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mu-calculus
models ( ; \U

syntax

Y = tt || Yo A1 | YoV classical ops
p|-p atomic propositions
O there is a next state where ¥ holds

(12 ¥ holds at every next state

x predicate variable, for recursive def
ur. v LEAST FIXPOINT of & =i, ¢
VT, P GREATEST FIXPOINT of £ =max ¢




mu-calculus: semantics

G=(V,—)

[v]p set of nodes where ¥ holds

\

p: PUX — p(V)
assignment

(p(V),C) is a complete lattice

for monotone functions: least / greatest fixpoint exist

for this reason negation is not present in the syntax
the formulas we consider: positive normal form

otherwise:
even number of negations before each variable occurrence
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Positive normal form

~0y = D -0y = O

—px. P = ve. [T /] —wr. P = px. Y[/, ]

—|—I¢Ew

plus usual De Morgan’s laws

5



mu-calculus: semantics

[]: F=(PUX = p(V)) = p(V)
defined by structural induction

[ttlp =V [0 Ar]p = [Wolp N [¥1]p
[fE]p =0 [0 V ih1]p = [Yo]p U [en]p
[plp = p(p) [Ov]p = {v | Fw e [¢]p. v — w}
[=plp =V \ p(p) [OY]p = {v | Yw. v = w = w € [¢]p}
) [uz. ¥lp £ fix AS.[¢]p[° /]
[z]p = p(x)

[vz. ]p = FIX AS.[¢]p[° /]
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mu-calculus: fixpoint

V' finite

f:9(V)— (V) monotone (hence continuous)

we can compute the least fixpoint by

fix f={]) f(0)

neN

we can compute the greatest fixpoint by

FIX f= () /"(V)

neN
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Examples

[Ctt]p = {v | Jw € [tt]p. v — w} Ott

={v | JweV.v— w} non deadlocked states

[Off]p = {v | Vw. v = w = w € [ff]p} .
={v | Vw. v —>w=wed}
deadlocks

— {v | v A}




Examples

w € [ff]p. v — w}

w e v— w}

Yw. v — w = w € [tt]p}

YVw. v > w=w €V}

Off

false

tt

true



Examples

[pa. x]p £ fix AS. [z]p[° /2]
= fizr AS. S

.y

lvzx. x| p 2 FIX M\S. ﬂxﬂp[s/x]
= FIX AS. S
=V

UI. T

false

vVxr. X

true



Examples

[px. Cx]p £ fix AS. [Ox]pl /»
= fir AS. {v | Fw € [z]p[® /2] v — w}
= fir AS. {v | Jwe S v—w}

So =10

S1=Av | Jw e Sy. v— w}
pr. Oz
L false




Examples

how to represent?

EO ¢ Y
AO 9 P
EF p pV...
pVO(pV---)
pVO(pVO(pV---
r=pV<x
ur. pV ox r?

ve. pV ox



EFp 7 Example

. p!l Ix™ 1 FIX #S.1p! 1 x"™[P/y]
= FIX AS. [p]p[” /2] U [©2]p[* /]
= FIX IS."(p)! {v|"W#IX"[P/x].v$ w}
= FIX !S."(p)! {v|"w#S.v$ w)

So:V
Si=!(p)! {v]|"W#S;.v$ w}
=1(P!'{v]|"W#V.v$ w}

=1 (p)! {v can mové




EFp 7 Example

Ix.pl I x™ 1 FIX #S.1p!l | X" [°/4]

= FIX AS. [plpl” /=] U [Ox]p[® /]
= FIX I'S."(p)! {v|"w#IX"[P/«].v$ w}
= FIX !S."(p)! {v|"w#S.v$ w)

So =V
S;=1(p)! {v can mové

S

l(P)! {V|"W#S;.v$ w}
l(p)! {v]|"w#!(p).vF w}! {v can make 2 move



0:  Examples

. p!l Ix™ 1 FIX #S.1p! 1 x"™[P/y]
= FIX AS. [p]p[” /2] U [©2]p[* /]
= FIX IS."(p)! {v|"W#IX"[P/x].v$ w}
= FIX !S."(p)! {v|"w#S.v$ w)

So: V
S;=1(p)! {v can mové
S=1(P!{v|"w#!(p).vS$ w}! {vcan make 2 movée

Sn = {Vv can reach a state it (p) In less than n move:
I {v can make n mové:



EFp 7 Example

X p! L x™ 1 FIX #S.1p! | x"™[5/4]
= FIX \S. [p]p[” /=] U [Ox]p[" /]

= FIX I'S."(p)! {v|"w#IX"[P/«].v$ w}
= FIX !S."(p)! {v|"w#S.v$ w)

Sn = {Vv can reach a state it (p) In less than n move:
I {v can make n moveé:

Sn = {v can reach a state ih (p)|or has an inPnite pat

n! N



EFp 7 Example

ux. p! ! x" 1 bx"S.Ip! I x"1[S/ ]
=px!S."(p! {v]|"W#S.v$ w}

So =)
Si=!(p)!{v]|"W#S;.v$ w}

=I(p)! {v|]"W#S$. v% w}
' (p)




EFp 7 Example

ux. p! ! x" 1 bx"S.Ip! I x"1[S/ ]
=px!S."(p! {v]|"W#S.v$ w}

So =)
S1 = 1(p)
S,=1(P!'{v]|"W#S;.v$ w}

(P! {v]|"w#!(p.vS$ w}

{v can reach a state i (p) Iin less than 2 mové:



EFp 7 Example

ux. p! ! x" 1 bx"S.Ip! I x"1[S/ ]
=px!S."(p! {v]|"W#S.v$ w}

So =)
S; = 1 (p)

S, = {v can reach a state i (p) In less than 2 moveé:

Sh = {v can reach a state i (p) In less thann move$

Sn = {Vv can reach a state i (p)}
nl' N




Example

which formula for
“some deadlock is reachable”?

f
ux. 't 17X
deadlocks

which formulafor A(px. ' P " x)=1Ix. Al ! I " Ax)
“deadlock free”? = 1x. A(l 1)1 A(" AX)

=Ix.Itt! "x
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Example

Ix.p! I x"™ 1 FIX #S.!p! | x"[3/]
= FIX 1S.Ip"™ 2/, ]! 1 x" [P/ ]
=FIX !S."(P! {v]|"w.v# w$ w%!X"[>/]}
= FIX 1S."(p)! {v|"wW.v# w$ w %S}
So =V
Si=1P!'{v]|"w.v# w$ w %Sy}
P! {v]|"wW.v# w$ w%V}

P!V
L (P)
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Example

Ix. p! Ix"™ 1 FIX #S.1p! | x""[°/]
= FIX 1S.Ip"™ 2/, ]! 1 x" [P/ ]
= FIX 1S."(p)! {V]"W.v# W$ W% x"[3/]}
= FIX IS."(p)! {v]|"wW.v# w$ w %S}
So=V
S; = H(p)
S,=1(p)! {v|"w.v# w$ w WS}
=1(p)! {v]|"w.v# w$ w %! (p}

= {v s.t. all nodes reachable in less than 2 moves ark(in)}
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Example

Ix.p! I x™ 1 FIX #S.!p! | x"[3/]
= FIX IS Ip™ [P/ ]! 1 X" 3/ «]
= FIX IS."(P! {v]|"W.v# W$ w%!X"[P/]}
= FIX 1S."(p)! {v|"wW.v# w$ w %S}

S():V

S = 1(p)
S, = {v s.t. all nodes reachable in less than 2 moves ark(in)}

S, = {v s.t. all nodes reachable in less thanmoves are i (p)}

S, = {v can only reach states ih(p)}

n! N
23



Invariants & possibly

Invariants Inv(!)! "x. I 11X

Possibly Pos(! )! pux. ' I'1'x



Example

which temporal formula®?

ux. g ! (p" ! x) E(pUqg (CTL)
. gq! (p" ! x" " Xx) A(pUQq (LTL/CTL)
I X. h.ly. (p! ,,!#x) "o )é EGFp (CTLY

/

after a finite number of steps you reach a state where
1) p holds
2) there is a next step where the property holds recursively

25



Alternation depth

Fixed points alternate if a least fixed point influences the
greatest fixed point, and vice-versa.

The alternation depth counts the number of alternations.

The alternation hierarchy of the ! -calculus is strict:

strictly more properties are expressible as the alternation
depth increases.

CTL can be encoded in ! -calculus with alternation depth 1

CTL* and LTL can be encoded in ! -calculus with alternation
depth at most 2
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Expressiveness




mu-calculus with labels

| = 344 set of labels
| Lf
11 L!

SR {V‘ IJ' L. 1tw™ 1" Ew}
SN {V\M!W. VW%W" NI




@-
enter1

Y
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Space reduction

tau_7 tau

enter1

Yy
tau “"v)‘m tau

n‘ﬂ tau

enter1
exit!

b‘ ttert

tau 21 paell

[ > N
tau aut, @Y
oo tau ,ei tau ¥

exit1

tau__yl

[ o

A

exit

enter

exit2

Yenter2

“ g

identify
bisimilar
states
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mu-calculus
exercises
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Exercise: dogs

Three dogs live in a house with two couches and a front garde
Let couch; represent the predicate Othe doigsits on couchj O andgarden
represent the predicate Othe dogplays in the front gardenO.

1. Write an LTL formula expressing the fact that whenever dog 1 play:
In the garden then he keeps playing until he sits on some couch (b
he may also play forever).

2. Write a CTL formula expressing the fact that dog 2 eventually plays
In the garden whenever couch 1 is occupied by another dog.

3. Write a p-calculus formula expressing the fact that no more than on
couch is occupied at any time by dog 3.
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Exercise: dogs

couch;; garden
N N
| SItsS on| | plays In the garde

LTL
G (garden, ! ((Ggarden,)" (garden, U (couch; 1 " couchy 2))))

CTL AG ((couchy 1! couchz 1) " AF garden,)

u-calculus !'X. ((Acouchg 1! Acouchg2) " ! x)

1. Write an LTL formula expressing the fact that whenever dog 1 play:
In the garden then he keeps playing until he sits on some couch (bl
he may also play forever).

2. Write a CTL formula expressing the fact that dog 2 eventually plays
in the garden whenever couch 1 is occupied by another dog.

3. Write a p-calculus formula expressing the fact that no more than on
couch is occupied at any time by dog 3.
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Ex. mu-calculus fix

Given the p-calculus formula! = px.((p" ! x) # (Ap" " X)) write
Its denotational semantics!! "! and evaluate it on the LTS below (where
V = {s1,S,,S3,S4} and P = {p}).
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(P) = 1S4}

Ex. mu-calculus fix

'(p) = {S1,S2,S3}

. ((p! ! x)" (Ap! " x)"
I bx!S. I(p! I x)" (Ap! " x)""[°/]
bx!1S.Ip! I x"™[/,]" 'Ap! " x""[°/ 4]

px ! S.

px ! S.

px ! S.

(P PLx]t X" PIK])"
(PAp™ P11 1 X" [P ])

"(E! {v]|"w.v# w$ ww!x"[P/]})&
("(p)! {v]'W%IX"[S/]. V# w})

({ss}!' {v]|"wW.v# WwW3$ wwWS})&
({s1,S2,S3} ! {V|'WwW%®S.Vv# w})
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Ex. mu-calculus fix

= | px1S. ({sa}! {v|"W.v# w$ w%S})&
0 (S8 s ({s1,S2,S3} ! {Vv|'WWS.v# w})

So:!

Si= ({sa}!'{v]|"w.v# w$ wwSy})&
({s1,S2,83} ! {V|'wW%So. vV# W}) deadlock

({sa}! {v]|"W.V# WS W &)
({s1:82,83} ! {v|[(WH &VH# w})

({sa}! {s2,54})" N emptyset
({s1,S2,S3} ' #)

{S4}
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Ex. mu-calculus fix

= | px1S. ({sa}! {v|"W.v# w$ w%S})&
0 (S8 s ({s1,S2,S3} ! {Vv|'WWS.v# w})

Sy = | Sy = {s4} deadlock or
can reach only s

So= ({sa}!'{v]|"w.v# w$ wwS;})&
({s1,S2,S3} ! {V]|'WwW%%S;.v# w})

= ({sa}!' {v]|"Ww.v# w$ w%{ss}} )&
({s1,82,83} ! {Vv | w%{ss}. v# w})

TS

({Sa} ! {s2,84})" has a transition to s
({s1.S2,83} ! {s3})

{S3, 54}
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Ex. mu-calculus fix

= | px1S. ({sa}! {v|"W.v# w$ w%S})&
0 (S8 s ({s1,S2,S3} ! {Vv|'WWS.v# w})

So=! S;={s;} S,={sss,} deadlockor
can reach only s3, S

S3= ({ss}! {v]|"w.v# w $ w %S,})&
({s1,S2,S3} ! {V]|'WwW%S,. v# w})

({sa}! {v]|"wW.v# WS wW{s3,sSs}})&
({s1,82,83} ! {v | w%{s3,S4}. v# w})

T~

({sa} ! {sS2,54})" has a transition to s3 or sS4
({S1,S2,S3} ! {s1,S3})

{S1,S3,Sa}
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Ex. mu-calculus fix

= | px1S. ({sa}! {v|"W.v# w$ w%S})&
0 (S8 s ({s1,S2,S3} ! {Vv|'WWS.v# w})

So="! S1=1{S4} Sp=1{S3,54} Sz = {S1,S3,54}

Sa= ({sa}!'{v]|"wW.v# w$ wwS3})&
({s1,S2,S3} ! {Vv]|'w%S3.v# w})

= ({sa}!'{v]|"w.v# Ww$ wwW{sy,S3,S4}} )&
({s1,82,83} ! {v [ w%{s1,S3,S4}. v# w})

({Sa} ! {s2,84})"

(1S1,S2,83} ! {s1,S3})

{S1,83,84} = S3 fixpoint reached!
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Ex. mu-calculus fix

Sq @
p Sa)f (53

ux. ((p! I x) " (Ap! " x))" = {s1,53,54}



