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Kleene’s fixpoint theorem



Repeated application

f:D—D



Lemma

(D,C) POL. f:D— D monotone = U7 (L) fnen
IS a chain

proof. we need to prove Vn € N. f™(L) C (L)
by mathematical induction P(n) = f™(L) C f** (L)

P(0) = (L) C f(L) (L) =L C fiL)

VneN. P(n) = P(n+1) take a generic n
assume P(n) = f™(L) C (1)
we want to prove P(n +1) 2 f*T1(L) C (L)
ER)=F e
FrHUL) = F(ML) E AL = £




Towards Kleene's theo.

when (D,C) isa CPO {f"(d) }nen

| _ not necessarily
then {/"(L)}nen is a chain a chain!

It must have a limit

Kleene’s fix point theorem states that
If £ i1s continuous, then the limit of the above chain
is the least fixpoint of f



Pre-fixpoints

(D,C) PO f: D — D monotone

fixpoint peED f(p)=p

pre-fixpoint p € D f(p) Ep

Clearly any fixpoint is also a pre-fixpoint



Kleene's theorem

(D,E) CPO, f:D — D continuous

et fiz(f) = | | f(L)

neN

1. fix(f) is a fix point of f
f(fiz(f)) = fiz(f)

2. fix(f) is the least pre-fixpoint of f

Vde D. f(d)CTd= fix(f) T d
if d is a pre-fixpoint then fix(f) is smaller than d
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Kleene's theorem: 1
1. f(fix(f)) = fix(f)

proof.

flfix(f)) = f (\_| f”u)) by def of fiz

neN

= | | f(f*(L)) by continuity

neN

= | | f~*'(1)  bydefof f”

neN

= | | /(L) by prefix independence of limits

neN

= fix(f) by def of fix
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Kleene's theorem: 2

2. VdeD. f(d)Td= fir(f) T d

proof.
we prove that any pre-fixpoint is an upper bound of the chain

{fn (J—)}nEN

by definition fiz(f) is the lub of the same chain
and thus smaller than any other upper bound



Kleene's theorem: 2

2. VdeD. f(d)Cd= fir(f) C d

take any d € D such that f(d) C d
we prove Vn € N. f*(L) CE d (d is an upper bound)

A

P(n)= f"(L)Cd by mathematical induction
P(0) = f)(L)Cd ff(L)=L1Cd

Vn € N. P(n) = P(n + 1) take a generic nA
assume P(n)= f*"(L)Cd

we want to prove P(n+1) = f"*1(1) C d
(1) Cd
(by def) (monot.)|}  (pre-fixpoint)

L) = fFUM(AL)E f(d) Cd

|0




Example

(NU {00}, <)

monotone? ok
continuous? ok

fixpoint reached!

1 =0

CPO



Example

n=mn-+1 (NU {0}, <) 1 =0

f(n)=n+1 monotone? ok

f(o0) = 00 continuous? ok
f7(0) =0
f10)=f(0)=0+1=1
F2(0) = F(F10) = F(1) = 14+1=2
F0) = S(0) = £(2) =2+ 1 =
| | /7(0)=| | n=00 fixpoint

S
M
Z,
S
M
Z
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X =Xn{1}

F(X) = X N {1}

Example

monotone? ok
continuous? ok

f7(0)=0
fr0)=rf0)=0n{1}=0

fixpoint reached!



Example

X =N\X (p(N), C) L =0 CPO,

monotone? NO

X)=N\X
F(X) =N\ the larger X the smaller f(X)



Example

X =X U{1} (p(N), C) L =0 CPO,

monotone? ok
continuous? ok

fH0)=f0)=0u{1} = {1}
FA0) = £ @)= {1} ={1ru{1} = {1}

fixpoint reached!



Intermezzo



McCarthy 91 func’rlon

f=M/f Pf N N) 1l =g CPO;

n — 10 if n > 100
M fn=< f(f(n+11)) ifn<100and f(n+11) |
1 otherwise

M monotone? f :g:?>M(f) C M(g)

M continuous? M (u f@) i:uM(fi)



McCarthy 91 function

n — 10 if n > 100
an{ F(f(n+11)) if n <100 and f(n+11) | M monotone? Q

1 otherwise

we assume f C ¢ and prove M (f) C M(g)

take (n,m) € M(f)  we prove (n,m) € M(g)

if n > 100 m =n— 10 and (n,n — 10) € M(g)
P S
if n < 100 m = f(f(n+11))

thus k. {(n + 11,k),(k,m)} C f C g
and (n,m) € M(g)



McCar’rhy 91 function

_ ?
an{ 10 if n > 100 M continuous” Q

f(f(n+11)) ifn <100 a nd f(n+11) |

A M (|_ fi) C | M)

1 1

take (n,m) € M(f) we prove (n,m) € \_ M(f;)

ifn>100 m=n—10and (n,n —10) € M(f;) CUM i)

ifn <100 m= f(f(n+11))

thus 3k. {(n + 11, k), (k,m)} C f

thus 351, 72. (n+11,k) € f;,,(k,m) € fj,

let j = max{ji,j2 } thus {(n + 11, k), (k,m)} C f;
and (n,m) € M(f;) C UM(fz)
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McCarthy 91 func’rlon

f=M f

n — 10
f(f(n+11))

(Pf(N,N), C 1l =2 CPO,
if n > 100
if n <100 and f(n+11) |
otherwise

20

n,n —10) | n> 100} = {(101,91), (102,92), ...}
100, 91), (101,91), (102, 92), ...
99,91), (100,91), (101,91), (102,92), ...}

(91, 91), (92,91), ..., (101,91), (102,92), ...}
(80,91), (81,91), ..., (101,91), (102, 92), ...}

{(0,91), (1,91), .., (101,91), (102,92), ...}
ixpoint reached! (total function)



Alternative perspective

f=M/{f (Pf(N, N),:) 1l =9 CPO |

n — 10 it n > 100
M fn=< f(f(n+11)) ifn <100 and f(n+11)]
1 otherwise
formulas: (n,m) € f
or just (n,m) for brevity
(n+11L,k) (k,m)

£ 100 <100
(n,n—10) "~ (n, m) "=

f(n) =m & (n,m) € Ig,,
(set of theorems of R ;)
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Immediate Consequences Operator
(1CO)
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Immediate Consequences
Operator

F a set of formulas (p(F),C) CPO.L
R alogical system D .
(v%th some rzlstrictions) R . @(F) — @(F) ICO
R(S) £y 371 y " e R {x1,...,x,} C S}

R applies the rules to the facts in S in all possible ways

AN

R(S): all conclusions we can draw in one step
from hypotheses on S
We prove the least fixpoint of R is Ig
(set of theorems of R )
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Example

Strings of balanced parentheses F ={sec L|sec {(,)}"}

( seclL s1€L spoel
R = A 9 ; ’
ec L’ (s)eL S182 € L

\ /

S =10
R(S)={eeL)
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«# Exercise

Strings of balanced parentheses F ={sec L|sec {(,)}"}

R—<f seclL s €Ll 326£\>
leclL’ (s)eLl’ S152 € L )
S={ecLl}

R(S)=2{ecLl,()eL)
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«# Exercise

Strings of balanced parentheses F ={sec L|sec {(,)}"}

( sel s1€L so€ L
R =« : : >
Lee L (s)el S152 € L )

S=10¢€eLl}

R(S)=2{eceL,(()eL, N)eL)




+ Exercise

Strings of balanced parentheses F ={sec L|sec {(,)}"}

( sel s1€L so€ L
R =« : : >
Lee L (s)el S152 € L )

S=1)€L}

R(S)=12{ecL, ()0)cL,))(eL)




Example

Strings of balanced parentheses F ={sec L|sec {(,)}"}

( sel s1€L so€ L
R =« : : >
ec L’ (s)eL S182 € L )

S=1)eL,()eLl}

\

S

R(S)=1ecL, 0L, (0)eLl, )L, Oecl, )L}







+ Exercise

Pf(N, N) F=A{(n,m)|n,meN}

_ (n,h) (n+1,k)
R_{ (0,0) " (1,1) " (n+2,h+k)

S=1(21)}
E(S) =21(0,0), (1,1) }

0




+ Exercise

Pf(N, N) F=A{(n,m)|n,meN}

B (n,h) (n+1,k)
R_{ (0,0) " (1,1) " (n+2,h+k)

S:{(575)7 (678)}
R(S)=2{(0,0), (1,1), (7,13) }

0




ICO i1s monotone

TH. R IS monotone

proof. Take S C S5
we want to prove R(S;) C R(S»)

take vy € E(Sl) we want to prove y & fi(Sz)

)
3331 - n c R with {z1,...,z,} C 51
7 J 51 C 5
{561,...,Zl?n} g SQ
)

y € R(S5)
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ICO is continuous

TH. R I1s continuous (under some hypotheses)

proof. Take {S;}ien a chainin o(F)
We want to prove | R(S;) =R (U S¢>

1eN €N

U R(S;) C R (U sz;) because R is monotone

€N 1N
| JR(S) 2 R (U s,,,) ?
1N 1N

33



ICO is continuous (ctd)
UE(&;)DE(U SZ)

ieN iEN
Take y € E (U Sq;) we want 1o prove y € U fi(&;)
U 1€eN 1eN
L1 oo L

" ¢ R with {z1,...2,} C | 5
J €N
thus Vj € [1,n]. 3k; e N. z; € Si,, take k = max{ki,...,k,}

clearly {z1,...xn} C Sk possible iff each rule has
thus v € R(Sy) C | | R(S;) finitely many premises

1€N
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Provable theorems

Ir setof theoremsin R

I'n theorems provable with a derivation of height at most »

1% =10
= 1L U R(IR)

|

provable using one more inference step

theorems provable with a derivation of height at most n

clearly 1, — U I

neN
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n-depth theorems

TH. Let P(n) £ I}% = R™(0) Vn € N. P(n)
proof. by mathematical induction
P(0) £ 1% = R°(0) 1% =0 = R°(0)

take a generic n ~
vneN. P(n) = Pn+1) =7 Jme P(n) = Iy = R" (D)

we want to prove P(n +1) £ 1%+t = RrHL(p)
It = IR U R(I7) by def
— R™(0) U R(R"™(P)) by inductive hypothesis
(p) U R"T1(9) by def
10 because R" () C R"(0)

36
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ICO's fixpoint

TH. ﬁ:lj(R) — IR (under some hypotheses)
each rule must have

finitely many premises
pProof. y yP

by Kleene’s fixpoint theorem we know that fiz(R) exists
fir(R) = | ) R"(0) by def
neN

= | JI% by previous result
neN

37



Example

Strings of balanced parentheses F={sec L|sec {(,)}"}
( se€ L s1 €L s, €Ll )

) NSV eel el  smsmel |
R°(0) =0

RY @) ={ec L}

R*0)={ececL, ()L}

RO)={ecL, ()L, ())el, 0L}
1%4(@):% ) eL, 00eL, (0)eL
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Example

F=A{(n,m)|n,meN}

Pf(N, N)

N\
~C
7)
— | =c
+ |t
nh
N— -
N
)I_I
NS
=
VN
™
-
N—"
N\
-
=
N—"
{

—— —
N\ N
0 0
Yol Yol
N—" N—"
—— - -
N\ N N\
PR e
<t <f <A
N—" N—" N—"
—— - —
~—~ ~
N

N—" N N NN

—N SN /N N /N /™

N—" S N N NN

—N SN /N N /N /N

N—" = N N N

N TN TN /N N /N s,

N N N N N NN



Pf(N, N) F=A{(n,m)|n,meN}
(111,101)(110,100) (101,91) (100,7)

- - 100 (n+11,k) (k,m) < 100 |
R = (n,n—l())n (n, m) - |
(100,91) (99,7)
RY(D) =0

R (@) ={(n,n—10) | n> 100} = { (101,91), (102,92), ... }

R2 (@) = { (100,91), (101,91), (102,92), ... }

R3 (@) = { (99,91), (100,91), (101,91), (102,92), ... }

RI(@) = { (91,91),(92,91), ..., (99,91), (100,91), (101,91), (102,92), ... }
RI2(@) = { (80,91),(81,91), ...,(99,91), (100,91), (101,91), (102,92), ... }
fe]%y(@)”:{ (0,91), (1,91), ...,(99,91),(100,91), (101,91), (102,92), ... }

fixpoint reached! (total function)
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