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Derivations
Given a logical system R, a derivation in R, is written

<latexit sha1_base64="q0uaOy8t1BNKNBsx93jO1WSz2eY=">AAAB/XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlBQxkQeUiJFa3Pm+SU80N3a6QoivgKWqjoEC3fQsG/YBsXkDDVaGZXOzterKQh2/60lpZXVtfWSxvlza3tnd3K3n7LRIkW2BSRinTHA4NKhtgkSQo7sUYIPIVtb3yd+e0H1EZG4T1NYnQDGIZyIAVQKnX9XssHM+rf8Um/UrVrdg6+SJyCVFmBRr/y1fMjkQQYklBgTNexY3KnoEkKhbNyLzEYgxjDELspDSFA407zyDN+nBigiMeouVQ8F/H3xhQCYyaBl04GQCMz72Xif143ocGlO5VhnBCGIjtEUmF+yAgt0y6Q+1IjEWTJkcuQC9BAhFpyECIVk7ScctqHM//9Immd1pzzmn17Vq1fFc2U2CE7YifMYReszm5YgzWZYBF7Ys/sxXq0Xq036/1ndMkqdg7YH1gf34/WlXI=</latexit>

d �R y

where
<latexit sha1_base64="I3ZFG6FPSRVEoSsRTSUgQgCdI3o=">AAADDnicbVHLitRAFK3E19i+enQlbgo7wgwMIRnwASIMunE5NnbPQFcTKpWbTjFJJVbdDN2GBj/Br3CrK3fi1l9w4b9YyUTmZa0O595T99xz4yqXBoPgt+NeuXrt+o2Nm4Nbt+/cvTfcvD81Za0FTESZl/ow5gZyqWCCEnM4rDTwIs7hID5609YPjkEbWar3uKpgXvCFkqkUHC0VbToPG2bSAYthIVUjEQr5EdYD1iIKEjPQ1E tebbFUc9GwDzVP1s1qvc2komOPSkO5onwpy4KWKfXG3steW3Y6lkOKvTiJwh3f93eSSLVfMC0XGW57NLWtpiyAJqDlcefLWG0UsmnCTRaN6fJUeYZTHmVs9rTCOTW1yChmHKnXD/snWZ4MO+9XqhQ0KAFU1zn0xv0BA5WcRrCOhqPAD7pHL4OwByPSv/1o+IclpagLUChybswsDKy5hmuUIm9DrQ1UXBzxBcwsVLwAM2+6G67pk9pwLGll85Y57Ug4q2h4YcyqiG1nwTEzF2st+b/arMb0xbyRqqrRrtwOQmmXbgcZYQO3SdBEakDkrXOw6VDBNUe056BcCEvW9ioDm0d4cfvLYLrrh8/84N3uaO91n8wGeUQeky0Skudkj7wl+2RChPPJ+eJ8db65n93v7g/350mr6/SaB+Tcc3/9BcOP8pY=</latexit>

• either d = ( y ) 2 R is an axiom of R;

• or d =
⇣

d1,...,dn

y

⌘
for some derivations d1 �R x1, ..., dn �R xn

such that (x1,...,xn

y ) 2 R is an inference rule of R.

<latexit sha1_base64="RIU6g1F5QP+xQWj0sNGdwRSAT3A="></latexit>

DR
M
= {d | d �R y}
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Immediate subderivation

Example

<latexit sha1_base64="Xj2TGQizzLN75BC/4LWbKNKhBuY="></latexit>

Take A = DR
<latexit sha1_base64="OyI4rHqRP7H2UD8hUpI1/YQculM="></latexit>

�=

⇢ ✓
di,

d1, ..., dn
y

◆ ���� d1 �R x1, ..., dn �R xn,

✓
x1, ..., xn

y

◆
2 R

�

<latexit sha1_base64="p4FPWCMLMQBP2GVUqHwMr4Fd3Ok="></latexit>

(immediate subderivation relation)

<latexit sha1_base64="JYSpTJVdxVWeopcv3KkF+0YC9w8="></latexit>

R =

⇢

N �! n
,
E0 �! n0 E1 �! n1

E0 � E1 �! n0 + n1
,
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n0 · n1

�

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3

<latexit sha1_base64="Dm/NYxbtSMYCzROWg3vG1TfG2Vg="></latexit>�<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2

<latexit sha1_base64="Dm/NYxbtSMYCzROWg3vG1TfG2Vg="></latexit>�
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Lemma

<latexit sha1_base64="AHSyc0/nEKALCFBLdvuY5gJROT4="></latexit>

Any descending chain in � induces a descending chain in <
<latexit sha1_base64="i0/ALRm9gf4EejFAmjS428AN83E="></latexit>

Since < is w.f., so is �

<latexit sha1_base64="OWjXL06kvBU46jSmDH0DDtdD8aM="></latexit>

DR,� is w.f.

<latexit sha1_base64="FGXEJGSXZhw7szjLLXDAK2MOkvw="></latexit>

Let height : DR ! N defined as:
<latexit sha1_base64="WBdmAcUqqdfK9K+WylK0BkV8ZOE="></latexit>

height
⇣

y

⌘ M
= 1 if ( y ) 2 R

height
⇣

d1,...,dn

y

⌘ M
= 1 +maxi2[1,n] height(di) if d1 �R x1, ..., dn �R xn, (

x1,...,xn

y ) 2 R

<latexit sha1_base64="ovFzwOV0yNd6RViI4T04CkzMR+I="></latexit>

By definition, if d � d0 then height(d) < height(d0)
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Induction on derivation 
principle

<latexit sha1_base64="JxLorkYxjA/Pqttar1OiavSrUm4="></latexit>

8x1,...,xn

y 2 R. 8d1 �R x1, ..., d1 �R xn. (P (d1) ^ · · · ^ P (dn)) ) P (d1,...,dn

y )

8d. P (d)
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Corollary

<latexit sha1_base64="fSVLjhf26Kwo2sHOrJ6UPuSZCHs="></latexit>

Because �+ is the transitive closure of a w.f. relation

<latexit sha1_base64="kfkwUUfpEgVNvT1EMoZ5N2PaFnE="></latexit>

DR,�+ is w.f.

Example
<latexit sha1_base64="JYSpTJVdxVWeopcv3KkF+0YC9w8="></latexit>

R =

⇢

N �! n
,
E0 �! n0 E1 �! n1

E0 � E1 �! n0 + n1
,
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n0 · n1

�

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2

<latexit sha1_base64="fQbpTTffaNJFw2e8c7I8XKeiVo8="></latexit>

�+
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Typical properties
It is very often the case that the property of a derivation 
is only concerned with the conclusion of the derivation

in such cases we can avoid to mention derivations at all

<latexit sha1_base64="EbhVV/kLnymDX2EsxsEd/hAiAMM="></latexit>

d �R y ) P (d) , Q(y)

<latexit sha1_base64="eGGPDwIlONYQC8Er3cjncZh8SA0="></latexit>

P

✓
d1, ..., dn

y

◆
M
= Q(y)
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<latexit sha1_base64="7jiVHmCi1uOOFjemf6EKoYltFM8="></latexit>

8x1,...,xn

y 2 R. ({x1, ..., xn} ✓ IR ^ P (x1) ^ · · · ^ P (xn)) ) P (y)

8x 2 IR. P (x)

we assume derivations exist 
and that we can build a larger one 
but don’t need to mention this fact

<latexit sha1_base64="nZkFBgLffmUclfrYfqLqoJqX/vI="></latexit>

IR
M
= {y |�R y}

Rule induction principle
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Rule induction simplified

<latexit sha1_base64="C7/MXh4DT+Z8D27UY2o4aAUti4w="></latexit>

8x1,...,xn

y 2 R. (P (x1) ^ · · · ^ P (xn)) ) P (y)

8x 2 IR. P (x)

assuming that premises are theorems 
may be not even necessary



1212

Induction schemes
<latexit sha1_base64="ik0hovhUHTFjIGR00O4VCj3dIjI="></latexit>

P (n)
<latexit sha1_base64="lv+adS4wLYKWVPj2vtpxxo7gJ4I="></latexit>

mathematical induction
<latexit sha1_base64="8xiBD/VpvKPJSU6kdtEpP8D+pdQ="></latexit>

properties of numbers

<latexit sha1_base64="ccUEkgJP2CiJG473Q1vcgrBPukk="></latexit>

properties of terms
<latexit sha1_base64="c4ESAkkI9Dc6cSyfoX0/FBhcXxE="></latexit>

P (t)
<latexit sha1_base64="9HQW40FhFRLQXSDZfWkG2oV/mn0="></latexit>

structural induction

<latexit sha1_base64="K9Yu6VlLPlwUrAQTLY5GlyEGngY="></latexit>

properties of formulas
<latexit sha1_base64="ictm57Ae/yGi2ZViLMmdyOlE3Go="></latexit>

P(F)
<latexit sha1_base64="KuFbH9eTd1CmiL6i2x/JAcJHTHA="></latexit>

rule induction

<latexit sha1_base64="3zo068DoVaseIGwu9N2K2pbYBMM="></latexit>

two proof obligations: P (0) and P (n) ) P (n+ 1)

<latexit sha1_base64="kJBH8+p1ZuyuHLM9D3XNMd+a3+A="></latexit>

one proof obligation for each function symbol

<latexit sha1_base64="KEp3NP/uJSmEOBviQST+m0nNjnw="></latexit>

one proof obligation for each inference rule
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Determinacy: two views

<latexit sha1_base64="ccUEkgJP2CiJG473Q1vcgrBPukk="></latexit>

properties of terms
<latexit sha1_base64="c4ESAkkI9Dc6cSyfoX0/FBhcXxE="></latexit>

P (t)
<latexit sha1_base64="9HQW40FhFRLQXSDZfWkG2oV/mn0="></latexit>

structural induction

<latexit sha1_base64="K9Yu6VlLPlwUrAQTLY5GlyEGngY="></latexit>

properties of formulas
<latexit sha1_base64="ictm57Ae/yGi2ZViLMmdyOlE3Go="></latexit>

P(F)
<latexit sha1_base64="KuFbH9eTd1CmiL6i2x/JAcJHTHA="></latexit>

rule induction

<latexit sha1_base64="DbwAbv1MlBDx9Rj0MBQkfmB+OCc="></latexit>

P (c)
M
= 8�,�1,�2. hc,�i �! �1 ^ hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="NBFPQGWCaYqFT9NifQWPchpKkI8="></latexit>

P (hc,�i �! �1)
M
= 8�2. hc,�i �! �2 ) �1 = �2



1414

Determinacy of commands
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="NBFPQGWCaYqFT9NifQWPchpKkI8="></latexit>

P (hc,�i �! �1)
M
= 8�2. hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="wsXjsF+xfwGirl50YO1os4PElxY="></latexit>

8c,�,�1. P (hc,�i �! �1) ?
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Base case
<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="aq0tbV1ENsmFkeHRXwpWFQkNCs8=">AAAC+XicnVFNixNBEO0Zv9b4lVVvXhqDsIKEmSgqwsLievAYxewupEOo6anMNumPsbtnlzCM/8WbePDir/Hf2JOM4GY9WafHe1VdXe9lpRTOJ8mvKL5y9dr1Gzs3e7du37l7r797/8iZynKccCONPcnAoRQaJ154iSelRVCZxONsedjqx2donTD6k1+VOFNQaLEQHHyg5v0f4z0mQRcSKVPgT7NF7ZaibJ4xJwoFzHaaNLqwoj j1YK05pxv1KctxgZ8pWxgLUnbsfDT8Qv//0fmIfdzm9v9I8/4gGSbropdB2oEB6Wo8342es9zwSqH2XIJz0zQp/awG6wWX2PRY5bAEvoQCpwFqUOhm9drYhj6pHHhDS7RUSLom8e+JGpRzK5WFzvZOt6215L+0aeUXr2e10GXlUfN2kRfBkXaR41aExJDmwqL30P4cqdCUgwXv0QoKnAeyChFeWOi8AruyeThK4zk3SoHO601GTb1OwqKsWVYJmQdE2VmwwYouDRO20nq/aZpesDndNvUyOBoN05fD5MOLwcHbzvAd8og8JnskJa/IAXlPxmRCePQwehMdRu/iOv4af4u/b1rjqJt5QC5U/PM3msT0+A==</latexit>

P (hskip,�i �! �)
M
= 8�2. hskip,�i �! �2 ) � = �2

<latexit sha1_base64="DD/YRObc7UN7x1zCVjIKP3cGkXI=">AAACjXicbZDLbtQwFIY94VaGS6ewREgWUyQWKEpGKmUBqIIFLIvUaUcaj0Ynzklqje2kttOqsvJqvAd7tvAMOGmEoOWsfv/n5vNltRTWJcn3UXTr9p2797bujx88fPR4e7Lz5NhWjeE455WszCIDi1JonDvhJC5qg6AyiSfZ5lOXPzlHY0Wlj9xljSsFpRaF4OCCtZ4sPLMFPYIN0l1mRalgPdulNnZxeEvQpUTKFLjTrPB2I+ r29VUVM32OyUqXRpSnDoypLuifEe16Mk3ipA96U6SDmJIhDtc7o+csr3ijUDsuwdplmtRu5cE4wSW2Y9ZYrIFvoMRlkBoU2pXvEbT0ZWPBVbRGQ4WkvYl/d3hQ1l6qLFR219jruc78X27ZuOLtygtdNw417xY5EZh0iyw3IrBFmguDzkH3c6RCUw4GnEMjKHAezCbAHjONF7xSCnTuWY4FnrW+J2tQepY1QuZBUXYeDjZiIF+F+dS/b9t2HICm1/HdFMezOH0TJ19n04OPA9ot8oy8IK9ISvbJAflCDsmccPKN/CA/ya9oO9qL3kUfrkqj0dDzlPwT0effWi3J9w==</latexit>

Take �2 s.t. hskip,�i �! �2
<latexit sha1_base64="DW3cojqXAN6peI0ySzUHp0eM0mA=">AAACXXicbVBNbxMxEHW2LZTQj7QcOKBKFmmlnqLdHIBLpQouHItEmkpxFM16J8Gq7V3s2VSVtX+BX8MV/gcn/greNId+MJd5em9Gb+bllVae0vRPJ9nY3Hr2fPtF9+XO7t5+7+Dw0pe1kziSpS7dVQ4etbI4IkUaryqHYHKN4/z6U6uPl+i8Ku1Xuq1wamBh1VxJoEjNeqdB+DkfI78BS5xKXrlyifxYeLUwcHbXZsPjZtbrp4 N0VfwpyNagz9Z1MTvoHImilLVBS1KD95MsrWgawJGSGpuuqD1WIK9hgZMILRj007B6qeEntYf2GnRcab4i8f5GAOP9rcnjpAH65h9rLfk/bVLT/MM0KFvVhFa2RqQ0roy8dCpmhbxQDomgvRy5slyCAyJ0ioOUkaxjeF1h8UaWxoAtgihwjt+bIFo/hzqIvFa6iIiLZXzYKbCL6CJito6Hs6ZpujHQ7HF8T8HlcJC9G6Rfhv3zj+tot9kb9padsoy9Z+fsM7tgIybZD/aT/WK/O3+TrWQn2bsbTTrrnVfsQSWv/wF6GbcI</latexit>

We want to prove � = �2
<latexit sha1_base64="daoe/6l9pCy2qrdTJLcSFzGshfs="></latexit>

hskip,�i �! �2

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="NtI0RtWrHWo13tGzrtD2DlyrlxM="></latexit>

is applicable, hence �2 = �
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Base case
<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="LQywpaZItpLVS/e+QZ6jBGrgtEI="></latexit>

We assume ha,�i �! n

<latexit sha1_base64="LWR30SfELNuP75yPHCnJi3p9+rw="></latexit>

P (hx := a,�i �! �[n/x])
M
= 8�2. hx := a,�i �! �2 ) �[n/x] = �2

<latexit sha1_base64="PmDQokk6bpk3r1cTXhauODK8GTw=">AAAChHicbZDbbhMxEIadBdoSDk3hEiFZpEhcVKvdIA5CKqrghjuK1LSV4iia9U62VnzY2t6WytrH4mEQt/AeeJMIQctc/f5/j8fzFbUUzmfZ915y6/adjc2tu/179x883B7sPDp2prEcx9xIY08LcCiFxrEXXuJpbRFUIfGkWHzs8pMLtE4YfeSvapwqqLSYCw4+WrPB58DcnB7BAukuc6JSMBvtUpf6NJ4l6Eoi/fpuH/ZWIb NLi0mjKyuqMw/Wmkv6p7OdDYZZmi2L3hT5WgzJug5nO72nrDS8Uag9l+DcJM9qPw1gveAS2z5rHNbAF1DhJEoNCt00LDdv6fPGgTe0RkuFpEsT/+4IoJy7UkW8qcCfuetZZ/4vmzR+/nYahK4bj5p3g7yIKLpBjlsRkSIthUXvofs5UqEpBwveoxUUOI9mExn3mcZLbpQCXQZW4hzP28C6eRZlYEUjZBkVZRdxYStWwJmJ79Ow37ZtPwLNr+O7KY5Haf46zb6Mhgcf1mi3yBPyjLwgOXlDDsgnckjGhJNv5Af5SX4lG8le8jJ5tbqa9NY9j8k/lbz/DUfPxXA=</latexit>

Take �2 s.t. hx := a,�i �! �2
<latexit sha1_base64="gwjib9+RysXQOXmqRqr/G/hqReA=">AAACdHicbVBNb9NAEN2YrxK+UjgC0oq0Eqdg5wBcKiq4cCwSaSplrWi8noRVd9dmd5y2Wvnn8Gu4woE/wpm1mwO0zOnpvRm9N6+otfKUpr8GyY2bt27f2bk7vHf/wcNHo93Hx75qnMSZrHTlTgrwqJXFGSnSeFI7BFNonBenHzp9vkHnVWU/00WNuYG1VSslgSK1HL0Lwq/4HPkZWOJU8dpVG+R7wqu1gYUgPKfeJRS6wTbY9t V5fnCpLqd77XI0TidpP/w6yLZgzLZztNwdPBdlJRuDlqQG7xdZWlMewJGSGtuhaDzWIE9hjYsILRj0eegztHy/8dCFRMeV5j2Jf18EMN5fmCJuGqAv/qrWkf/TFg2t3uZB2bohtLIzIqWxN/LSqVgh8lI5JIIuOXJluQQHROgUBykj2cROh8LimayMAVsGUeIKv7ZBdH4OdRBFo3QZEReb+LBTYNfRRcTKHQ8HbdsOY6HZ1fqug+PpJHs9ST9Nx4fvt9XusKfsBXvJMvaGHbKP7IjNmGTf2Hf2g/0c/E6eJeNk/3I1GWxvnrB/Jpn8AR0rwZM=</latexit>

We want to prove �[n/x] = �2
<latexit sha1_base64="igjqGpsZDA1+rFLcGnJ1fvN19Eg="></latexit>

hx := a,�i �! �2

<latexit sha1_base64="ckz76WU3tfhgzF/2zq2gWk4Hub8="></latexit>

is applicable, hence �2 = �[m/x]
<latexit sha1_base64="4d5JRiwQLHxzYuCZVuHqAmzih0M="></latexit>

with ha,�i �! m
<latexit sha1_base64="cj/WUcxPRN4sZiW5mpnOvllXcfw="></latexit>

since we assumed ha,�i �! n
<latexit sha1_base64="QIZfS7MND/ucYc+ESdZsy2UFQws="></latexit>

by determinacy of Aexp we have n = m and thus �2 = �[m/x] = �[n/x]
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Inductive case
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="ALotSD0xAZM2IKs9xDUygbDng+M=">AAAC73iclVHLbtNAFB2bVwmvFJZsRkSoRUKRHRAvqVIFG5YBkbZSJrKuxzfuqPNwZ8atIsv8BjvEgg2fxN8wTiKgDRvu6uice+fcOTevpHA+SX5G8ZWr167f2LrZu3X7zt17/e37B87UluOEG2nsUQ4OpdA48cJLPKosgsolHuYn7zr98AytE0Z/8osKZwpKLeaCgw9U1v8+3mUSdCmR8ix5ypwoFTC7Ypg0urSiPPZgrTmnK3 Vn5wkrcI6nlM2NBSl/89lo+Jn+/3PZiH3cZPf+yFl/kAyTZdFNkK7BgKxrnG1Hz1hheK1Qey7BuWmaVH7WgPWCS2x7rHZYAT+BEqcBalDoZs0yzpY+rh14Qyu0VEi6JPHviQaUcwuVh04F/thd1jryX9q09vNXs0boqvaoeWfkRcilM3LcinAnpIWw6D10myMVmnKw4D1aQYHzQNbhcBcMnVdgF7YIn9J4zo1SoItmdaG2Yd0WFmXD8lrIIiDKzkIMVqxvYoIrbfbatu2FmNPLoW6Cg9EwfTFMPjwf7L9dB75FHpJHZJek5CXZJ+/JmEwIj3pREr2O3sSn8Zf4a/xt1RpH65kH5ELFP34BLHPtBA==</latexit>

P (hc0,�i �! �00)
M
= 8�00

2 . hc0,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="TQS3rYKmZgXvISN71ypZg4M645c=">AAAC7nicnVFNb9QwEHXCV7t8dAtHLhYr1CKhJVkqKIdKFVw4LohtK61X0cSZTa06dmo7rVZR+BncEAcu/CX+Dc5uQLTLiTk9vTfjN36TllJYF0U/g/DGzVu372xs9u7eu/9gq7/98MjqynCccC21OUnBohQKJ044iSelQShSicfp2btWP75AY4VWn9yixFkBuRJzwcF5Kul/H+8yCSqXSHkSP2dW5AXs7DCz4pjUKjciP3VgjL 6knf6MZTjHc8rm2oCUv+lkNPxM/+O5ZMQ+rpEHf8SkP4iG0bLoOog7MCBdjZPt4CXLNK8KVI5LsHYaR6Wb1WCc4BKbHqsslsDPIMephwoKtLN6mWZDn1YWnKYlGiokXZL490QNhbWLIvWdBbhTe11ryX9p08rN92e1UGXlUPHWyAkfSmtkuRH+TEgzYdA5aDdHKhTlYMA5NIIC556s/N2uGFpXgFmYzH9K4SXXRQEqq1f3aWrWbmFQ1iythMw8ouzCx2BEdxDtXWl90DRNz8ccXw91HRyNhvGrYfRhb3D4tgt8gzwmT8guiclrckjekzGZEB5sBi+C/eBNWIZfwq/ht1VrGHQzj8iVCn/8Al9y7NU=</latexit>

P (hc1,�00i �! �0)
M
= 8�0

2. hc1,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="F6ZkOPsHX+3ECPj7wdw7Jn5yuA4=">AAACpXicbZDPbtNAEMY35l8J/1I4clmRIjhUlR0kQEJIFVy4IBUpSSuykTVeT5xVdtdmd9wqsvxuvAYvwBUegXUSIdoyp0/fzO4388sqrTzF8Y9edOPmrdt39u72791/8PDRYP/x1Je1kziRpS7dWQYetbI4IUUazyqHYDKNp9nqY9c/PUfnVWnHtK5wbqCwaqEkULDSwddG+AUfwwr5gfCqMJCODriv5ZLTEiiYGmyhkcs0Fo fvZJocbseE2/pCl7ZwqlgSOFde8L+ftOlgGB/Fm+LXRbITQ7ark3S/90rkpawNWpIavJ8lcUXzBhwpqbHti9pjBXIFBc6CtGDQz5sNhJY/rz1QySt0XGm+MfHfFw0Y79cmC5MGaOmv9jrzf71ZTYu380bZqia0sgsiFQ7vgrx0KtBFniuHRNBtjlxZLsEBETrFQcpg1gH3pUBPBtza5eEoixeyNAZs3ogcF/itbUS3hUPdiKxWOg+Ki/OAwakd9DKk8uZ927b9gDm5CvW6mI6OktdH8ZfR8PjDDvgee8qesZcsYW/YMfvETtiESfad/WS/2O/oRfQ5GkfT7WjU2715wi5VlP4B3KLTCA==</latexit>

Take �2 such that hc0 ; c1,�i �! �2
<latexit sha1_base64="/TWmmfmf4vq2dSM8UQzxFWbSMds=">AAACXnicbVBNbxMxEHWWUkqgNIULUlXJIkXAJdrNAbhUquDCsZWaplIcRbPeSbBqexd7NlVl7W/g13CF38GNn4I3zaFfc5mn92b0Zl5eaeUpTf92kkcbjzefbD3tPnu+/WKnt/vyzJe1kziSpS7deQ4etbI4IkUazyuHYHKN4/zia6uPl+i8Ku0pXVU4NbCwaq4kUKRmvQ9B+DkfI78ES5xKXrlyifxAeLUw8O7wus+GB82s10 8H6ar4fZCtQZ+t63i229kXRSlrg5akBu8nWVrRNIAjJTU2XVF7rEBewAInEVow6Kdh9VPD39Ye2nPQcaX5isSbGwGM91cmj5MG6Lu/q7XkQ9qkpvnnaVC2qgmtbI1IaVwZeelUDAt5oRwSQXs5cmW5BAdE6BQHKSNZx/S6wuKlLI0BWwRR4Bx/NEG0fg51EHmtdBERF8v4sFNgF9FFxHAdD4dN03RjoNnd+O6Ds+Eg+zhIT4b9oy/raLfYHnvD3rOMfWJH7Bs7ZiMm2U/2i/1mfzr/ks1kO9m5Hk06651X7FYlr/8D8nm3OQ==</latexit>

We want to prove �0 = �2

<latexit sha1_base64="7h/vvxDB3V4SGQ1MiaJ+RvOK+ak=">AAAC83icnVFNb9NAEF2brxKgpHDksiJCFKmK7FC1SCioggvHgEhbKRtZ4/XEXXW9a3bXrSLL/BFuiAMXfhD/hnViJNpwYk5P783sm32TllJYF0W/gvDGzVu372zd7d27/2D7YX/n0bHVleE45Vpqc5qCRSkUTp1wEk9Lg1CkEk/S83etfnKBxgqtPrllifMCciUWgoPzVNL/MdllElQukfIkYnuveRLvMSvyAphZ80xqlRuRnz kwRl/Stfr8BctwgZ8pW2gDUnZ0Mhp+of/3YjJiHzdcxn+0pD+IhtGq6CaIOzAgXU2SneAlyzSvClSOS7B2Fkelm9dgnOASmx6rLJbAzyHHmYcKCrTzehVpQ59VFpymJRoqJF2R+PdEDYW1yyL1nQW4M3tda8l/abPKLV7Na6HKyqHirZETPpLWyHIj/K2QZsKgc9BujlQoysGAc2gEBc49WfnjXTG0rgCzNJn/lMJLrosCVFavD9TUrN3CoKxZWgmZeUTZhY/BiO4c2rvSetw0Tc/HHF8PdRMcj4bxwTD6sD84etsFvkWekKdkl8TkkByR92RCpoQH28F+MA7ehFX4NfwWfl+3hkE385hcqfDnb8Q172A=</latexit>

P (hc0 ; c1,�i �! �0)
M
= 8�2. hc0 ; c1,�i �! �2 ) �0 = �2
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="wjz4TLm6Mh3munrrgwAPzV3JJeo="></latexit>

hc0 ; c1,�i �! �2

<latexit sha1_base64="9xMy8exVnCqJmQadABl+d5WEOpI=">AAAC5XichVHJjtNAEG2bbQhbBo5cWmRYDqNgBwm4jDSCC8dBIjMjpSOr3K44renFdLcniix/AjfEgQvfxd/QTiwxCxJ1enqvnqrqVV5J4XyS/I7iGzdv3b6zc3dw7/6Dh4+Gu4+Pnaktxyk30tjTHBxKoXHqhZd4WlkElUs8yc8+dvrJOVonjP7i1xXOFZRaLAQHH6hs+LNhbkGXqDnSPeZEqSCbHGzBy2yyR1fCL4MiQZcSKc +S/a3I7JZh0ujSinLpwVqzor114wVdXLSm+3/F/9iDu82Go2ScbIpeB2kPRqSvo2w3esMKw2uF2nMJzs3SpPLzBqwXXGI7YLXDCvgZlDgLUINCN282Ibb0ee3AG1qhpULSDYkXHQ0o59YqD50K/NJd1TryX9qs9ov380boqvYh5m6QF+HybpDjVoTvIC2ERe+h2xyp0JSDBe/RCgqcB7IO77o00HkFdm2LcJTGFTdKhbAbVuACv7YN67awKBuW10IWAVF2HmKwok/dhKm0OWjbdhBiTq+Geh0cT8bp23HyeTI6/NAHvkOekmfkFUnJO3JIPpEjMiU8ItGL6HWUxGX8Lf4e/9i2xlHveUIuVfzrD+CN5+A=</latexit>

hence �2 = �0
2 with hc0,�i �! �00

2 and hc1,�00
2 i �! �0

2
<latexit sha1_base64="H/dXvmSuSv2W6h+7yIGPELZhP0U=">AAACsnicbVFda9swFJW9r9b7aNo+joFYMtpBCXYY214KpXvZYwZLWxYFcy3fOKKy5ElyQjD+oXveH5mcpLC1u09H59wvnZtVUlgXx7+C8NHjJ0+f7e1Hz1+8fHXQOzy6sro2HCdcS21uMrAohcKJE07iTWUQykzidXb7pdOvl2is0Oq7W1c4K6FQYi44OE+lvZYpLVSOykUNs3N6uab+WXMnlkgX60q7BVph6WB8yiSoQiLlaX zGrChKYGbDMKlVYUSxcGCMXtGteHLyfnBGV74L+FaDO/L8DqSjQZv2+vEw3gR9CJId6JNdjNPD4A3LNa9LvzCXYO00iSs3a8A4wSW2EastVsBvocCphwpKtLNm41NL39UWnKYVGiok3ZD4d0UDpbXrMvOZJbiFva915P+0ae3mn2eNUFXtUPFukBPeqW6Q5cZbaZDmwqBz0G2O3mPKwYBzaAQFzj1Z+4tETOGK67IElTcsxzn+bBvWzTMoG5bVQuYeUbb0HzZiew+mfX/anLdtG3lDk/v2PQRXo2HycRh/G/UvLnfW7pHX5C05JQn5RC7IVzImE8LJ72A/OAqOww/hjxBCvk0Ng13NMfknQvkH3yPUZA==</latexit>

By inductive hypothesis P (hc0,�i �! �00), we have �00 = �00
2

<latexit sha1_base64="Nc3T1Kh0KejXqssUG8DOUh+3dac=">AAACkXicbZBNb9NAEIY35quEr5QeuaxIUTmgyA4ShQNSBBJC4lIk0lbKRtZ4PXFW3V27u+NWkeV/xK/hhuDHsA4+0JY5vXrfGc3Mk1VaeYrjn4Po1u07d+/t3B8+ePjo8ZPR7tNjX9ZO4lyWunSnGXjUyuKcFGk8rRyCyTSeZGcfu/zkAp1Xpf1GmwqXBgqrVkoCBSsdfWqEX3GwOad17fm+0GALjVymySvhVWHg4EC4v57QpS 2cKtYEzpWXvM/T6X6bjsbxJN4WvymSXoxZX0fp7uC1yEtZG7QkNXi/SOKKlg04UlJjOxS1xwrkGRS4CNKCQb9stg+3/EXtgUpeoeNK862J/040YLzfmCx0GqC1v5515v+yRU2rt8tG2aomtLJbRCp83i3y0qlAEnmuHBJBdzlyZbkEB0ToFAcpg1kHtFcWejLgNi4PT1m8lKUxgXcjclzheduI7gqHuhFZrXQeFBcXAYNTPfUybOXN+7ZthwFzch3qTXE8nSRvJvHX6Xj2oQe+w56x5+wlS9ghm7HP7IjNmWTf2Q/2i/2O9qJ30Szqe6NBP7PHrlT05Q8bAcuI</latexit>

and thus hc1,�00i �! �0
2

<latexit sha1_base64="ALotSD0xAZM2IKs9xDUygbDng+M="></latexit>

P (hc0,�i �! �00)
M
= 8�00

2 . hc0,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="TQS3rYKmZgXvISN71ypZg4M645c="></latexit>

P (hc1,�00i �! �0)
M
= 8�0

2. hc1,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="3bSwrE81jtGUG93V9Ndi8mY3lPk=">AAACtnicbVFdb9MwFHXC1wgMuiHBA0KyaNE2aaqaSoy9TJrGC49FotukukQ3zm1qzbGD7bSqojzwM/kF/A2cLg+wcV98fI7vh89NSymsG41+BeGDh48eP9l5Gj17vvviZW9v/9LqynCcci21uU7BohQKp044idelQShSiVfpzedWv1qhsUKrb25T4ryAXImF4OA8lfR+MqWFylC5qGZ2QS821F8r7sQK6XJTardEKywdTA6ZBJ VLpDyJj5kVeQEHB8xsOSa1yo3Ilw6M0WvayUeDY7pG6ksougRfcNAJZ92ZjAdN0uuPhqNt0Psg7kCfdDFJ9oJ3LNO8KvzQXIK1s3hUunkNxgkusYlYZbEEfgM5zjxUUKCd11uvGvqhsuA0LdFQIemWxL8zaiis3RSpf1mAW9q7Wkv+T5tVbnE6r4UqK4eKt42c8G61jSw33k6DNBMGnYN2cvQ+Uw4GnEMjKHDuycpvJWIK11wXBaisZhku8EdTs7afQVmztBIy84iylf+wEbc7YdrXp/VZ0zSRNzS+a999cDkexifDj1/H/fOLztod8pa8J4ckJp/IOflCJmRKOPkd7Aavgzfhafg9xDC/fRoGXc4r8k+E5R8jRdY6</latexit>

By inductive hypothesis P (hc1,�00i �! �0), we then have �0 = �0
2
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Inductive case
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypothesis)

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ=">AAACkHicbZFNb9QwEIa94assX9ty5GKxQuKAVgkg6AVRQEiIU5HYttJ6tZo4k9Sq7QR70rKy8ov4NRyBP4OzzYG2zOn1O2O948d5o5WnNP01Sq5dv3Hz1tbt8Z279+4/mGzvHPi6dRLnsta1O8rBo1YW56RI41HjEEyu8TA/+dD3D0/ReVXbr7RucGmgsqpUEihaq8lHocFWGnn+THhVGRDu/Cx0bSunqmMC5+ozLgi/0yYv5L rFLggDdJyXoSy7bjWZprN0U/yqyAYxZUPtr7ZHL0RRy9agJanB+0WWNrQM4EhJjd1YtB4bkCdQ4SJKCwb9MmzyO/6k9UA1b9BxpfnGxH9vBDDer00eJ/sl/eVeb/6vt2ip3F0GZZuW0Mo+iFRk0Qd56VQEibxQDomg3xy5slyCAyJ0ioOU0Wwj2QuBngy4tSvioyyeydoYsEUQBZb4bcDoUAeRt0oXUXFxGjE4NfxDHVN5eNN13Thizi5DvSoOns+yV7P0y8vp3vsB+BZ7xB6zpyxjr9ke+8T22ZxJ9oP9ZL/Zn2Qn2U3eJu/OR5PRcOchu1DJ578Yuc4a</latexit>

hb,�i �! ↵
<latexit sha1_base64="6us51y8tKgrA86TI1DVCyR+c1Sg=">AAAC53iclVFNb9NAEF2brxI+msKRy4oKESQU2QEBl0oVXDgGRNpK2cgaryfuqvthdtetIsv8BW6IAxd+Fv+GdWIk2nBhTk/vzeybfZNXUjifJL+i+Nr1Gzdv7dwe3Ll77/7ucO/BkTO15TjjRhp7koNDKTTOvPASTyqLoHKJx/nZu04/PkfrhNGf/KrChYJSi6Xg4AOVDX9MR0yCLiVSnqXPmROlAmY3DJNGl1aUpx6sNRd0oz 59xgpc4mfKlsaClD2dTcZf6P++lU3Yx633D/5o2XA/GSfrotsg7cE+6Wua7UUvWGF4rVB7LsG5eZpUftGA9YJLbAesdlgBP4MS5wFqUOgWzTrGlj6pHXhDK7RUSLom8e+JBpRzK5WHTgX+1F3VOvJf2rz2yzeLRuiq9qh5Z+RFiKQzctyKcB+khbDoPXSbIxWacrDgPVpBgfNA1uFglwydV2BXtgif0njBjVKgi2ZzmrZh3RYWZcPyWsgiIMrOQwxW9OcwwZU2B23bDkLM6dVQt8HRZJy+GicfXu4fvu0D3yGPyGMyIil5TQ7JezIlM8KjOBpFaTSJRfw1/hZ/37TGUT/zkFyq+OdvI53rfg==</latexit>

P (hc1,�i �! �0)
M
= 8�2. hc1,�i �! �2 ) �0 = �2

<latexit sha1_base64="iNBF6Dn8aofWoCoTA5HjcSVEeyw="></latexit>

P (hif b then c0 else c1,�i �! �0)
M
= 8�2. hif b then c0 else c1,�i �! �2 ) �0 = �2

<latexit sha1_base64="IPYUhwJaiQcApNWhpGs1nEJiWRY=">AAAC3HicbVHLbtNAFB2bVwmPprBESCNSHgsU2UECNkgVbFgWqWkrZUJ0Pb52RpmHmRm3iizv2CEWbPg3voQt49QqtOWuzpz7OHPPzSopnE+SX1F87fqNm7e2bg/u3L13f3u48+DQmdpynHIjjT3OwKEUGqdeeInHlUVQmcSjbPWhyx+doHXC6AO/rnCuoNSiEBx8oBbDH0wboXPUftAwV9ADWCHdZU6UChaTXepqvqR+CT6QEn QpkTIFfpkVjShaRjN2/vZL1IHhi+Qvh9Lhhktfns1kth8ijS6tKJcerDWn9FyxXQxHyTjZBL0K0h6MSB/7i53oFcsNr1VYgktwbpYmlZ83YL3gEtsBqx1WwFdQ4ixADQrdvNl419KntQNvaIWWCkk3JP7b0YBybq2yUNnt5C7nOvJ/uVnti7fzRuiq9qh5J+RFWLwTctyKcBSkubDoPXQ/Ryo05WDBe7SCAueBrMOVLgg6r8CubR6W0njKjVKg84blWOCXttm4blE2LKuFzAOi7CTYYEVvugmqtHnXtu0g2JxeNvUqOJyM09fj5NNktPe+N3yLPCJPyAuSkjdkj3wk+2RKOPkdPY6eRc/jz/HX+Fv8/aw0jvqeh+RCxD//AFfn53o=</latexit>

Take �2 such that hif b then c0 else c1,�i �! �2
<latexit sha1_base64="/TWmmfmf4vq2dSM8UQzxFWbSMds=">AAACXnicbVBNbxMxEHWWUkqgNIULUlXJIkXAJdrNAbhUquDCsZWaplIcRbPeSbBqexd7NlVl7W/g13CF38GNn4I3zaFfc5mn92b0Zl5eaeUpTf92kkcbjzefbD3tPnu+/WKnt/vyzJe1kziSpS7deQ4etbI4IkUazyuHYHKN4/zia6uPl+i8Ku0pXVU4NbCwaq4kUKRmvQ9B+DkfI78ES5xKXrlyifxAeLUw8O7wus+GB82s10 8H6ar4fZCtQZ+t63i229kXRSlrg5akBu8nWVrRNIAjJTU2XVF7rEBewAInEVow6Kdh9VPD39Ye2nPQcaX5isSbGwGM91cmj5MG6Lu/q7XkQ9qkpvnnaVC2qgmtbI1IaVwZeelUDAt5oRwSQXs5cmW5BAdE6BQHKSNZx/S6wuKlLI0BWwRR4Bx/NEG0fg51EHmtdBERF8v4sFNgF9FFxHAdD4dN03RjoNnd+O6Ds+Eg+zhIT4b9oy/raLfYHnvD3rOMfWJH7Bs7ZiMm2U/2i/1mfzr/ks1kO9m5Hk06651X7FYlr/8D8nm3OQ==</latexit>

We want to prove �0 = �2
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<latexit sha1_base64="F6FcYy0BeU51DV2c+CZDnVCAC+Y=">AAAC1HicbVFNb9NAEF2brxI+moI4IcGKFIkDiuxUKlyQKnrhWCSSVspG0Xg9dlbdD7O7bhUZnxAHLvw/fgV/gXVqAW2Z09s3M/tm3mSVFM4nyc8ovnHz1u07W3cH9+4/eLg93Hk0c6a2HKfcSGNPMnAohcapF17iSWURVCbxODs97PLHZ2idMPqTX1e4UFBqUQgOPlDL4XemjdA5aj9omCvoodFO5GipXyEtDUi6yyToUiJlCv wqKxpRtIxm7M87VOrA8GXyl0PpcMOlr5kTpQJm+0+k0aUV5cqDteacXmSXk912ORwl42QT9DpIezAifRwtd6I9lhteqzA8l+DcPE0qv2jAesEltgNWO6yAn0KJ8wA1KHSLZuNZS1/WDryhVVhVSLoh8d+OBpRza5WFym4ndzXXkf/LzWtfvF00Qle1R807IS/C4p2Q41aEYyDNhUXvoZscqdCUgwXv0QoKnAeyDte5JOi8Aru2eVhK4zk3SoHOG5ZjgZ/bZuO6RdmwrBYyD4iys2CDFb3pJqjS5l3btoNgc3rV1OtgNhmn++Pk42R08L43fIs8JS/IK5KSN+SAfCBHZEo4+RU9iZ5Fz+NZ/CX+Gn+7KI2jvucxuRTxj9+wAuT2</latexit>

Consider the goal hif b then c0 else c1,�i �! �2

<latexit sha1_base64="NWu6P8NU9rtRx52hGZ45y/zVZco=">AAACpnicbZDPbtNAEMY35l8Jf5rCkcuKFNEDiuwgAZdKFVw4oSKRplI2MuP1xFl1d212x40iyw/HY/AEXOENWCeRoC1z+vR9M5qZX1Zp5SmOf/SiW7fv3L23d7//4OGjx/uDgydnvqydxIksdenOM/ColcUJKdJ4XjkEk2mcZhcfunx6ic6r0n6hdYVzA4VVCyWBgpUOZo3wC75EK5EfCq8KA+n4eCtepuNDvlK0DIkGW2jkMk 1ebUPhto7QpS2cKpYEzpUr/ne0TQfDeBRvit8UyU4M2a5O04Pea5GXsjZoSWrwfpbEFc0bcKSkxrYvao8VyAsocBakBYN+3mwotPxF7YFKXqHjSvONif9ONGC8X5ssdBqgpb+edeb/sllNi3fzRtmqpsCpW0QqfN4t8tKpgBd5rhwSQXc5cmW5BAdE6BQHKYNZB95XFnoy4NYuD09ZXMnSGLB5I3Jc4Le2Ed0VDnUjslrpPCguLgMGp3bUy7CVN8dt2/YD5uQ61JvibDxK3oziz+Phyfsd8D32jD1nRyxhb9kJ+8hO2YRJ9p39ZL/Y7+go+hRNoum2NertZp6yKxV9/QNBMdOc</latexit>

hence �2 = �0
2 with hc1,�i �! �0

2

<latexit sha1_base64="7zfMzCjzpPL59WKDmlRsfeeQL5U=">AAACXHicbZC7bhNBFIbHS4DgEHBAokFIIxwElbWbAmiQItNQBgknkTyWdXb2rBllLsvM2YA12kfgaWjhQWh4FsaLC0g41a//3L+y0SpQnv8cZDd2bt66vXtnuHd3/9790cGD0+BaL3EmnXb+vISAWlmckSKN541HMKXGs/Li7SZ/dok+KGc/0LrBhYGVVbWSQMlajp5HEWo+XfMKCb1RFuSau5ofCgP0MdRxil+a7rBbjsb5JO +DXxfFVozZNk6WB4MnonKyNWhJaghhXuQNLSJ4UlJjNxRtwAbkBaxwnqQFg2ER+486/qwNQI436LnSvDfx744IJoS1KVNlf+fV3Mb8X27eUv16EZVtWkIrN4tIaewXBelVQoW8Uh6JYHM5cmW5BA+U6CgOUiazTeyGwuJn6YwBW0VRYY2futgz86ijKFulq6S4uEwPewV2lbYIl+bz+KbrumECWlzFd12cHk2Kl5P8/dH4eLpFu8ses6fsBSvYK3bM3rETNmOSfWXf2Hf2Y/Ar28n2sv0/pdlg2/OQ/RPZo9+9Obc8</latexit>

By determinacy of Bexp
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="ZGegb7SzUF9h+6a5tE/SkIR0vx4="></latexit>

By inductive hypothesis P (hc1,�i �! �0), we then have �0 = �0
2 = �2

<latexit sha1_base64="dw/bIM1Bl05BISXT5PJjpvFWBUE=">AAACSHicbVDLbhNBEJw1jwTzcsgRIY2wkDhZuzkELpEiuHAMEk4ieSyrd7btjDKPZaYnyBrtt3CFX+EP+AtuiBuzxgdI6FOpqruru+pWq0Bl+b0Y3Lp95+7O7r3h/QcPHz0e7T05DS56iVPptPPnNQTUyuKUFGk8bz2CqTWe1Zdve/3sCn1Qzn6gdYtzAyurlkoCZWox2k8iLLmzes3pArmPGrvFaFxOyk3xm6DagjHb1slir3 gmGiejQUtSQwizqmxpnsCTknnhUMSALchLWOEsQwsGwzxtru/4ixiAHG/Rc6X5hsS/JxKYENamzp0G6CJc13ryf9os0vL1PCnbRkIreyNSGjdGQXqVY0HeKI9E0F+OXFkuwQMResVBykzGnNNQWPwknTFgmyQaXOLHLonez6NOoo5KNxlxcZUf9grsKrsIl/fzdNR13TAHWl2P7yY4PZhUh5Py/cH4+M022l32lD1nL1nFXrFj9o6dsCmTbM0+sy/sa/Gt+FH8LH79aR0U25l99k8NBr8BUkayOQ==</latexit>

only the rule

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ="></latexit>

hb,�i �! ↵
<latexit sha1_base64="6us51y8tKgrA86TI1DVCyR+c1Sg="></latexit>

P (hc1,�i �! �0)
M
= 8�2. hc1,�i �! �2 ) �0 = �2
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Inductive case
<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="zTRXi61drFRxH5FGAAe1/w/91iA=">AAACanicbVDJbhNBEG0PWzCbE04oQmphkDhZM5FYLkgBLhyDhJNIbsuq6Sk7rfQy9GIUteZL+Bqu8AX8Ax9BjfEBEur06tXyql7dahViWf4cFNeu37h5a+f28M7de/cfjHb3joNLXuJUOu38aQ0BtbI4jSpqPG09gqk1ntTn7/v6yRp9UM5+ihctzg2srFoqCZGoxehFFmHJ31rQbuVS4NHxeIacdqxVn0vazcE2xFLmjIoRm2 4xGpeTchP8Kqi2YMy2cbTYHTwWjZPJoI1SQwizqmzjPIOPSmrshiIFbEGewwpnBC0YDPO8+a/jz1IAOqxFz5XmGxL/nshgQrgwNXUaiGfhcq0n/1ebpbh8Pc/Ktimilb1QVBo3QkF6RcYhb5THGKG/HLmy5IgHMsErDlISmcjJobD4RTpjyKksGlzi5y6LXs+jzqJOSjeEuFjTw16BXZGKcLSf5zdd1w3J0OqyfVfB8cGkejkpPx6MD99trd1h++wJe84q9oodsg/siE2ZZF/ZN/ad/Rj8KvaKR8X+n9ZisJ15yP6J4ulvt/K9SA==</latexit>

Analogous to the previous case and thus omitted
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

Base case
<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ=">AAACkHicbZFNb9QwEIa94assX9ty5GKxQuKAVgkg6AVRQEiIU5HYttJ6tZo4k9Sq7QR70rKy8ov4NRyBP4OzzYG2zOn1O2O948d5o5WnNP01Sq5dv3Hz1tbt8Z279+4/mGzvHPi6dRLnsta1O8rBo1YW56RI41HjEEyu8TA/+dD3D0/ReVXbr7RucGmgsqpUEihaq8lHocFWGnn+THhVGRDu/Cx0bSunqmMC5+ozLgi/0yYv5L rFLggDdJyXoSy7bjWZprN0U/yqyAYxZUPtr7ZHL0RRy9agJanB+0WWNrQM4EhJjd1YtB4bkCdQ4SJKCwb9MmzyO/6k9UA1b9BxpfnGxH9vBDDer00eJ/sl/eVeb/6vt2ip3F0GZZuW0Mo+iFRk0Qd56VQEibxQDomg3xy5slyCAyJ0ioOU0Wwj2QuBngy4tSvioyyeydoYsEUQBZb4bcDoUAeRt0oXUXFxGjE4NfxDHVN5eNN13Thizi5DvSoOns+yV7P0y8vp3vsB+BZ7xB6zpyxjr9ke+8T22ZxJ9oP9ZL/Zn2Qn2U3eJu/OR5PRcOchu1DJ578Yuc4a</latexit>

hb,�i �! ↵

<latexit sha1_base64="bbAZm7E5y5ugQG7IqdcVzmx0VBU="></latexit>

P (hwhile b do c,�i �! �)
M
= 8�2. hwhile b do c,�i �! �2 ) � = �2

<latexit sha1_base64="99AwkYdAu0elGTO6l5plnHgFxEc=">AAACx3icbZFNbxMxEIa9y0dD+ErKkYtFisQBRZsgUS5IFVzgVqSmrRRH0ax3smvFH4vtTYiWPfAzufJL8KarirbM6fU7M57x47SUwvkk+R3F9+4/eHjQe9R//OTps+eD4eG5M5XlOONGGnuZgkMpNM688BIvS4ugUokX6fpzm7/YoHXC6DO/K3GhINdiJTj4YC0HP5k2Qmeofb9mbkXPYI30iDmRK1hOj6ireEF9AT6YEnQukT IFvkhX9bYQEhtGU3ZtZSac+durdma7eml0bkVeeLDWbOn15c1yMErGyT7oXTHpxIh0cbocRu9YZnilwr5cgnPzSVL6RQ3WCx6W6bPKYQl8DTnOg9Sg0C3qPaaGvq4ceENLtFRIujfx344alHM7lYbK9j3udq41/5ebV371YVELXVYeNW8H+YBmP8hxKwJ/pJmw6D20myMVmnKw4D1aQYHzYFbhQ24MdF6B3dksPErjlhulQGc1y3CF35t6T9yirFlaCZkFRdkmYLCig27CVFp/bJqmHzBPbkO9K86n48n7cfJtOjr51AHvkZfkFXlDJuSYnJAv5JTMCCd/ol40jA7jr7GJN/GPq9I46npekBsR//oLDH7fLQ==</latexit>

Take �2 such that hwhile b do c,�i �! �2
<latexit sha1_base64="DW3cojqXAN6peI0ySzUHp0eM0mA=">AAACXXicbVBNbxMxEHW2LZTQj7QcOKBKFmmlnqLdHIBLpQouHItEmkpxFM16J8Gq7V3s2VSVtX+BX8MV/gcn/greNId+MJd5em9Gb+bllVae0vRPJ9nY3Hr2fPtF9+XO7t5+7+Dw0pe1kziSpS7dVQ4etbI4IkUaryqHYHKN4/z6U6uPl+i8Ku1Xuq1wamBh1VxJoEjNeqdB+DkfI78BS5xKXrlyifxYeLUwcHbXZsPjZtbrp4 N0VfwpyNagz9Z1MTvoHImilLVBS1KD95MsrWgawJGSGpuuqD1WIK9hgZMILRj007B6qeEntYf2GnRcab4i8f5GAOP9rcnjpAH65h9rLfk/bVLT/MM0KFvVhFa2RqQ0roy8dCpmhbxQDomgvRy5slyCAyJ0ioOUkaxjeF1h8UaWxoAtgihwjt+bIFo/hzqIvFa6iIiLZXzYKbCL6CJito6Hs6ZpujHQ7HF8T8HlcJC9G6Rfhv3zj+tot9kb9padsoy9Z+fsM7tgIybZD/aT/WK/O3+TrWQn2bsbTTrrnVfsQSWv/wF6GbcI</latexit>

We want to prove � = �2
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<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ="></latexit>

hb,�i �! ↵

<latexit sha1_base64="cfx4DmiaH9Fo+wv1eWjXIbkHcpc=">AAACv3icbZFNb9NAEIbX5qNt+ErhyGVFisQBRU6QKBekQi8ci0TaStkoGq8nzqr7YXbHjSLLPxR+DevUQrRlTu++M6OZeTavtAqUZb+S9MHDR4/39g8GT54+e/5iePjyPLjaS5xJp52/zCGgVhZnpEjjZeURTK7xIr867fIX1+iDcvYHbStcGCitWikJFK3lkIR1yhZoadCIsOKnzgZVoOe0Rl460PxIaLClRi4M0DpfNZu10t gKnou/VuHiW74XQZUGhO/rtbOlV+WawHu34TfZ5fSoXQ5H2TjbBb8vJr0YsT7OlofJB1E4WZu4p9QQwnySVbRowJOScZmBqANWIK+gxHmUFgyGRbPD0/K3dQByvIpXKc13Jv7b0YAJYWvyWNndE+7mOvN/uXlNq0+LRtmqJrSyG0QRzW5QkF5F7sgL5ZEIus2RK8sleCBCrzhIGc06fsStgYEM+K0v4lEWN9IZA7ZoRIEr/Nk2O+IedSPyWukiKi6uIwaveuguTuXN57ZtBxHz5C7U++J8Op58HGffp6OTrz3wffaavWHv2IQdsxP2jZ2xGZPsd8KSg2SQfknL1KbVTWma9D2v2K1It38AlC3cqQ==</latexit>

Consider the goal hwhile b do c,�i �! �2
<latexit sha1_base64="7zfMzCjzpPL59WKDmlRsfeeQL5U=">AAACXHicbZC7bhNBFIbHS4DgEHBAokFIIxwElbWbAmiQItNQBgknkTyWdXb2rBllLsvM2YA12kfgaWjhQWh4FsaLC0g41a//3L+y0SpQnv8cZDd2bt66vXtnuHd3/9790cGD0+BaL3EmnXb+vISAWlmckSKN541HMKXGs/Li7SZ/dok+KGc/0LrBhYGVVbWSQMlajp5HEWo+XfMKCb1RFuSau5ofCgP0MdRxil+a7rBbjsb5JO +DXxfFVozZNk6WB4MnonKyNWhJaghhXuQNLSJ4UlJjNxRtwAbkBaxwnqQFg2ER+486/qwNQI436LnSvDfx744IJoS1KVNlf+fV3Mb8X27eUv16EZVtWkIrN4tIaewXBelVQoW8Uh6JYHM5cmW5BA+U6CgOUiazTeyGwuJn6YwBW0VRYY2futgz86ijKFulq6S4uEwPewV2lbYIl+bz+KbrumECWlzFd12cHk2Kl5P8/dH4eLpFu8ses6fsBSvYK3bM3rETNmOSfWXf2Hf2Y/Ar28n2sv0/pdlg2/OQ/RPZo9+9Obc8</latexit>

By determinacy of Bexp
<latexit sha1_base64="mOluWpXiZxRJU9upjZ/CP3fN3/w="></latexit>

hence �2 = �
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

Inductive case
<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="eposdK99YrB9IZa0kOKMhBzuCbA=">AAACkHicbZFNbxMxEIad5auEr7QcuVhESBxQtAEEvSAKCAlxKhJpK8VRNOudbK36Y7FnWyJrfxG/hiPwZ/Cme6Atc3r9zljv+HFRaxUoz38NsmvXb9y8tXV7eOfuvfsPRts7B8E1XuJMOu38UQEBtbI4I0Uaj2qPYAqNh8XJh65/eIo+KGe/0rrGhYHKqpWSQMlajj4KDbbSyItnIqjKgPDnZ6Gdrbyqjgm8d2dcEH6nTV4sdI NtFAbouFhForZdjsb5JN8UvyqmvRizvvaX24MXonSyMWhJaghhPs1rWkTwpKTGdiiagDXIE6hwnqQFg2ERN/ktf9IEIMdr9FxpvjHx3xsRTAhrU6TJbslwudeZ/+vNG1rtLqKydUNoZRdEKrHogoL0KoFEXiqPRNBtjlxZLsEDEXrFQcpkNonshcBABvzal+lRFs+kMwZsGUWJK/zWY/SooygapcukuDhNGLzq/8GlVB7ftG07TJinl6FeFQfPJ9NXk/zLy/He+x74FnvEHrOnbMpesz32ie2zGZPsB/vJfrM/2U62m73N3p2PZoP+zkN2obLPfwFOJ842</latexit>

hb,�i �! tt
<latexit sha1_base64="/IpdY/geGn7dYPHv2DSOR8fERPo=">AAAC63iclVFNbxMxEPUu0Jbw0RSOXCwi1CJV0W6AwqVSBReOAZG2UhxFs97J1qo/tra3VbRa/gQ3xIELP4p/gzeJgDZcmNPze2O/8ZuslML5JPkZxbdu39nY3LrbuXf/wcPt7s6jY2cqy3HEjTT2NAOHUmgceeElnpYWQWUST7Lzd61+conWCaM/+XmJEwWFFjPBwQdq2v0+3GMSdCGR8n3mRKGA2eWZSaMLK4ozD9aaK7pUd3 efd1iOM7zosJmxIOVvYTrof/7fx6YD9nGdPfwjT7u9pJ8siq6DdAV6ZFXD6U70guWGVwq15xKcG6dJ6Sc1WC+4xKbDKocl8HMocBygBoVuUi+ibOizyoE3tERLhaQLEv++UYNybq6y0KnAn7mbWkv+SxtXfvZmUgtdVh41b428CLm0Ro5bEXaENBcWvYd2cqRCUw4WvEcrKHAeyCos7Zqh8wrs3ObhUxqvuFEKdF4v19PUrJ3CoqxZVgmZB0TZZYjBitVOTHCl9WHTNJ0Qc3oz1HVwPOinB/3kw8ve0dtV4FvkCXlK9khKXpMj8p4MyYjwaCPaj15FB7GKv8Rf42/L1jha3XlMrlX84xdDBeuS</latexit>

P (hc,�i �! �00)
M
= 8�00

2 . hc,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="daRol66oHG/ykT5q+xVFoxXlq94="></latexit>

P (hwhile b do c,�00i �! �0)
M
= 8�0

2. hwhile b do c,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="bIBrfU6ZWPuQSSUT5eV/wLiJF0w="></latexit>

P (hwhile b do c,�i �! �0)
M
= 8�2. hwhile b do c,�i �! �2 ) �0 = �2

<latexit sha1_base64="99AwkYdAu0elGTO6l5plnHgFxEc=">AAACx3icbZFNbxMxEIa9y0dD+ErKkYtFisQBRZsgUS5IFVzgVqSmrRRH0ax3smvFH4vtTYiWPfAzufJL8KarirbM6fU7M57x47SUwvkk+R3F9+4/eHjQe9R//OTps+eD4eG5M5XlOONGGnuZgkMpNM688BIvS4ugUokX6fpzm7/YoHXC6DO/K3GhINdiJTj4YC0HP5k2Qmeofb9mbkXPYI30iDmRK1hOj6ireEF9AT6YEnQukT IFvkhX9bYQEhtGU3ZtZSac+durdma7eml0bkVeeLDWbOn15c1yMErGyT7oXTHpxIh0cbocRu9YZnilwr5cgnPzSVL6RQ3WCx6W6bPKYQl8DTnOg9Sg0C3qPaaGvq4ceENLtFRIujfx344alHM7lYbK9j3udq41/5ebV371YVELXVYeNW8H+YBmP8hxKwJ/pJmw6D20myMVmnKw4D1aQYHzYFbhQ24MdF6B3dksPErjlhulQGc1y3CF35t6T9yirFlaCZkFRdkmYLCig27CVFp/bJqmHzBPbkO9K86n48n7cfJtOjr51AHvkZfkFXlDJuSYnJAv5JTMCCd/ol40jA7jr7GJN/GPq9I46npekBsR//oLDH7fLQ==</latexit>

Take �2 such that hwhile b do c,�i �! �2
<latexit sha1_base64="/TWmmfmf4vq2dSM8UQzxFWbSMds=">AAACXnicbVBNbxMxEHWWUkqgNIULUlXJIkXAJdrNAbhUquDCsZWaplIcRbPeSbBqexd7NlVl7W/g13CF38GNn4I3zaFfc5mn92b0Zl5eaeUpTf92kkcbjzefbD3tPnu+/WKnt/vyzJe1kziSpS7deQ4etbI4IkUazyuHYHKN4/zia6uPl+i8Ku0pXVU4NbCwaq4kUKRmvQ9B+DkfI78ES5xKXrlyifxAeLUw8O7wus+GB82s10 8H6ar4fZCtQZ+t63i229kXRSlrg5akBu8nWVrRNIAjJTU2XVF7rEBewAInEVow6Kdh9VPD39Ye2nPQcaX5isSbGwGM91cmj5MG6Lu/q7XkQ9qkpvnnaVC2qgmtbI1IaVwZeelUDAt5oRwSQXs5cmW5BAdE6BQHKSNZx/S6wuKlLI0BWwRR4Bx/NEG0fg51EHmtdBERF8v4sFNgF9FFxHAdD4dN03RjoNnd+O6Ds+Eg+zhIT4b9oy/raLfYHnvD3rOMfWJH7Bs7ZiMm2U/2i/1mfzr/ks1kO9m5Hk06651X7FYlr/8D8nm3OQ==</latexit>

We want to prove �0 = �2

(inductive hypotheses)
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<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

Inductive case (ctd)
<latexit sha1_base64="eposdK99YrB9IZa0kOKMhBzuCbA=">AAACkHicbZFNbxMxEIad5auEr7QcuVhESBxQtAEEvSAKCAlxKhJpK8VRNOudbK36Y7FnWyJrfxG/hiPwZ/Cme6Atc3r9zljv+HFRaxUoz38NsmvXb9y8tXV7eOfuvfsPRts7B8E1XuJMOu38UQEBtbI4I0Uaj2qPYAqNh8XJh65/eIo+KGe/0rrGhYHKqpWSQMlajj4KDbbSyItnIqjKgPDnZ6Gdrbyqjgm8d2dcEH6nTV4sdI NtFAbouFhForZdjsb5JN8UvyqmvRizvvaX24MXonSyMWhJaghhPs1rWkTwpKTGdiiagDXIE6hwnqQFg2ERN/ktf9IEIMdr9FxpvjHx3xsRTAhrU6TJbslwudeZ/+vNG1rtLqKydUNoZRdEKrHogoL0KoFEXiqPRNBtjlxZLsEDEXrFQcpkNonshcBABvzal+lRFs+kMwZsGUWJK/zWY/SooygapcukuDhNGLzq/8GlVB7ftG07TJinl6FeFQfPJ9NXk/zLy/He+x74FnvEHrOnbMpesz32ie2zGZPsB/vJfrM/2U62m73N3p2PZoP+zkN2obLPfwFOJ842</latexit>

hb,�i �! tt
<latexit sha1_base64="/IpdY/geGn7dYPHv2DSOR8fERPo=">AAAC63iclVFNbxMxEPUu0Jbw0RSOXCwi1CJV0W6AwqVSBReOAZG2UhxFs97J1qo/tra3VbRa/gQ3xIELP4p/gzeJgDZcmNPze2O/8ZuslML5JPkZxbdu39nY3LrbuXf/wcPt7s6jY2cqy3HEjTT2NAOHUmgceeElnpYWQWUST7Lzd61+conWCaM/+XmJEwWFFjPBwQdq2v0+3GMSdCGR8n3mRKGA2eWZSaMLK4ozD9aaK7pUd3 efd1iOM7zosJmxIOVvYTrof/7fx6YD9nGdPfwjT7u9pJ8siq6DdAV6ZFXD6U70guWGVwq15xKcG6dJ6Sc1WC+4xKbDKocl8HMocBygBoVuUi+ibOizyoE3tERLhaQLEv++UYNybq6y0KnAn7mbWkv+SxtXfvZmUgtdVh41b428CLm0Ro5bEXaENBcWvYd2cqRCUw4WvEcrKHAeyCos7Zqh8wrs3ObhUxqvuFEKdF4v19PUrJ3CoqxZVgmZB0TZZYjBitVOTHCl9WHTNJ0Qc3oz1HVwPOinB/3kw8ve0dtV4FvkCXlK9khKXpMj8p4MyYjwaCPaj15FB7GKv8Rf42/L1jha3XlMrlX84xdDBeuS</latexit>

P (hc,�i �! �00)
M
= 8�00

2 . hc,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="daRol66oHG/ykT5q+xVFoxXlq94="></latexit>

P (hwhile b do c,�00i �! �0)
M
= 8�0

2. hwhile b do c,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="cfx4DmiaH9Fo+wv1eWjXIbkHcpc=">AAACv3icbZFNb9NAEIbX5qNt+ErhyGVFisQBRU6QKBekQi8ci0TaStkoGq8nzqr7YXbHjSLLPxR+DevUQrRlTu++M6OZeTavtAqUZb+S9MHDR4/39g8GT54+e/5iePjyPLjaS5xJp52/zCGgVhZnpEjjZeURTK7xIr867fIX1+iDcvYHbStcGCitWikJFK3lkIR1yhZoadCIsOKnzgZVoOe0Rl460PxIaLClRi4M0DpfNZu10t gKnou/VuHiW74XQZUGhO/rtbOlV+WawHu34TfZ5fSoXQ5H2TjbBb8vJr0YsT7OlofJB1E4WZu4p9QQwnySVbRowJOScZmBqANWIK+gxHmUFgyGRbPD0/K3dQByvIpXKc13Jv7b0YAJYWvyWNndE+7mOvN/uXlNq0+LRtmqJrSyG0QRzW5QkF5F7sgL5ZEIus2RK8sleCBCrzhIGc06fsStgYEM+K0v4lEWN9IZA7ZoRIEr/Nk2O+IedSPyWukiKi6uIwaveuguTuXN57ZtBxHz5C7U++J8Op58HGffp6OTrz3wffaavWHv2IQdsxP2jZ2xGZPsd8KSg2SQfknL1KbVTWma9D2v2K1It38AlC3cqQ==</latexit>

Consider the goal hwhile b do c,�i �! �2
<latexit sha1_base64="7zfMzCjzpPL59WKDmlRsfeeQL5U=">AAACXHicbZC7bhNBFIbHS4DgEHBAokFIIxwElbWbAmiQItNQBgknkTyWdXb2rBllLsvM2YA12kfgaWjhQWh4FsaLC0g41a//3L+y0SpQnv8cZDd2bt66vXtnuHd3/9790cGD0+BaL3EmnXb+vISAWlmckSKN541HMKXGs/Li7SZ/dok+KGc/0LrBhYGVVbWSQMlajp5HEWo+XfMKCb1RFuSau5ofCgP0MdRxil+a7rBbjsb5JO +DXxfFVozZNk6WB4MnonKyNWhJaghhXuQNLSJ4UlJjNxRtwAbkBaxwnqQFg2ER+486/qwNQI436LnSvDfx744IJoS1KVNlf+fV3Mb8X27eUv16EZVtWkIrN4tIaewXBelVQoW8Uh6JYHM5cmW5BA+U6CgOUiazTeyGwuJn6YwBW0VRYY2futgz86ijKFulq6S4uEwPewV2lbYIl+bz+KbrumECWlzFd12cHk2Kl5P8/dH4eLpFu8ses6fsBSvYK3bM3rETNmOSfWXf2Hf2Y/Ar28n2sv0/pdlg2/OQ/RPZo9+9Obc8</latexit>

By determinacy of Bexp

<latexit sha1_base64="beRPqFlIgNkIZj1bMHFRscVxUtE=">AAADAXichVHLbhMxFPUMrxIeTWEJC4sUwQJFkyABm0pV2SDBokikrRRH0R3PzcSqH4PtaRSNZsXXsEMs2PAl/A2eyfBoi8RdHZ/jc699blpI4XyS/IjiK1evXb+xdbN36/adu9v9nXtHzpSW44QbaexJCg6l0Djxwks8KSyCSiUep6evG/34DK0TRn/w6wJnCnItFoKDD9S8/61ibkGXqDnSXeZErmA+3tuAJ/PxLl0JvwyKBJ 1LpPzZRmJ2c2bS6NyKfOnBWrOinbF1gs7+GJkCv0wX1WopJNaMpuw3lZlw/tW4sf6neehdz/uDZJi0RS+DUQcGpKvD+U70nGWGlwq15xKcm46Sws8qsF7w8KIeKx0WwE8hx2mAGhS6WdUGXNPHpQNvaIGWCklbEv92VKCcW6s03Gw+5S5qDfkvbVr6xatZJXRR+rCCZpAP+bSDHLcibA5pJix6D83LkQpNOVjwHq2gwHkgy7DKcwOdV2DXNguf0rjiRqmwiopluMCPddXGblFWLC2FzAKi7CzEYEWXuglTabVX13UvxDy6GOplcDQejl4Mk/fjwf5BF/gWeUAekadkRF6SffKGHJIJ4dHD6CB6G72LP8Wf4y/x183VOOo898m5ir//BCFS9Cc=</latexit>

hence �2 = �0
2 with hc,�i �! �00

2 and hwhile b do c,�00
2 i �! �0

2
<latexit sha1_base64="eYnX8/X9ispDEFflFpYnjB4tKSM=">AAACsHicbVFdb9MwFHXCx0b4auERIVm0aEOaqqQPwMukabzwWCS6Vaqr6Ma5Tc0cO9hOqyrKD+WRf4LTdhJs3Kdzz7lfPs4qKayL419B+ODho8dHx0+ip8+ev3jZ67+6sro2HKdcS21mGViUQuHUCSdxVhmEMpN4nd186fTrNRortPruthUuSiiUWAoOzlNpr2FKC5WjclHD7JJebqlPa+7EGulqW2m3QissHU5OmQRVSKT8jF lRlMDMLmdSq8KIYuXAGL2he/Hk5MPwjG78DPCDhrfk+S1Ix8M27Q3iUbwLeh8kBzAgh5ik/eAtyzWvS38ul2DtPIkrt2jAOMElthGrLVbAb6DAuYcKSrSLZudSS9/XFpymFRoqJN2R+HdHA6W12zLzlSW4lb2rdeT/tHntlp8XjVBV7VDxbpET3qdukeXGG2mQ5sKgc9Bdjt5hysGAc2gEBc49Wfv/iJjCDddlCSpvWI5L/Nk2rNtnUDYsq4XMPaJs7R9sxP43mPbzaXPetm3kDU3u2ncfXI1HycdR/G08uLg8WHtM3pB35JQk5BO5IF/JhEwJJ7+Do6AX9MNxOAvTEPalYXDoeU3+ifDHH0FT08E=</latexit>

By inductive hypothesis P (hc,�i �! �00), we have �00 = �00
2

<latexit sha1_base64="3GQcX5S8WkmhXLWcGGDvI7RLMJ0=">AAACq3icbZBNbxMxEIad5auEj6Zw5GKRonKAaDdIwAWpggvHIkhbEUdh1jvZWPXHYnsbRdb+Pf4D/4ErnPEuK0Rb5vT6HY/emSevpHA+Tb8PkmvXb9y8tXN7eOfuvfu7o70Hx87UluOMG2nsaQ4OpdA488JLPK0sgsolnuRn79r+yTlaJ4z+5LcVLhSUWqwEBx+t5ehLYG5F/bp2dJ9J0KVEyhT4db4Km7WQ2DCas79WYeKbP2 NOlAoODpjtJ6TRpRXl2oO1ZkP7/nK63yxH43SSdkWviqwXY9LX0XJv8IIVhtcKtecSnJtnaeUXAawXPO4zZLXDCvgZlDiPUoNCtwgdioY+qR14Qyu0VEjamfjvRADl3Fbl8Wd7krvca83/9ea1X71eBKGr2qPmbZCPdLogx62IjJEWwqL30G6OVGjKwYL3aAUFzqNZR+gXAp1XYLe2iEdp3HCjFOgisAJX+LUJHXSLMrC8FrKIirLziMGKnrqJqTS8aZpmGDFnl6FeFcfTSfZykn6Yjg/f9sB3yCPymDwlGXlFDsl7ckRmhJNv5Af5SX4lz5OPyeeE/fmaDPqZh+RCJfgbBITW9w==</latexit>

thus hwhile b do c,�00i �! �0
2

<latexit sha1_base64="89qtPUQcvN+c7ip9P+FGx96FsZk=">AAACv3icbZFNb9NAEIbX5qsNH03hyGVFilokFNlFAi5IpVw4Bom0lbJRtF5PnFX3w+yOE1mWfyj8GtbGQrRlTu++M6OZeTYrlfSYJD+j+N79Bw8f7e2PHj95+uxgfPj8wtvKCZgLq6y7yrgHJQ3MUaKCq9IB15mCy+z6S5e/3ILz0prvWJew1Lwwci0Fx2Ctxtgwv6bnNZUmrwTKLdBNXVrcgJeeHs1OmOKmUECZ5rjJ1s1uIx W0jGbsr5Xb8BZvmZeF5sfHzA0dyprCyWKD3Dm7o0P+zVG7Gk+SadIHvSvSQUzIELPVYfSO5VZUGgwKxb1fpEmJy4Y7lCKsM2KVh5KLa17AIkjDNfhl0+Np6evKc7S0BEelor0J/3Y0XHtf6yxUdhf527nO/F9uUeH647KRpqwQjOgGYYDTD/LCBZYOaC4dIPJucwiQqeCOI4KTlAsRzCp8xI2BHjV3tcvDUQZ2wmrNTd6wHNbwo2165g5Uw7JKqjwoyrYBg5MDdBum0uZT27ajgDm9DfWuuDidpu+nybfTydn5AHyPvCSvyAlJyQdyRr6SGZkTQX5FJNqPRvHnuIhNXP4pjaOh5wW5EXH9G5Tl3CQ=</latexit>

By inductive hypothesis P (hwhile b do c,�00i �! �0)
<latexit sha1_base64="ef7Gzh60J0lopV8ppOw39oe3604=">AAACenicbVDLbhNBEBwvr2BeDhy5jOIgQEhm10SBS6QILhyDhJNIHmvVO9s2o8xjmUcia7SfwddwhY/gXzgwa/ZAEvrSpapuVXdVjRTO5/mvQXbj5q3bd7buDu/df/Dw0Wj78bEzwXKccSONPa3AoRQaZ154iaeNRVCVxJPq7EOnn5yjdcLoz37d4ELBSoul4OATVY5eR+aWdHiBlBvNZaiR7jInVgqeH/S9nPaonO625WicT/ JN0eug6MGY9HVUbg/esNrwoFB7LsG5eZE3fhHBesEltkMWHDbAz2CF8wQ1KHSLuPmspc+CA29og5YKSTck/rsRQTm3VlWaVOC/uKtaR/5Pmwe/fLeIQjfBo+adkRcSN0aOW5EiQ1oLi95DdzlSoSkHC96jFRQ4T2RIGV4ydF6BXds6PaXxghulQNeR1bjEr21k3RUWZWRVELJOiLLzFIMVoFfJm5nkSuNB27bDFHNxNdTr4Hg6KfYn+afp+PB9H/gWeUp2yAtSkLfkkHwkR2RGOPlGvpMf5Ofgd7aTvcxe/R3NBv3OE3Kpsr0/BUXCtg==</latexit>

we conclude �0 = �0
2 = �2

<latexit sha1_base64="dw/bIM1Bl05BISXT5PJjpvFWBUE=">AAACSHicbVDLbhNBEJw1jwTzcsgRIY2wkDhZuzkELpEiuHAMEk4ieSyrd7btjDKPZaYnyBrtt3CFX+EP+AtuiBuzxgdI6FOpqruru+pWq0Bl+b0Y3Lp95+7O7r3h/QcPHz0e7T05DS56iVPptPPnNQTUyuKUFGk8bz2CqTWe1Zdve/3sCn1Qzn6gdYtzAyurlkoCZWox2k8iLLmzes3pArmPGrvFaFxOyk3xm6DagjHb1slir3 gmGiejQUtSQwizqmxpnsCTknnhUMSALchLWOEsQwsGwzxtru/4ixiAHG/Rc6X5hsS/JxKYENamzp0G6CJc13ryf9os0vL1PCnbRkIreyNSGjdGQXqVY0HeKI9E0F+OXFkuwQMResVBykzGnNNQWPwknTFgmyQaXOLHLonez6NOoo5KNxlxcZUf9grsKrsIl/fzdNR13TAHWl2P7yY4PZhUh5Py/cH4+M022l32lD1nL1nFXrFj9o6dsCmTbM0+sy/sa/Gt+FH8LH79aR0U25l99k8NBr8BUkayOQ==</latexit>

only the rule
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Determinacy of commands

<latexit sha1_base64="NBFPQGWCaYqFT9NifQWPchpKkI8=">AAAC5XiclVHLbtNAFB2bVwmPprBkMyICFQkFO1TAplIFG5YBkbZSJoquxzfuqPNwZ8atIsv8ATvEgg3fxd8wTlyJNmy4qzPn3Necm5VSOJ8kv6P4xs1bt+9s3e3du//g4XZ/59GhM5XlOOFGGnucgUMpNE688BKPS4ugMolH2emHVj86R+uE0V/8ssSZgkKLheDgAzXv/xzvMgm6kEj5S+ZEoYDZ9ZtJowsrihMP1poLulbn6QuW4wLPKFsYC1Je8qPhV/qfrUbs82b7/Utx3h8kw2QVdBOkHRiQLsbzneg1yw2vFGrPJTg3TZPSz2qwXnCJTY9VDkvgp1DgNEANCt2sXpnY0GeVA29oiZYKSVck/l1Rg3JuqbK QqcCfuOtaS/5Lm1Z+8W5WC11WHjVvB3kRPGkHOW5FuA7SXFj0HtrNkQpNOVjwHq2gwHkgq3CuKwOdV2CXNg+f0njBjVKg83p9maZm7RYWZc2ySsg8IMrOgw1WdPcwYSqt95um6QWb0+umboLD0TB9M0w+7Q0O3neGb5En5CnZJSl5Sw7IRzImE8IjEj2PXkVJXMTf4u/xj3VqHHU1j8mViH/9AfwK6xw=</latexit>

P (hc,�i �! �1)
M
= 8�2. hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="wsXjsF+xfwGirl50YO1os4PElxY="></latexit>

8c,�,�1. P (hc,�i �! �1) ?



Structural induction, rule induction
and divergence
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

Extend the syntax of arithmetic expressions with the 
operator  whose big-step operational semantics 
is defined by the rule:

a0 ⊓ a1

Exercise: a0 ⊓ a1
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

<latexit sha1_base64="QCA0bxH8xBoElPDfAYRWHObUdnc="></latexit>

h1 u 2,�i 6�!

Exercise: a0 ⊓ a1
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<latexit sha1_base64="hdqXw6Wi0VefjUNjvtuVNqq0pUQ="></latexit>

Take generic �,m,m0 such that
<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="6zUC9GiLefXeuBK8CxS1dxVo2Nk=">AAADVHicpVJNb9NAEF0nlIYApYUjlxURokhVZEMFXCpVcOEYEGkrZaNovJ64q+6H2V03RJb5F1zhXyHxXziwTnygbSQOzOnpzcebfTtpIYXzcfwr6nRvbd3e7t3p3713f+fB7t7DE2dKy3HMjTT2LAWHUmgce+ElnhUWQaUST9OLd03+9BKtE0Z/8ssCpwpyLeaCgw/UbC/qjfZhJp6zDOf4mbK5sSAlZU7kCg6Yxy9+JVKlss S6UjNRb2CfBXr4lUnQuUQa5h2sBzC7Zpg0OrciP/dgrVnQjXPZArMc/2dIswZlH/+hc7S5cbY7iIfxKuhNkLRgQNoYBe9esszwUqH2XIJzkyQu/LQC6wWXWPdZ6bAAfgE5TgLUoNBNq5VwTZ+WDryhBVoqJF2R+HdHBcq5pUpDpQJ/7q7nGnJTblL6+ZtpJXRRetS8EfIiuNcIOW5FOAakmbDoPTSbIxWacrDgPVpBgfNAluE6rgg6r8AubRYepXHBjVKgs2p9NHXFmi0syoqlpZBZQJRdBhusaH/OBFVaHdV13Q82J9dNvQlOXgyTV8P4w+Hg+G1reI88Jk/IPknIa3JM3pMRGRMemehb9D360fnZ+d3tdrfWpZ2o7XlErkR35w9wmBs2</latexit>

P (ai)
M
= 8�,mi,m

0
i. hai,�i �! mi ^ hai,�i �! m0

i ) mi = m0
i

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

<latexit sha1_base64="3zDH6rqMjo/j0JOndVzsOgykT4E="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 u a1)

<latexit sha1_base64="0zjKyN4dMj7TpuLH0D4pyAK0Y6o="></latexit>

P (a0 u a1)
M
= 8�,m,m0. ha0 u a1,�i �! m ^ ha0 u a1,�i �! m0 ) m = m0

<latexit sha1_base64="qd1m3fYLTFdL0BXljfbvOREq/LU="></latexit>

ha0 u a1,�i �! m and ha0 u a1,�i �! m0

by structural induction

Exercise: a0 ⊓ a1
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

<latexit sha1_base64="k/JTuPOZzv1xXv2Js85nT4qyxb8=">AAACS3icbVBNbxMxEPUGCiV8pSBxQUgWERIHFO32AFyQKrhwLIK0leIomvVOwqi2d7FniyKzf4Yr/BV+AL+DG+KAN+QALe/09N6Mn+eVjaHAef49G1y6vHPl6u614fUbN2/dHu3dOQp16zVOdW1qf1JCQEMOp0xs8KTxCLY0eFyevur94zP0gWr3jtcNzi2sHC1JAydpMboXVVjKt2TJgDfrJzKQ09gtRuN8km8gL5JiS8Zii8 PFXvZAVbVuLTrWBkKYFXnD8wieSRvshqoN2IA+hRXOEnVgMczj5oBOPmoDcC0b9JKM3Ij490YEG8LalmnSAr8P571e/J83a3n5fB7JNS2j030Qk8FNUNCeUjMoK/LIDP3PUZKTGjwwoycJWiexTVUNlcOPurYWXBVVhUv80EXV53k0UZUtmSoxqc7SwZ7ArVKKqtP7Mr7oum6YCi3O13eRHO1PiqeT/M3++ODlttpdcV88FI9FIZ6JA/FaHIqp0OKT+Cy+iK/Zt+xH9jP79Wd0kG137op/MNj5DdaRs3A=</latexit>

Similarly, since

<latexit sha1_base64="Ea3lK+5fV1tpPh8r/3RSukNTRn4="></latexit>

ha0 u a1,�i �! m

<latexit sha1_base64="a+CBJ0K+1TBf5OnJT5ty08N6Ehc="></latexit>

ha0,�i �! n ha1,�i �! n

ha0 u a1,�i �! n

<latexit sha1_base64="fx5CZJxSgqjiq4Unvtn/ZH9GnNo=">AAAC2nicnZE9bxQxEIa9y1c4vi5QprG4i0SBTrtBAhqkCBrKIHFJpPPpNOud21ixvYs9m3CytqFDFDT8OX4IPd7LFfmgYqpX74z9jh8XjVaesux3kt66fefuva37gwcPHz1+Mtx+eujr1kmcylrX7rgAj1pZnJIijceNQzCFxqPi9EPfPzpD51VtP9OqwbmByqqlkkDRWgx/BuGX/AStRD4WGmylkcMieym8qgwId+EIXdvKqe qEwLn6nAvCr7ROD4VusQumG3Ow5eU78v+4o1sMR9kkWxe/KfKNGLFNHSy2k1eirGVr0JLU4P0szxqaB3CkpMZuIFqPDchTqHAWpQWDfh7WuR3fbT1QzRt0XGm+NvHyiQDG+5Up4qQBOvHXe735r96speXbeVC2aSmy7YNIRQZ9kJdOxS9BXiqHRNBvjlxZLsEBETrFQcpotvGPrgR6MuBWroyPsngua2Mi8iBKXOKXLoh+C4c6iKJVuoyKi7OIwakN/zqm8vCu67pBxJxfh3pTHO5N8teT7NPeaP/9BvgW22HP2QuWszdsn31kB2zKJPuT7CTjZDcV6bf0e/rjYjRNNmeesSuV/voLOojpAw==</latexit>

hence ha0,�i �! m and ha1,�i �! m

<latexit sha1_base64="7F5IA9xVyWDazZMZK769pJv/wrQ="></latexit>

ha0 u a1,�i �! m0

<latexit sha1_base64="1i5rISl/ZZQJ8g65iXx3poGr0G0=">AAAC4XicnVE7bxNBEN47XsG8HChpVnEQSETWXZCABimChjJIOInktay5vfFlld29Y3cuwVrdD6BDFDT8Mv4LBXuOizyomOrTN49v5pui0cpTlv1O0hs3b92+s3F3cO/+g4ePhpuPD3zdOokTWevaHRXgUSuLE1Kk8ahxCKbQeFicfOjzh6fovKrtZ1o2ODNQWbVQEihS8+HPIPyCK+Km9cQL5NtCg600cphnO8KryoBw54zQta 2cqo4JnKvPuCD8SqsVQqFb7IJ53m1zsOXFIfn/DOnmw1E2zlbBr4N8DUZsHfvzzeSVKGvZGrQkNXg/zbOGZgEcKamxG4jWYwPyBCqcRmjBoJ+FlXDHn7UeqOYNOq40X5F4sSOA8X5pilhpgI791VxP/is3bWnxdhaUbVpCK3shUtGEXshLp+JnkJfKIRH0myNXlktwQIROcZAykm181SVBTwbc0pXxKItnsjYmeh5EiQv80gXRb+FQB1G0SpcRcXEabXBq/YA6qvLwruu6QbQ5v2rqdXCwO85fj7NPu6O992vDN9hTtsVesJy9YXvsI9tnEybZn2QreZnspDL9ln5Pf5yXpsm65wm7FOmvv1iv60E=</latexit>

it must be ha0,�i �! m0 and ha1,�i �! m0

<latexit sha1_base64="ltbK4ydf9OewEcNKWbp5S6nVi5k=">AAAClHicbVBNbxMxEHWWrxK+UpC4ICSLFMEBRbs9AAcqVa2QOKEikbZSHEVe7ySx6rUXe5wSWf55/Ah+A1e4411ygIY5Pb83M2/8ykZJh3n+vZddu37j5q2d2/07d+/dfzDYfXjqjLcCxsIoY89L7kBJDWOUqOC8scDrUsFZeXHc6mcrsE4a/RnXDUxrvtByLgXHRM0GM6aN1BVo7Afm5vRoTdPTC5QroMt1Y3AJDtwreglUGC 2Ur4DuMYSv2JmHUnmIoY4H29yLuBdng2E+yrui26DYgCHZ1Mlst/eUVUb4Op0kFHduUuQNTgO3KIWC2GfeQcPFBV/AJEHNa3DT0BlH+tw7joY2YKlUtCPh74nAa+fWdZk6a45Ld1Vryf9pE4/zt9MgdeMRtGiNUCrojJywKSwLtJIWEHl7OaQUqeCWI4KVlAuRSJ8y7zMNl8LUNddVYBXM4UsMrPWzoAIrvVRVQpSt0oet5HqRXJhJ+2k4iDH2U6DF1fi2wen+qHg9yj/tDw+PNtHukCfkGXlJCvKGHJIP5ISMiSDfyA/yk/zKHmfvsuPs/Z/WrLeZeUT+qezjb1suzvw=</latexit>

By inductive hypotheses, we conclude m = m0

Exercise: a0 ⊓ a1
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

by rule induction
<latexit sha1_base64="a+CBJ0K+1TBf5OnJT5ty08N6Ehc="></latexit>

ha0,�i �! n ha1,�i �! n

ha0 u a1,�i �! n

<latexit sha1_base64="sjuNtwLisX8BHSY8CmeuBb1tza4=">AAADI3icpVFNb9NAEF2bj5bwlcKRy4oItUgosksFXIoquHAMiLSVslE0Xk/cVffD7K5bIsv8G34NN8QBDvwX1okPtI24MKenNzN6M+9lpRTOJ8mvKL52/cbNjc1bvdt37t673996cOhMZTmOuZHGHmfgUAqNYy+8xOPSIqhM4lF2+rbtH52hdcLoj35R4lRBocVccPCBmvV/jnaYBF1IpDATz5gThQJmVwyTRhdWFCcerDXnlH n87JeadSYrbGrdPGU5zvETZXNjQco1I9vN8Av9H43thn345w3763Zm/UEyTJZFr4K0AwPS1Wi2FT1nueGVQu25BOcmaVL6aQ3WCy6x6bHKYQn8FAqcBKhBoZvWS9mGPqkceENLtFRIuiTx740alHMLlYVJBf7EXe615LrepPLzV9Na6LLyqHkr5EWwrRVy3IqQLdJcWPQe2suRCk05WPAeraDAeSCrEPYFQecV2IXNw1Maz7lRCnRer6JsatZeYVHWLKuEzAOi7CzYYEUXmQmqtN5vmqYXbE4vm3oVHO4O0xfD5P3e4OBNZ/gmeUQekx2SkpfkgLwjIzImPHod5ZGKdPw1/hZ/j3+sRuOo23lILlT8+w+m6AoC</latexit>

P (hai,�i �! n)
M
= 8n0. hai,�i �! n0 ) n = n0

<latexit sha1_base64="/EaXX2aG8bTDSGt4V33guLlNaOo=">AAADN3icrVJNbxMxEPUuX234SuHIxSJCLRKKdgsCLpUquHAMFWkrxVE0651srfpja3vbRqtFgn/FT+HEreLAhX+AN8mBthEn5vT03oze+I2zUgrnk+R7FN+4eev2nbX1zt179x887G482nemshyH3EhjDzNwKIXGoRde4mFpEVQm8SA7ft/qB6donTD6k5+VOFZQaDEVHHygJt1fgy0mQRcSKUwS5k44lAGlL5gThQJmFxqTRh dWFEcerDVnlHk893P3OpMVNrVunrMcp3hC2dRYkHJFy2bT/0z/j9tmw/b+uc3OqplJt5f0k3nR6yBdgh5Z1mCyEb1kueGVQu25BOdGaVL6cQ3WCy6x6bDKYQn8GAocBahBoRvXc9uGPqsceENLtFRIOifx74kalHMzlYVOBf7IXdVacpU2qvz07bgWuqw8at4aeRFia40ctyLcG2kuLHoP7eZIhaYcLHiPVlDgPJBV+ACXDJ1XYGc2D4/SeMaNUqDzenHUpmbtFhZlzbJKyDwgyk5DDFYsT2aCK613mqbphJjTq6FeB/vb/fR1P/n4qrf7bhn4GnlCnpItkpI3ZJd8IAMyJDzai86jL9HX+Fv8I76Ify5a42g585hcqvj3H0+cEWI=</latexit>

P (ha0 u a1,�i �! n)
M
= 8n0. ha0 u a1,�i �! n0 ) n = n0

<latexit sha1_base64="s/YG+RF+H0zDGRzCUbpZax9Pv+k=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UWLhyLRJpKcRS99b4Eq17vYr9NqSz/nv4arlT9JxzxLjlAw5xGM+95nievtXKUpje95M7de/cfbD3sP3r85On2YOfZqasaK3EsK13ZsxwcamVwTIo0ntUWocw1TvLzj60/WaF1qjJf6LLGWQlLoxZKAkVpPjj2wi34BPkFGOJU8dpWK+S7gvA7dc/7XDcYvAmHm9p+2A 3zwTAdpR34JsnWZMjWOJnv9F6KopJNiYakBuemWVrTzIMlJTWGvmgc1iDPYYnTSA2U6Ga+Cw58r3HQnomWK807Ef/e8FA6d1nmcbIE+upue634P2/a0OL9zCtTN4RGtkGkNHZBTloVS0ReKItE0F6OXBkuwQIRWsVByig2sdW+MHghq7IEU3hR4AK/BS/aPIvai7xRuoiMi1X8sFVgljFFxNIt94chhH4sNLtd3yY5PRhlb0fp54Ph0Yd1tVvsBXvN3rCMvWNH7BM7YWMm2RX7wX6y696v5FWyl+z/GU16653n7B8k6W+dv8NK</latexit>

We want to prove n = n0

<latexit sha1_base64="mxXYKxbtbcHkmJPSG3ehRvG9Bl4=">AAACwXicbVFNbxMxEPUuXyUtkMKRi0WK4ICi3SIBF6SKXjgWqWkrxVE0651srNrerT2bEln7Q5H4MXjTHOjHnJ7em5k3fi4arTxl2Z8kffT4ydNnO88Hu3svXr4a7r8+83XrJE5krWt3UYBHrSxOSJHGi8YhmELjeXF53OvnK3Re1faU1g3ODFRWLZQEitR8uArCL/gpXCI/EIS/abMyFLrFLtgP3QH3rVxyWgLFBg220shhng l/JaGJKP8kvKoMCHejCV3byqlqSeBcfc0fXNrNh6NsnG2K3wf5FozYtk7m+8lnUdayNWhJavB+mmcNzQI4UlJjNxCtxwbkJVQ4jdCCQT8LG+OOv289UM0bdFxpviHx/4kAxvu1KWKnAVr6u1pPPqRNW1p8mwVlm5bQyt6IVAyhN/LSqZg88lI5JIL+cuTKcgkOiNApDlJGso1fccvQkwG3dmV8lMVrWRsDtgyixAVedUH0VzjUQRSt0mVEXKxiDE5tP6COrjx877puEGPO74Z6H5wdjvMv4+zX4ejoxzbwHfaWvWMfWc6+siP2k52wCZPsb5Imu8leepyqtEndTWuabGfesFuVhn8rTN3O</latexit>

Take n0 such that ha0 u a1,�i �! n0

Exercise: a0 ⊓ a1
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

<latexit sha1_base64="+LfIfdqZJziJB0I2Yj+BnDe8Rak="></latexit>

P (ha0,�i �! n)
M
= 8n0. ha0,�i �! n0 ) n = n0

<latexit sha1_base64="G6+dcpXZydX99wsJ+qDROvv13BM="></latexit>

P (ha1,�i �! n)
M
= 8n0. ha1,�i �! n0 ) n = n0

<latexit sha1_base64="wto+SaRwY0n/SyoDxqH/M7e9u34="></latexit>

ha0 u a1,�i �! n0

<latexit sha1_base64="a+CBJ0K+1TBf5OnJT5ty08N6Ehc="></latexit>

ha0,�i �! n ha1,�i �! n

ha0 u a1,�i �! n
<latexit sha1_base64="lBNOaHmsHqJ8C3d6k5pmfVsHs9U="></latexit>

hence ha0,�i �! n0 and ha1,�i �! n0

<latexit sha1_base64="8JPAM2FJkebVmg7VAb7Cb2aZNH4=">AAAClHicbVBNbxMxEHWWrxK+UpC4ICSLFMEBRbs9AAcqVa2QOKEikbZSHEVe7ySx6rUXe5wSWf55/Ah+A1e4411ygIY5Pb83M2/8ykZJh3n+vZddu37j5q2d2/07d+/dfzDYfXjqjLcCxsIoY89L7kBJDWOUqOC8scDrUsFZeXHc6mcrsE4a/RnXDUxrvtByLgXHRM0GM6aN1BVo7Afm5vRoTdPTC5QroMt1Y3AJDtwreglUGC 2Ur4DuMYSv2JmHUnmIQceDbe5F3IuzwTAf5V3RbVBswJBs6mS223vKKiN8nU4Sijs3KfIGp4FblEJB7DPvoOHigi9gkqDmNbhp6Iwjfe4dR0MbsFQq2pHw90TgtXPrukydNcelu6q15P+0icf522mQuvEIWrRGKBV0Rk7YFJYFWkkLiLy9HFKKVHDLEcFKyoVIpE+Z95mGS2HqmusqsArm8CUG1vpZUIGVXqoqIcpW6cNWcr1ILsyk/TQcxBj7KdDianzb4HR/VLwe5Z/2h4dHm2h3yBPyjLwkBXlDDskHckLGRJBv5Af5SX5lj7N32XH2/k9r1tvMPCL/VPbxN17qzv4=</latexit>

By inductive hypotheses, we conclude n = n0

Exercise: a0 ⊓ a1
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

Exercise: a0 ⊔ a1
Extend the syntax of arithmetic expressions with the 
operator  whose big-step operational semantics 
is defined by the rule:

a0 ⊔ a1
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="c0YK0LxS6xS5iN91P+sldrFc5Ic="></latexit>

P (a1)
M
= 8�. 9m1. ha1,�i �! m1

<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1

by structural induction

<latexit sha1_base64="n15D0P+3FGW0Nsr7jmQLcJC4dlk="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 t a1)

<latexit sha1_base64="tE/uYZ++bd/7QoLGTRVJdx/DMP0=">AAAC73icbVHLbhNBEJxdXsE84sCRywgHKUjI2g0SLwkpggtHI+E4kseyemfbm1HmsZ6ZtWOtlt/ghjhw4ZP4G2ZtH3CSPpWquqd7qrJSCueT5G8U37p95+69vfudBw8fPd7vHjw5daayHIfcSGPPMnAohcahF17iWWkRVCZxlF18bvXRAq0TRn/zqxInCgotZoKDD9S0+7tmbkZHSJegPfWGltYskB4OjmCaMDfnVUlhmr5kOc 5wTtnMWJCSMicKBf3vDC/DjY4yj5d+fU2dyQqbWjVBlKALiXTnpVebUWY3GpNGF1YU5x6sNcubHjpspt1e0k/WRa+DdAt6ZFuD6UH0muWGVwq15xKcG6dJ6Sc1WC+4xKbDKocl8AsocBygBoVuUq/3NvRF5aB1Ai0Vkq5J/H+iBuXcSmWhU4E/d1e1lrxJG1d+9m5SC11WHjVvF3kRPGgXOW5FyAlpLix6D+3lSIWmHCx4j1ZQ4DyQVQhuZ6HzCuzK5uFTGpfcKAU6rzd5NTVrr7Aoa5ZVQuYBUbYINlix9T+kbWn9sWmaTrA5vWrqdXB63E/f9JOvx72TT1vD98gz8pwckZS8JSfkCxmQIeFRJ0qi99GHeB7/iH/GvzatcbSdeUp2Kv7zD42v8Ds=</latexit>

We want to prove P (a0 t a1)
M
= 8�. 9m. ha0 t a1,�i �! m

Exercise: a0 ⊔ a1
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<latexit sha1_base64="lqS4Hk0rzNN7SvDY3rYe2ZLLzas="></latexit>

are applicable
<latexit sha1_base64="Hmnvmn8xH2mStAOAKFUmPkikRXw=">AAACR3icbVDLThsxFPWkD2j6CnSJkCyiSl1FMyxoN0ioVSWWVCKAFEfRHc9NsLA9U/uaFlnzK922v9JP4Cu6q7qsJ82CAmd1dM69PtenbLTylOfXWe/Bw0eP19af9J8+e/7i5WBj88TXwUkcy1rX7qwEj1pZHJMijWeNQzClxtPy4kPnn16i86q2x3TV4NTAwqq5kkBJmg02o/Bz/lHROTrugkbfzgbDfJQvwe+SYkWGbIWj2U a2LapaBoOWpAbvJ0Xe0DSCIyU1tn0RPDYgL2CBk0QtGPTTuDy+5a+DB6p5k/KV5ksRb25EMN5fmTJNGqBzf9vrxPu8SaD5u2lUtgmEVnZBpDQug7x0KrWCvFIOiaC7HLmyXIIDInSKg5RJDKmmvrD4RdbGgK2iqHCOn9soujyHOooyKF0lxsVl+rBTYBcpRdTpfR7327btp0KL2/XdJSe7o2JvlH/aHR68X1W7zrbYDnvDCvaWHbBDdsTGTLKv7Bv7zn5kP7Nf2e/sz7/RXrbaecX+Qy/7C5YnseA=</latexit>

Either rules

<latexit sha1_base64="qwlYNlQn0KCucE2f9Tr6CTgi30k="></latexit>

And we are done (taking m = m0)

<latexit sha1_base64="8TZDcFGu4SNs3Mrj6LW6go5aAcs=">AAACzXicbVHLbhMxFPUMrxIeTWGJkCwSpCKV0aQLYINUlQ07gkTaSnEUeTw3E6t+DPZ1SjQMW36BX+NnEJ40C2h7V8fnPs69x0WtpMc8/52kt27fuXtv537vwcNHj3f7e09OvA1OwERYZd1ZwT0oaWCCEhWc1Q64LhScFucfuvzpCpyX1nzBdQ0zzSsjF1JwjNS8/4sZK00JBnsN8wt6vKbxGQTKFdDlura4BC89HY73+Tx/NT ygkXBAO4ohfMPNCk2hArSNnuftkPoMs5hU3FQKaOw6YF5WmjO3YZiypnKyWiJ3zl7Qm6e08/4gz/JN0OtgtAUDso3xfC95zkorgo63CMW9n47yGmcNdyiFgrbHgoeai3NewTRCwzX4WbNRbunL4DlaWoOjUtENCf92NFx7v9ZFrNQcl/5qriNvyk0DLt7NGmnqgGBEJ4Qy2tIJeeGiy9HMUjpA5N3m0VlDBXccEZykXIhIhvhZPWbgQlituSkbVsICvrYN6/QcqIYVQaoyIspW8WAnL81nNs6nzfu2bXvR0NFV+66Dk8Ns9CbLPx8Ojo631u6QZ+QF2Scj8pYckY9kTCZEkD/JMHmdZOmnNKTf0x+XpWmy7XlK/ov0519tJuFI</latexit>

By inductive hypothesis P (a0), there is m0 s.t. ha0,�i �! m0

<latexit sha1_base64="pNpnv7l8A6+kYG8bKIGuPhgsgvA=">AAACSXicbVDLbhMxFPWkBdrwaEq7Q5UsIiRW0UwXhQ1SVTYsi0TaSnEU3fHcSa3Ynql9p6hY8y/dwq/wBXwGu4oVnpBFH5zV0Tn3+lyfvNbKU5r+Snpr648eP9nY7D999vzF1mD75YmvGidxLCtdubMcPGplcUyKNJ7VDsHkGk/zxcfOP71E51Vlv9BVjVMDc6tKJYGiNBvsBuFLTrBATufIS+U8tbPBMB2lS/CHJFuRIVvheL ad7Imiko1BS1KD95MsrWkawJGSGtu+aDzWIBcwx0mkFgz6aVie3/I3jQeqeI2OK82XIt7eCGC8vzJ5nDRA5/6+14n/8yYNle+nQdm6IbSyCyKlcRnkpVOxF+SFckgE3eXIleUSHBChUxykjGITi+oLi19lZQzYIogCS7xog+jyHOog8kbpIjIuLuOHnQI7jymiiu/z8KFt234sNLtf30Nysj/KDkbp5/3h4dGq2g32ir1mb1nG3rFD9okdszGT7Bu7Zt/Zj+Rn8ju5Sf78G+0lq50ddge9tb8T7rKW</latexit>

take the first

<latexit sha1_base64="7VWYmuqm7PzgY2Yq3Rigf420wxo=">AAACsnicbVFNb9NAEF2brzZ8NG2PCGlFgsQBRXaFgAtSBReORWraimwUjdcTd5X9cHfHLZXlH8qZP8I6yQFa5vQ0b9++mTdFrVWgLPuVpA8ePnr8ZGd38PTZ8xd7w/2Ds+AaL3EqnXb+ooCAWlmckiKNF7VHMIXG82L1tefPr9EH5ewp3dY4N1BZtVQSKLYWw64VYclPYYUceIUWvZJ8LIKqDIw52JJLZ4Mq0XO6RF450JHWYC sdFYtMhCvZ1BHl7zYi4Tec0M5WXlWXBN67Gy4If9J63rbQDXat6cbdYjjKJtm6+H2Qb8GIbetksZ+8EqWTjUFLUkMIszyrad6CJyU1dgPRBKxBrqDCWYQWDIZ5u/bt+JsmADlex2WU5usm/q1owYRwa4r40gBdhrtc3/wfN2to+WneKls3hFb2RqRiBr1RkF7FAyAvlUci6CdHriyX4IEo5s1Byths4kUGwuKNdMbE4FtR4hKv4oF6P4+6FUWjdBkRF9dxYa+2Sbv4P28/d103iIHmd+O7D86OJvmHSfb9aHT8ZRvtDnvJXrO3LGcf2TH7xk7YlEn2O9lNDpLD9H36I4VUbp6myVZzyP6pVP8BCl3WVw==</latexit>

Take a generic � and consider the goal ha0 t a1,�i �! m

<latexit sha1_base64="U9P7Bgq1q95nGchMcco0Rh7sJrs="></latexit>

ha0,�i �! n0

ha0 t a1,�i �! n0

<latexit sha1_base64="G15ZFI2lQ5Wla8+6kJC+9amN0zw="></latexit>

ha1,�i �! n1

ha0 t a1,�i �! n1

<latexit sha1_base64="5vstVTnEtIY+V/htf33WswtFJ/w=">AAACwniclVHLbhNBEJxdXsG8HDghhDSKhcQBWbsIARekCDhwDBJOInksq3fc3kwyj/U8YqJhP4EP5Dv4AWbXPoSEC30qVfV09VRXjRTOF8WvLL9x89btOzt3B/fuP3j4aLj7+NCZYDlOuJHGHlfgUAqNEy+8xOPGIqhK4lF19qnTj87ROmH0N3/R4ExBrcVScPCJmg9/Mgm6lkhhXjC34qFJqHzFnKgVMNtrTBpdW1GfeLDWrC nz+N331rGSAduo2gHT6404uDTwv8fMh6NiXPRFr4NyC0ZkWwfz3ew5WxgeFGrPJTg3LYvGzyJYL7jEtFdw2AA/gxqnCWpQ6Gaxd23pi+DAG9qgpULSnsTLLyIo5y5UlToV+BN3VevIf2nT4JfvZ1HoJnjUvDPyIkXSGTluRToI0oWw6D10myMVmnKw4D1aQYHzRIZ0oRQrrrlRCvQisgUucdVG1vlZlJFVQchFQpSdpw9bsQmemTSfxg9t2w5SoOXV+K6Dw9fj8u24+PpmtP9xG+0OeUb2yEtSkndkn3whB2RCOPmdPc32slH+OT/NV7nbtObZ9s0T8lflP/4A593gBQ==</latexit>

ha0 t a1,�i �! m - ha0,�i �! m

Exercise: a0 ⊔ a1
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1 6= 2

<latexit sha1_base64="NZk+pa+dLp2p7KWDTsCtD1rAveo=">AAAB+XicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUBGUEDWWQyENKrOh82YRTzmdzt0aKrHwELVR0iJavoeBfsEMKSJhqNLOrnZ0gVtKS6346K6tr6xubha3i9s7u3n7p4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHyd++1HNFZG+o4mMfohH2k5lIJTJrW9nsYHVu2Xym7FnYEtE29OyjBHo1/66g0ikYSoSShubddzY/JTbkgKhdNiL7EYczHmI+xmVPMQrZ/O4k7ZaWI5RSxGw6RiMxF/b6Q8tHYSBtlkyOneLnq5+J/XTWh46adSxwmhFvkhkgpnh6wwMusB2UAaJOJ5cmRSM8ENJ0IjGRciE5OsmGLWh7f4/TJpVSterXJ+WyvXr+bNFOAYTuAMPLiAOtxAA5ogYAxP8AwvTuq8Om/O+8/oijPfOYI/cD6+AQd1k3A=</latexit>

Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

<latexit sha1_base64="XyQJEFtshNsDOWvsg3Vwvd/Cd84=">AAACJ3icbVC7TsNAEDzzJrwMlDQnIiQKFNkBAWUEDWWQSECKo2h9Wcwp57O5W4OiiA/hE/gKWqjoEBQU/Al2SAGBqUYzu9qdCVMlLXneuzMxOTU9Mzs3X1pYXFpecVfXmjbJjMCGSFRiLkKwqKTGBklSeJEahDhUeB72jgv//AaNlYk+o36K7RgiLS+lAMqljrsbKNCRQu7zwF6LLOXVncDKKIbAfBuBSnRkZHRFYExyy/1Sxy17FW8I/pf4I1JmI9Q77kfQTUQWoyahwNqW76XUHoAhKRTelYLMYgqiBxG2cqohRtseDMPd8a3MAiU8RcOl4kMRf24MILa2H4f5ZAx0Zce9QvzPa2V0edgeSJ1mhFoUh0jmeYtDVhiZt4a8Kw0SQfE5cqm5AANEaCQHIXIxy2ss+vDH0/8lzWrF3694p3vl2tGomTm2wTbZNvPZAauxE1ZnDSbYPXtkT+zZeXBenFfn7Xt0whntrLNfcD6/AO33pYs=</latexit>

h1 t 2,�i �! 1
<latexit sha1_base64="cOOymiIvWxa44/kW0LKnpn99p3A=">AAACJ3icbVC7TsNAEDzzJrwClDQnIiQKFNkBAWUEDSVIhESKo2h9LM4p57O5W4OiKB/CJ/AVtFDRISgo+BPskAISphrN7Gp3JkiUtOS6H87U9Mzs3PzCYmFpeWV1rbi+cWXj1AisiVjFphGARSU11kiSwkZiEKJAYT3onuZ+/Q6NlbG+pF6CrQhCLW+kAMqkdnHfV6BDhdzjvr0VacIre76VYQS++TF8FevQyLBDYEx8zyuFdrHklt0h+CTxRqTERjhvFz/961ikEWoSCqxtem5CrT4YkkLhoOCnFhMQXQixmVENEdpWfxhuwHdSCxTzBA2Xig9F/L3Rh8jaXhRkkxFQx457ufif10zp5rjVlzpJCbXID5HM8uaHrDAyaw35tTRIBPnnyKXmAgwQoZEchMjENKsx78MbTz9Jripl77DsXhyUqiejZhbYFttmu8xjR6zKztg5qzHBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfP1De+HpYw=</latexit>

h1 t 2,�i �! 2

Exercise: a0 ⊔ a1
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Principles for software composition 2020/21
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

Exercise: Loop exit

Consider the command:
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<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

Principles for software composition 2019/20
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions.

[Ex. 2] Prove determinacy of boolean expressions.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i ! n ha1, �i ! n

ha0 u a1, �i ! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i ! n0

ha0 t a1, �i ! n0

ha1, �i ! n1

ha0 t a1, �i ! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 5] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

1. Find out the set S of memories � such that hw, �i 6! and prove that
this is the case by using the inference rule for divergence.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i ! �0 ) hb, �0i ! false

by rule induction?

the predicate matches with the conclusions of two rules only

by structural induction?

<latexit sha1_base64="5ev7X4Tz5frnftZkFq2uVI7kSsk="></latexit>

8�,�0. hw,�i �! �0 ) hb,�0i �! ↵

<latexit sha1_base64="TXyGphaR+8So1bwe3TiylPrJfHc="></latexit>

P (hwhile b do c,�i �! �0) , hb,�0i �! ↵

Exercise: Loop exit
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Principles for software composition 2019/20
02 - Structural induction and rule induction

[Ex. 1] Complete the proof of termination of boolean expressions.

[Ex. 2] Prove determinacy of boolean expressions.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i ! n ha1, �i ! n

ha0 u a1, �i ! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i ! n0

ha0 t a1, �i ! n0

ha1, �i ! n1

ha0 t a1, �i ! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 5] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

1. Find out the set S of memories � such that hw, �i 6! and prove that
this is the case by using the inference rule for divergence.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i ! �0 ) hb, �0i ! false

by rule induction

<latexit sha1_base64="5ev7X4Tz5frnftZkFq2uVI7kSsk="></latexit>

8�,�0. hw,�i �! �0 ) hb,�0i �! ↵

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="TXyGphaR+8So1bwe3TiylPrJfHc="></latexit>

P (hwhile b do c,�i �! �0) , hb,�0i �! ↵

<latexit sha1_base64="RUNMpoHHxB0IOJSwGUnUdmAXJX4=">AAACOXicbVC7TsNAEDzzJrwClDQnAhIFiuwUQIlASJQgEUCKo2h9rM2J89m6W4OQlS/iE/gKSkAUdIiWH+AcUvDaanZmV7M7Ua6kJd9/9EZGx8YnJqemazOzc/ML9cWlU5sVRmBbZCoz5xFYVFJjmyQpPM8NQhopPIuu9iv97BqNlZk+odscuykkWsZSADmqVz8oQxvzG+RgbZEiXwsV6EQhjzZDK5MUQvPVhyrTiZHJJYEx2Q 0PU6DLKC7juL/W79UbftMfFP8LgiFosGEd9eov4UUmnKEmoZx1J/Bz6pZgSAqF/VpYWMxBXEGCHQc1pGi75eDdPl8vLFDGczRcKj4g8ftGCam1t2nkJqsj7W+tIv/TOgXFO91S6rwg1KIyIuler4ysMNLliPxCGiSC6nLkUnMBBojQSA5COLJwwdZcHsHv7/+C01Yz2Gr6x63G7t4wmSm2wlbZBgvYNttlh+yItZlgd+yBPbFn79579d6896/REW+4s8x+lPfxCVRbrgo=</latexit>

we assume hb,�i �! ↵
<latexit sha1_base64="1L09fhtMWfFy6R1JAlo3K3tVpa4=">AAACnXichVHbbtNAEF2bWwmXBnjkgRUpUpFQZFfi8gQVCIkHhIJEmkrZKBpvxs6q612zO25UWfkgPokH/oW1axC0SMzT2XNmdmbOZJVWnpLkexRfuXrt+o2dm4Nbt+/c3R3eu3/kbe0kTqXV1h1n4FErg1NSpPG4cghlpnGWnbxr9dkpOq+s+UJnFS5KKIzKlQQK1HL4rRE+5xvkBnHFyfLK2VPke5N9ocEUGrkogdZZ3mzWSu NW8Ez8plY2vOUz4VVRgnB9vramcKpYEzhnN/xcfToQ5FSX8XXw6+vsf6V9nzzf7m2Xw1EyTrrgl0HagxHrY7Ic/hArK+sSDUkN3s/TpKJFA46UDJsMRO2xAnkCBc4DNFCiXzSdpVv+pPbQuoGOK807Ev+saKD0/qzMQmY7pL+oteS/tHlN+atFo0xVExrZNqLga9fIS6fCrZCvlEMiaCdHrgyX4IAIneIgZSDrcLxB8CO9uP1lcHQwTl+Mk88Ho8O3vTM77CF7zPZZyl6yQ/aBTdiUyWg3eh69jt7Ej+L38cf403lqHPU1D9hfEc9+AhoazkA=</latexit>

we need to prove P (hwhile b do c,�i �! �) , hb,�i �! ↵
<latexit sha1_base64="N1fm4ZxjK7MJpDI+IAmEXeso4XU=">AAACE3icbVC7TgJBFJ3FF+ILtbRwIjHBhuxSqCXRxhITQRIg5O5wwQkzu5uZuyZkQ+kn+BW2WtkZWz/Awn9xFykUPNXJOfd5/EhJS6776eSWlldW1/LrhY3Nre2d4u5e04axEdgQoQpNyweLSgbYIEkKW5FB0L7CW390mfm392isDIMbGkfY1TAM5EAKoFTqFQ+Tjh1wqTX2JRDysj/mYG2so8w/mfSKJbfiTsEXiTcjJTZDvVf86vRDEWsMSKh0UttzI+omYEgKhZNCJ7YYgRjBENspDUCj7SbTRyb8OLZAIY/QcKn4VMTfHQloa8faTys10J2d9zLxP68d0+C8m8ggigkDkS0iqXC6yAoj04SQ96VBIsguRy4DLsAAERrJQYhUjNPICmke3vz3i6RZrXinFfe6WqpdzJLJswN2xMrMY2esxq5YnTWYYA/siT2zF+fReXXenPef0pwz69lnf+B8fAOXF54k</latexit>

immediate (by assumption)

Exercise: Loop exit
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[Ex. 1] Complete the proof of termination of boolean expressions.

[Ex. 2] Prove determinacy of boolean expressions.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i ! n ha1, �i ! n

ha0 u a1, �i ! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i ! n0

ha0 t a1, �i ! n0

ha1, �i ! n1

ha0 t a1, �i ! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 5] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

1. Find out the set S of memories � such that hw, �i 6! and prove that
this is the case by using the inference rule for divergence.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i ! �0 ) hb, �0i ! false

by rule induction

P (hwhile b do c,�i ! �0) , hb,�0i ! ↵

<latexit sha1_base64="xQafntzXZE8JtCIbT0achbPPq2U="></latexit>

<latexit sha1_base64="5ev7X4Tz5frnftZkFq2uVI7kSsk="></latexit>

8�,�0. hw,�i �! �0 ) hb,�0i �! ↵

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="s6zditnDogJ9s367psobga6w0no="></latexit>

we assume hb,�i �! tt
hc,�i �! �00

hw,�00i �! �0

P (hw,�00i �! �0)
M
= hb,�0i �! ↵

<latexit sha1_base64="x6vzyeaEzrB0uqssHNhC0IRVrPU="></latexit>

we need to prove P (hw,�i �! �0)
M
= hb,�0i �! ↵

<latexit sha1_base64="HPFrPFzLyHchcRHCbg+IjiXK0rU=">AAACHXicbVA9TwJBEN3zW/xCLW02EhNsyB2FWhptLDURMAFC5pZBJuzeXXbnTMiF3+BP8FfYamVnbI2F/8UDKVR81ct7M5l5L0w0Ofb9D29ufmFxaXlltbC2vrG5Vdzeqbs4tQprKtaxvQnBoaYIa0ys8SaxCCbU2AgH52O/cYfWURxd8zDBtoHbiHqkgHOpUzzMWq4nyRjsEjDKcjiUFHVTxXSHsj9MYu6jI3c46hRLfsWfQM6SYEpKYorLTvGz1Y1VajBipcG5ZuAn3M7AMimNo0IrdZiAGsAtNnMagUHXziaRRvIgdcCxTNBK0nIi4s+NDIxzQxPmkwa47/56Y/E/r5ly76SdUZSkjJEaH2LSODnklM1DW5RdssgM488xb0MqsMCMliQolYtpXl4h7yP4m36W1KuV4KjiX1VLp2fTZlbEntgXZRGIY3EqLsSlqAkl7sWjeBLP3oP34r16b9+jc950Z1f8gvf+Baj3onA=</latexit>

immediate (by inductive hypothesis)

Exercise: Loop exit
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[Ex. 1] Complete the proof of termination of boolean expressions by struc-
tural induction.

[Ex. 2] Extend the syntax of arithmetic expressions with the operator a0ua1
whose big-step operational semantics is given by the rules:

ha0, �i �! n ha1, �i �! n

ha0 u a1, �i �! n

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 3] Extend the syntax of arithmetic expressions with the operator a0ta1
whose big-step operational semantics is given by the rule:

ha0, �i �! n0

ha0 t a1, �i �! n0

ha1, �i �! n1

ha0 t a1, �i �! n1

1. Prove termination or exhibit a counterexample.

2. Prove determinacy or exhibit a counterexample.

[Ex. 4] Consider the command

w
def
= while x > y do (x := x+ 1 ; y := y � 1)

Find out the set S of memories � such that hw, �i 6�! and prove that this is
the case by using the inference rule for divergence.

[Ex. 5] Prove determinacy of boolean expressions by rule induction.

[Ex. 6] Let b be a boolean expression and c a command. Consider the
command

w
def
= while b do c

Prove by rule induction that:

8�, �0. hw, �i �! �0 ) hb, �0i �! false

Exercise: Divergence

Consider the command:
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<latexit sha1_base64="qStW+YsiWLKzJnU1quMM10/EeJw="></latexit>

take a generic �
<latexit sha1_base64="df03x9mWvaTck04E/OJO+4hH1kM="></latexit>

hence hw,�i �! �

<latexit sha1_base64="drl/XsrxnSePWvfEh4l9ePRa+mE="></latexit>

in fact

<latexit sha1_base64="zxeOm02V40jTkiolx6rViZnpz6I="></latexit>

take w
M
= while x > y do (x := x+ 1; y := y � 1)

<latexit sha1_base64="1TIz7PSZmK6lVzzcekTjyMSpX6g="></latexit>

if �(x)  �(y):
<latexit sha1_base64="9Ri+vFbpW2Agv12L5X5nokrBF20="></latexit>

let S
M
= {� | �(x) > �(y)}

<latexit sha1_base64="6ZJls1P0KAZH9VAH1iSGQUeEWQ8="></latexit>

• 8� 2 S. hx > y,�i �! tt

• 8� 2 S. 8�0. hx := x+ 1; y := y � 1,�i �! �0 ) �0 2 S

<latexit sha1_base64="zm+KtdjvAFrgjCqNd/3nihxyWPA="></latexit>c

<latexit sha1_base64="j8XXKMQTclwvKr8JW/ibWfSXilM="></latexit>

hc,�i �! �0 = �[�(x) + 1/x,�(y)� 1/y]

�0(x) = �(x) + 1 > �(y) + 1 > �(y)� 1 = �0(y)

<latexit sha1_base64="tVGo0iqDZ9gTDEGF57NN9reKPEI=">AAACNXicbVDLSgNBEJz17fqKevQyGERFDLui6EWJevEYwUQhCaF3bOOQ2QczvWII+R4/wa/wqnjITbz6C04eikbrVFXdTXdXkChpyPNenZHRsfGJyalpd2Z2bn4hs7hUMnGqBRZFrGJ9FYBBJSMskiSFV4lGCAOFl0HjtFu/vENtZBxdUDPBagj1SN5IAWStWua4YmQ9hPWN+033kPeF5Vu+e/SlmkNq2//uXLeylsl6Oa8H/pf4A5JlAxRqmU7lOhZpiBEJBcaUfS+hags0SaGw7VZSgwmIBtSxbGkEIZpqq/dqm6+lBijmCWouFe+Z+HOiBaExzTCwnSHQrRmudc3/auWUbg6qLRklKWEkuotIKuwtMkJLmyHya6mRCLqXI5cRF6CBCLXkIIQ1Uxuqa/Pwh7//S0o7OX83t3e+m82fDJKZYitslW0wn+2zPDtjBVZkgj2wJ/bMXpxHp+O8Oe/91hFnMLPMfsH5+ATDr6bV</latexit>

<latexit sha1_base64="w+PUqbkJt1tPMFk1pl1ab21/x/Y="></latexit>

thus �0 2 S

<latexit sha1_base64="UI2tYRe5Opy3MDmpw0nF61Cd0H0=">AAACsnicbVBNb9NAEN2YrxK+UjhyWUiQWimK7FIVLqAKLhyLRNqKbBSN12Nn1f0wu+uGyPJP5AfwO7iCxDrxgbbMXt6+N6M389JSCufj+GcvunX7zt17O/f7Dx4+evxksPv01JnKcpxyI409T8GhFBqnXniJ56VFUKnEs/TiY6ufXaJ1wugvfl3iXEGhRS44+EAtBkXNXE79Ei3mxuKYipyOmBOFgr3v++87tN4fjdsmHTQJup BIV+Otxuz2z7TxNXvRPWl0YUWx9GCtWTWjZjEYxpN4U/QmSDowJF2dLHZ7r1lmeKVQey7BuVkSl35eg/WCS2z6rHJYAr+AAmcBalDo5vUmkYa+qhx4Q0u0VEi6IfHfiRqUc2uVhk4Ffumuay35P21W+fztvBa6rDxq3hp5Ea5vjRy3IkSNNBMWvYd2c6RCUw4WvEcrKHAeyCpkf8XQeQV2bbNwlMYVN0qBzmqWYY7fmpq1W1iUNUsrIbOAKLsMMVjRJW+CK63fNU3TDzEn10O9CU4PJsnRJP58MDz+0AW+Q56Tl2SPJOQNOSafyAmZEk5+kF/kN/kTHUZfI4j4tjXqdTPPyJWK5F9ibdgy</latexit>

therefore, if �(x) > �(y), then hw,�i 6�!

Exercise: Divergence


