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+ Exercise

(9(5),C) QCp(S) Ilub?

{a,b,c}
{a.0}  Aa.ck oAb} lub {{a}, {b}} = {a, b}

> >
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(9(5),C) QC p(S) Iub? wb Q= | J T
TeQ
{a,b,c}
{ b}/{T}\{b )
“ %< ¢ lub {{a},{b}} = 1a,b}
> <

14} 10} ¢}
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Complete partial orders
(CPO)
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Completeness: the idea

D a domain

a way to compare element } PO

r Ly x isa(less precise) approximation of y

r and y are consistent,
but ¥ IS more accurate than z
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A

first approximation
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Completeness: the idea

D a domain

a way to compare element } PO

r Ly x isa(less precise) approximation of y

r and y are consistent,
but ¥ IS more accurate than z

ro L x1 L 29

A A

second approximation

first approximation
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Completeness: the idea

D a domain

a way to compare element } PO

r Ly x isa(less precise) approximation of y

r and y are consistent,
but ¥ IS more accurate than z

roLxzi Lo - Ly
A A T

third approximation

second approximation

first approximation
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Completeness: the idea

D a domain

a way to compare element } PO

r Ly x isa(less precise) approximation of y

r and y are consistent,
but ¥ IS more accurate than z

roLrzi L2 - Ly

T T(n+1)’[h approximation
third approximation

second approximation
first approximation
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Completeness: the idea

D a domain

a way to compare element } PO

r Ly x isa(less precise) approximation of y

r and y are consistent,
but ¥ IS more accurate than z

roLrzi L2 - Ly

T T(n+1)’[h approximation
third approximation

second approximation

first approximation
does any sequence of approximations tend to some limit?
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Chain

{d;}ien isachainif Vi € N. d; C
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Chain

{d;}ien isachainif Vi € N. d; C

doCdy Edo C---Cdy
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Chain

{d;}ien isachainif Vi € N. d; C

do
any chain is an infinite list

~d,CdyC---Cd, T --.
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(P,C) PO {di}ien isachainif Vi e N. d; C dyq

do
any chain is an infinite list

A, CdyC---Cd, C---

finite chain: there are only finitely many distinct elements

or equivalently
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Chain

(P,C) PO {di}ien isachainif Vi e N. d; C dyq

do
any chain is an infinite list

A, CdyC---Cd, C---

finite chain: there are only finitely many distinct elements

or equivalently
dk e N. Vi > k. d; = di
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Example

< n < ... IS an infinite chain
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Example

< n < ... IS an infinite chain

IS a finite chain
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Example

IS an infinite chain

<3<o< - <5< .-+ jsafinite chain

any chain has infinite length
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(P,C) PO {d;}ien a chain
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(P,C) PO {d;}ien a chain

we denote by _| d; the lub of {d; }ien

1N
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Limit of a chain

(P,C) PO {d;}ien a chain

we denote by | | d; the lub of {d;}ien if it exists
1eN
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Limit of a chain

(P,C) PO {d;}ien a chain

we denote by | | d; the lub of {d;}ien if it exists
1eN

and call it the limit of the chalin
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Example

< 2n < - has no lub

(empty set of upper bounds)

<Hh<...<H< s
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Example

0<2<4<---<2n<--- has no lub
(empty set of upper bounds)

0<1<3<3<L5<---<5<K--- has lub 5

(which upper bounds?)
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Lemma on finite chains

Lemma (any finite chain has a limit)
(P,€) PO {di}ien afinite chain
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1€N

Proof.
{di}ien finite = 3k. Vi. disy, = di

the elements of the chain are totally ordered
di IS the greatest element of the chain

dr is an upper bound Vi. d; C d,

dr. is the least upper bound
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Lemma on finite chains

Lemma (any finite chain has a limit)

(P,E) PO {dilien afinitechain = | |d; exists
1€N

Proof.
{di}ien finite = 3k. Vi. disy, = di

the elements of the chain are totally ordered
di IS the greatest element of the chain

dr is an upper bound Vi. d; C d,

dr. is the least upper bound

take v such that V. d; C u then di. C u

36



Prefix independence

Lemma (prefix independence) (P,C) PO {d;}icn a chain
if Ll d; exists

1N
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Prefix independence

Lemma (prefix independence) (P, £) PO {d;}ien a chain

if LI d; exists VE. LI ditr = |_| d;

1EN 1N 1eN

Proof.
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Prefix independence

Lemma (prefix independence) (P,C) PO {d;}ien a chain
If LI d; exists = Vk. u ditr = |_| d;

1N 1N 1eN

Proof.
take a generic k

we prove that 1d; }ien and {di+x }ien have the same u.b.
(and thus the same lub)

1. if v is an u.b. of {d; }ienthen is an u.b. of {d;+ }ien
because {d;ix}ien C {d; }ien

2. if u is an u.b. of {di+« }ien We need to show Vj. d; C u
for 7 > kit is obvious
it j <k thend; C dy C u because di, € {di+k JieN
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Complete partial order

(P,C) PO P is complete if each chain has a limit (lub)

TH. Any finite chain has a limit
(the last element in the sequence)

If P has only finite chains it is complete

If P is finite it is complete

Any discrete order is complete

Any flat order is complete
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Example

(N, <) is not complete
(it iIs enough to exhibit a chain with no limit)
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Example

(N, <) is not complete
(it iIs enough to exhibit a chain with no limit)

0<2<4<...<2n <.
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Example

(N, <) is not complete
(it iIs enough to exhibit a chain with no limit)

has no lub

0<2<4<...<2n<
(empty set of u.b.)
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| | Si={)Si={x|3keNaxec S}
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(NU {001,002}, <) complete?
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(NU {001,002}, <) complete?
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any infinite chain has no limit
(set of u.b. {oo1, 002} )




< Exercise

(NU {001,002}, <) complete? €3

o
v

any infinite chain has no limit
(set of u.b. {oo1, 002} )




Badge exercise

Let D be a CPO
let {d;};en be a chain in D

let {k;},;en be an infinite chain in (N, <)

1. Prove that {dy, }jen is a chain in D

2. Prove or disprove that LI dr,; = Ll d;
7€N €N
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Comparing functions

given two functions f, g: A — B, when can we say f = g?



Comparing functions

given two functions f, g¢: A — B, when can we say f = 27
Va e A .f(a) = g(a)
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Comparing functions

given two functions f, 2: A — B, whencanwe say f = ¢?
Va e A .f(a) = g(a)

If we see functions as relations
{(@@,fla))laeA} C AXB

we can use set equality
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Example

f(n) =n!

-~ -~ -~ -~
N7 N7 NN

— — AN O

S — N

~ L N :

(k, k),
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Example

f(n) =n!

[ 2N o~ PR
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f(n) =n!

~
|

C NN
- WY = O S

S N = =
N—r N N N 3

(k, k),

Example
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Example

-~ -~ -~ -~

S — N O

f(n)=nn+1)/2

[ N [ 2N [ N [ N
S /N7 NN

f(n) =n!

S —

~_ — — .

SO~ ™

~ L N :

(vak)a

(k, k),
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letf: A — B, orequivalenty f: A > BU{ L }

the function f can be undefined on some inputs
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Partial functions

letf: A — B, orequivalenty f: A > BU{ L }

the function f can be undefined on some inputs

we can still see partial functions as relations
{@afla)|aeA fla)y#L1} C AXB

omit pairs where f(a) is undefined

48
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Partial functions

D=(A—B)=Pf(A,B)={f:A— B} partial functions

fC g iff(a)isdefined, g(a)is defined and g(a) = f(a)
but g(a)can be defined when f(a) is not

if we see partial functions as relations

Wz, f(z)) | f(z) # L} € AxB

fEg meansessentially fCg

49
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1 otherwise



Example

Pf(N, N)

f(n) :{ n/2 if n even

1 otherwise

f=1 (
(2,1),
(
(

- O N O
w N = O
— — — —

(2%, k),
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Example

{ n/2 if n even

1 otherwise
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Example

Pf(N, N)
- [ n/2 ifn even
g(n) = <\ 2-n otherwise




Example

Pf(N, N)

f n/2 if n even

g(n) = <\ 2.1 otherwise

g = { (070)7 (17 2)7
(2,1),(3,6),
(4,2), (5,10),
(6,3), (7,14),

(2K, k), (1 + 2k, 2 + 4k),
}
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Example

Pf(N, N)

( n/2 if n even

2-mn otherwise
(0,0), (1,2),
(2,1),(3,6), _
(4,2), (5,10), JEg?
(6,3), (7,14), gC f?

(2k, k), (1 + 2k, 2 + 4k),
}

52
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otherwise



Example

Pf(N, N)

}

52

) e, foy =1 "?
—

,1),(3,6), _ 2,1),
(4,2), (5,10), fEg? @ (4,2),
(6,3),(7,14), gL f? (6,3),
(2k, k), (1+ 2%, 2 + 4k), (5

if n even
otherwise



P£(N,N)
o) =1 5% ohoreie =1
9 = { (070)7 (17 2)7

(2,1),(3,6),

(4, 2), (5, 10),

(6,3),(7,14),

(2%, k). (1+ 2%k, 2 + 4k), (2%, k),

Example
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otherwise



which function(s) are we approximating?
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Pf(N, N)
{(0,0) ;£ {(0,0), C {(0,0), =
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,0)}C {(0,0), £ {(0,0), C{(0,0), C
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,3) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,0)}E {(0,0), € {(0,0), E{(0,0), C{(0,0), C
(1,1}  (1,1) (1,1), (1,1),
(2,2) } (2,2), (2,2),
(3,3) } (3,3),
(4,4) }

which function(s) are we approximating?
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Pf(N, N)
{(0,1)}E{(0,1), C{(0,1), C
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,1)}C {(0,1), £{(0,1), E{(0,1), C
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,6) }

which function(s) are we approximating?
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Pf(N, N)
{(0,1)}C {(0,1), E{(0,1), C{(0,1), £{(0,1), C
(1,1) } (1,1), (1,1), (1,1),
(2,2) } (2,2), (2,2),
(3,6) } (3,6),
(4,24) )

which function(s) are we approximating?
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Example

_{(01) C {(0,1), £

(0,1), £ {(0,1), C
(1,1), (1,1), (1,1),
(4,24)}  (3,6), (2,2),
(4,24)}  (3,6),

(4,24) }

which function(s) are we approximating?
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Pf(N, N)
{(LDHIEL(A,T), S{A,1), ©S{(1,1), C
(2,4) } (2,4), (2,4),
(3,81)} (3,81),
(4,256) }

which function(s) are we approximating?

61



k Example

(2,28) }

which function(s) are we approximating?

C 1(1,6), £ 1(1,6),

(2,28),
(3,496) }

62
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Pf(N, N)
{(42)}C{(42), C{(42), E{(42), C{42), C
(6,3) } (6,3), (6,3), (6,3),
(8,4) } (8,4), (8,4),
(9,3) } (9,3),
(10,5) }

which function(s) are we approximating?
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functional property
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Pf(A,B) ={f:A— B} partial functions
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functional property

f(a) L =3b€ B. (a,b) € f function f is defined on a

fEg&e (Vac A fla)l = (g9(a) I Af(a) =g(a)))
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IS It complete?
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Functional property
Pf(A,B) ={f:A— B} partial functions

Pf(A,B) = {f C Ax B |[Va € A¥by,by € B.(a,b1) € f A(a,b2) € f = by = by}
functional property

f(a) L =3b€ B. (a,b) € f function f is defined on a

fEg&e (Vac A fla)l = (g9(a) I Af(a) =g(a)))

(Pf(A, B),C) is a PO with bottom
what is bottom?
IS It complete?

the empty relation
(the function always undefined)
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(Pf(A,B),C)
complete?
Given a chain {fi}ien let us consider | ) fi € Ax B
ieN
we want to prove that | | fi € Pf(4, B)
1N

i.e. that / = U /i satisfies the functional property
1€N

we know that each f; is functional

Vi € NVa € AVby,by € B.(a,b1) € f; N\ (a,bs) € f; = b1 = b
we need to prove f is functional

Va € AVby,by € B.(a,b1) € f AN (a,bs) € f = by = bo
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bg - B.(CL, bl) - f A\ (a,bg) - f = by = bg
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Pf is complete

we need to prove J is functional

Va € ANbi,by € B.(a,b1) € f A(a,by) € f = b = by
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b2) € f
we need to prove by = b

(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}
(a,bg) cf= U f; < dh € N.(a,bz) c fn

iEN
Clearly fr C fm fn C fm fm is functional

(a,b1) € fm (a,b2) € fm = b1 = b2
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Pf(N, N)

"o oo
C {(0,1),(1,1)}73 i
SR (OSINCHINEE S
C {(0.1).(L1),(2.2).(3,6)}
C{(0.1). (1), (2.2), (3.6), (4, 24
cCoo...

U fi is (maybe) the factorial function
iEN
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Pf(N, N) fo@ g {(Oj_)}fl
c {(0,1),(1,1)} 2 )
C {(0,1),(1,1),(2,2)}73 /
C {(0,1),(1,1),(2,2),(3,6)}’* £,
C {(0,1),(1,1),(2,2),(3,6), (4,24)}

U fi is (maybe) the factorial function
iEN

note: the limit of partial functions can be a total function
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Total functions

Tf(A,B) = (A — B) total functions



Total functions

Tf(A,B) = (A — B) total functions
Pf(A, B) — Tf(A, BJ_)
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Total functions

Tf(A,B) = (A — B) total functions
Pf(A,B)=THABL) B, 2 puw(l)

Cp, = flat order

fCgeVace A fla) Ty, gla)

PO? immediate to check
bottom? fi(a) =1L forany a € A

complete? we will prove it later
(as an instance of a more general result)
(L] fi)(a) = | ] fi(a)
iEN (
69

N flat order, limit exists)



