (x+2)))

Haskell
Prelude> let p x = (X, p (xX+2))
<interactive>:..:5: error:
e Occurs check: cannot construct the infinite type: b ~ (t, b)

Expected type: t -> b
Actual type: t -> (t, b)
e Relevant bindings include
p :: t -> b (bound at <interactive>:..:5)
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Example

types of variables are not given
type rules are used to derive type constraints (type equations)

whose solutions (via unibcation) debPne the principal type

t < rec p.Ax. (x,(p (x+2)))

Haskell

Prelude> let p x = x:(p (x+2))
p ¢ Num t => t -> [t]
Prelude> take 10 $ p O
([0,2,4,6,8,10,12,14,16,18]

40



Example

t < rec p. Ax. (x,(p (x+2)))
t=rec p. Ax. (x,(p (x+2))):7 5o Ax. (x,(p (x+2))):7
\f:ﬁ%fz, =T (x,(p (x+2))) : 1
}\1'2:1'3*1'4 x:73, (p(x+2)) 114
X=Ts (]? (x_l_z)) - T4
N PiTs — Tay (X+2): 75

C/C\:Tl ’\ﬁ:’L’5%’L’4 (X—|—2):TS
ZE\: T3 T1 — T3 = nt \T5zint X:il’lt, 2 nt
T = nt x=int
ﬁ:T:Tl%TQ T = T5 = 1t
]/?\:7_5%7-4 To = T4

\
T — T4

> fail! (occur check)
J 41




Example

def

t =rec p. Ax. (x,(p (x+2)))

more concisely

t=recp. Ax.(x,( p (x+2)))

42



Example

t < rec p.Ax. (x,(p (x+2)))

more concisely

t=recp. Ax.(x,( p (ﬁ+2)))

43



more concisely

Example

t < rec p.Ax. (x,(p (x+2)))

t =rec p. Aﬁ. (ﬁ,( p (ﬁ+2)))

int int int int

44



more concisely

Example

t < rec p.Ax. (x,(p (x+2)))

t =rec p. Aﬁ. (ﬁ,( p (ﬁ+2)))

int int int int
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more concisely

Example

t < rec p.Ax. (x,(p (x+2)))

t =rec p. Aﬁ. (ﬁ,( P (ﬁ+2)))

int  int int—Ty int int

46



Example

t < rec p.Ax. (x,(p (x+2)))

more concisely

= rec p. Aﬁ. (ﬁ,( P (x+2)))

int—Ty int -t jpryq, nt It
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Example

t < rec p.Ax. (x,(p (x+2)))

more concisely

= rec p. Aﬁ. (ﬁ,( P (x+2)))

int—Ty int -t jpryq, nt It
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Example

t < rec p.Ax. (x,(p (x+2)))

more concisely

= rec p. Aﬁ. (ﬁ,( P (x+2)))

int—Ty int -t jpryq, nt It
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Example

t < rec p.Ax. (x,(p (x+2)))

more concisely

= rec p. Aﬁ. (ﬁ,( P (x+2)))

u i
int— int int  jp¢yg, Int o int
—
int
_— 1
14
-1
Int*Ty

(int%(int*m)) = (int%m) = T4:(int>l<’54)

fail (occur check)

50



£ EXxercise

rec rep. A\n. Af. Ax. if n then z
else f (rep (n —1) f x)

Infer the type of the above term

51



L Exercise

rec f. ly.If (x—y) then O
else if (x+y)then 1 $ 0%
elsef (y+1)

Infer the type of the above term

52



Capture-avoiding substitutions
(again)

53



Free variables

fv(n) € o fv (Fst(t

fv(x) & {x) fv(snd(f

fv(to op 1) & fv(to) Ufv(h) fv(Ax

fv(if ¢ then 7, else 1) £ fv(e) Ufv(to) Ufv(zy)  Tv((to t
tv((t0,11)) = fv(to) Ufv (1) fv(rec x

54



Substitutions
nl'fs] = n

THEL

"/ = o' /x]opni['/s]  withoop € {+,—,x}
1/ 1€ £/, then o' /] else 1] /]
(to.11)[' /x] € (o[ /.11 /x])

)
)
)
fst(c')[' /] < fst([' /.])
snd(r')['/,] € snd(t'[ /)
)
)
)

(to op 11

(if ¢’ then 7y else 1

(tot)[' /] € (1ol /] [ /)
Ay. Y/ S Az (FFLIE/]) forz ¢ fv(Ay. ') Utv(r) U {x}
(rec y. £)[' /4] & rec z. (#'[F/y][/+]) forz ¢ fv(rec y. ') Ufv(r) U{x}
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Types are respected

TH. o - 7o

to T t:T = [0/, ]!

proof omitted
(by structural induction
of the stronger assertion t[* /x] . T)
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