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Properties of
guarded processes



Guarded variables

TH. G(p, X U{z}) = G(p, X)

TH. G(p,X) ANz & fv(p) = G(p, X U{x})

proofs by structural induction on p (omitted)



Substitutions preserve
guardedness

TH. G(p,X)n N\ Gi X) = GOl far P [0,], X)

1€[1,n]

proof by structural induction on p (omitted)



Transitions preserve
guardedness

TH. G(p.X)Ap 5 qg= G(q,0)

proof by rule induction on p £ ¢ (omitted)



Guarded processes are
finitely branching

TH. G(p,0) = Vu. {qg| p = ¢} is a finite set

we prove a stronger property:
TH. X—{:Izl,... } o = [pl/xlj... P /azn]

) A /\ G(pi, X) = {q | 3p. po & q}is a finite set

proof: by structural induction on p
we only show some cases (and omit some details)

(see next slides)
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TH. X ={x1,..,2n} o=[""/uy, " /z,] (continue)
) A /\ G(pi, X) = {q | 3u. po = 4} is a finite set

proof: by structural induction on p
p=nil  nilo = nil {q| 3p. nil 5 ¢} =0
p=x reX  G(x,X)=false

rg X wo=z  {q|3p.xqt=0

p=up {q | Iu. po & q} = {p'o}



TH. X ={x1,..,2n} o=[""/uy, " /z,] (continue)
)A\ G, X) = {a | Fu. po =} is a finite set

1€[1,n]
proof: by structural induction on p
p=p\a po=po\a G(p,X) =Gy, X)

{q| 3. po = qt ={\o | Iu & {a,a}p'oc ¢}
finite, by inductive hypothesis

p=py+pi po=pyo+pioc Gp,X)=G({py X)ANGp),X)

{q | Fu. po = gt ={qp | Iu. pho = ¢4} U{q, | Fu. o = ¢;}
finite, by inductive hypotheses



TH. X ={x1,..,2n} o=[""/uy, " /z,] (continue)
) A /\ G(pi, X) = {q | 3u. po = 4} is a finite set

proof: by structural induction on p

p=rec z.p’ without loss of generality = ¢ X U U fv(pi)
1€(1,n]

po =rec x. p'o
G(p, X) = G(p', X U{z})
{q |3 po 5 qt={d |3 pof=77/,] 5 ¢’}
finite, by inductive hypotheses



Example

Guarded! Guarded!

P2 o (B.P+~.P) P ~ Q) Q= a.0.0Q+av.Q
P (8% Q (8%
() 7 AN
Y
B.P +~.P 8.Q— 7 T T=4.Q



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Ro={{P,Q,B8P+~P, .Q,vQ}}

Processes with different capabilities must be distinguished



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

R, ={{P, @}, {B-P+~.P}, {.Q}, {7Q}}

2 [B.P 4+ ~.Q)
= [8.Q], [7.Q]

The atransitions of P and Q ends in different partitions
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Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Ry = { {P} 9 {Q} ; {5-P‘|‘7-P} ; {562} 9 {VQ} }




Example

Guarded! Guarded!

P2 o (B.P+~.P) P ~ Q) Q= a.0.0Q+av.Q
P X, ) 0 )
() 7 AN
Y
B.P +~.P 8.Q— 7 T T=4.Q

R, ={{P, Q}, {B.P+~.P}, {B.Q}, {nQ}}
Ry = { {P} 9 {Q} ; {5-P‘|—’7-P} y {5Q} ; {VQ} }

Only singletons partitions, we can stop P 2 @)
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+ Exercise

finitely branching! P, ~ Q, finitely branching!

s :
P > nil Qo P > nil

) o ) nil /4

P
O - 2 5

° PO)Q()aPlanaPZ O"B;

RO — { {P07Q07P17Q17P27Q27ni1} }

|5



+ Exercise

?
Py ~ Qo

Py > nil Qo > nil

R ={{F,Qo,P1,Q1, P}, {Q2} , {nil} }
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+ Exercise

?
Py ~ Qo

L) o) B

P2 QQ QO % _Pl_
W) R P
Py 7% Fo

Ry = { {Fo,Qo} , {1, P2}, {Q1}, {Q2} , {nil} }



+ Exercise

?
Py ~ Qo

Py # Qo
Rs = { {PO} ; {QO} ; {Pl} ) {PQ} ) {Ql} ) {QZ} ; {nil} }



+ Exercise

finitely branching! P, ~ Q, finitely branching!

P() Q o QO o
§ /! \\\
) / N
P (1 \7/> 2
S
RO:{{P())QOvPl)leQQ}} PO)QO$

PlanaQZ M
R, ={1{F,Qo}, {FP1,Q1,Q2} }

No more reasons to discriminate!
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Unguarded processes?

What about the general case? (unguarded processes)

any powerset ordered by inclusion defines a complete lattice

Complete lattice: (D,Z) PO such that

><

any X C D has a least upper bound

><

any X C D has a greatest lower bound

it has bottom and top elements L= |D T=||D

20



TH. [Knaster-Tarski] (D, C) complete lattice

f:D — D monotone

has least and greatest fixpoint

dmin 2| {de D | f(d) = d} is the least fixpoint

\glb I pre-fixpoints

dmax =| [{de D | de f(d)} is the greatest fixpoint
N\ e

lub post-fixpoints

least and greatest fixpoint exist... but how to compute them?
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CCS
Compositionality

22



Compositionality

recall that an equivalence

VC[-]. Vp,q.lp=q = C[p]=C|q]

we can replace equivalent processes in any context
without changing the abstract semantics

IS a congruence when
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TH. Strong bisimilarity is a congruence

l. Vp,qg.-p~q = Yyu. pp=p.q
2. Vp,q. p~q = Va. p\a=g\a
Vp,q. p2q = Vo. plo] = q[d]

VPo,q0,P1,91- Po 2 Qo AP1L~q1 = Po+DP1=q +q

S

5. \V/po,qO,pl,ql. Po=qo NP1 =241 = pO‘pl = QO‘Q1

let us omit quantification to make the statement more readable

24



TH. Strong bisimilarity is a congruence

l. p~xq = u.p~u.q
2. prq = pl\a=~qg\x
3. p~q = p[o] =q[9]
4. po~qoAp1~q1 = po+P1~qo+q1
5. Po~qoADP1 = q1 = DPolp1 = qolq
proof technique:
“guess” a relation large enough to contain all pairs of interest;

show that it is a bisimulation relation;
then it is contained in the strong bisimilarity relation
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TH. Strong bisimilarity is a congruence (3)

take R £ {(p[¢], q[¢]) | p =~ ¢}
we show that R is a strong bisimulation relation

take (pl9],ql¢9]) e R (i.e.with p~q )

take p[¢] = p’ we want to find ¢[¢] & ¢’ with (p',¢') € R
py rule rel) it mustbe  p “s p”  p=o()  p =p[d]
since p ~ q then ¢ ", g’ with p”" ~q"

by rule rel) g¢] “ ¢"[g)

take ¢' = ¢"[¢] sothat (p',q') = (p"[¢].4"[#]) € R

take ¢[¢] & ¢’ we want to find p[¢] = p’ with (p',¢') € R
analogous to the previous case
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TH. Strong bisimilarity is a congruence (4)

take R = {(po +p1,90 +@1) | o =~ qo A p1 =~ q1}

we show that R is a strong bisimulation relation

take (po +p1,90 +q1) ER (i.e.with po~qp0  p1 ~q1)
take po +p1 — p'weneed q +q1 = ¢ with (p',¢) € R
if rule suml) was used: p, = p’

since pp ~ qo then qo LA q with p' ~ ¢

/

by rule suml) q¢ + ¢1 Ly

but unfortunately (p’,¢') € ~ not necessarily (p’,¢') € R

how can we repair the proof?
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TH. Strong bisimilarity is a congruence (4)

take R = {(po + p1,90 + q1) | Po ~ qo A p1 = (J1}

we show that R is a strong bisimulation relation

take (po +p1,90 +q1) ER (i.e.with po~qp0  p1 ~q1)
take po +p1 — p'weneed q +q1 = ¢ with (p',¢) € R
if rule suml) was used: p, = p’

since po ~ qo then ¢y = ¢’ with p' ~ ¢

by rule suml) qo +q1 = ¢

then (p',¢') e ¥~ CR - . .
fill in the missing details
- sumr)

(no need to check the pairsin ~ ) = ¢o + g1 MOVES

28
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CCS: some laws

p+nil ~p p|nil ~ p
p+q~q+p plg ~ qlp
pt(g+r)=({@+q) +r p|(q|r) =~ (plg)|r

p+pp

how to prove them? find a strong bisimulation for each of them
nil\a ~ nil nil{¢| ~ nil

(u.p)\a ~mnil if p € {a,a} N
o~ pp\a) ifpdfag EPB=0w-(0l0)

(p+ @)\ ~ (p\a) + (¢\a) (p+q)l¢] ~ (plo]) + (q[9])

plaa = p\a Pl ~

P\a\B = p\B\a Pl o 9

29



Bisimulation revisited
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P set of processes R C P x P abinary relation
R is a strong bisimulation if
Vu,p.p=p = 3. q=d NP R
vp,q. (p,q) € Ri=>1{ A Alice plays Bob replies
Viu,d.q=q = F.p=p AP R

e IS an equivalence
strong bisimilarity ~ £ | ] R .

R s.b. IS a strong bisimulation

Vu,p'.p B p = 3. q 5 ¢ Ap =~
Vp,q. p >~ ql& A\
V¢ q = q = Fp.pLpAp ~¢
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Bisimulation game

P—snil P~Qo  Qy—2>nil
o R o
B 5
P, Alice plays (1 3 o
5( QB Bob replies 5( Qz]
Py Q)2



Bisimulation revisited

(S, L, —)

\ \ \Iabelled transitions

labels
states

alternative presentation of transitions
a:8—=8S—=p(L)  apg={u|lptq}

generalization to sets of targets

718 x 9(S) = p(L) v(p, 1) ={u|3gel p-q}
Y(p,I) = | Japq
| set of targets qEUI

source
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Bisimulation revisited

a:S5 =5 — (L) apg={p|pq}
v: 8 x p(S) = (L) v, 1) = Japg
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Bisimulation revu5|’r 61 N

apqg={plpq}

take the equivalence =R induced by a relation R
(if R is a bisimulation, then =g is a bisimulation)

take the set of equivalence classes induced by =r: S|=p
take J € S|=, and p,g € J (i.e., p =r q)
if p 2 ¢/ for some u,p’ then ¢ & ¢’ for some ¢’ with p' =g ¢’
(and vice versa) (ile. AT € S=x. P, ¢ € 1)
now consider the function @ : (S x S) = (S x 9)

p ®(R) ¢ =VI € Si=. v(p, I) = (g, )
by the above argument, a bisimulation is such if R C ®(R)

~ = U R  is the largest bisimulation

— 35



Bisimulation revisited

a:S — S — p(l)
apqg={p|pq}

v: 5 x p(S) = p(L)

v(p, 1) =|Japq
qel

O : (S xS) — oS x S)
p®R)qg=VIeE S=. v(p,I)=~(q,1)
bisimulation R C ®(R)

bisimilarity ~ £ U R

RCP(R)
36



CCS



Infinite LTS

Write a guarded CCS process whose LTS has infinitely many states
without using parallel composition.
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Infinite LTS

using par P = rec z. o.(z|B.nil) P = o.(P|B)
P
|
Pl —"—
\Loz
()| ——
o
((P[B)IB)B —— -

v

39



Infinite LTS

P Zrec z. (a.z)\f P = (a.P)\f

P\p\B  all states are bisimilar
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Infinite LTS

P = rec z. a1.(z[¢]) (i) = it



Bisimulation

42



h positions buffers

Define a CCS process B} that represents an in/out buffer with
capacity n of which £ positions are taken. Show that B[ is strongly bisimilar
to n copies of By that run in parallel.
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h positions buffers

0 = in.BY
By = in.Bp,, + out.B_; with0 < k <n

B’ = out.B}

n ., Pl 1
we want to prove o =~ Byl |Bg
N——

n

R = {(By,By,|---|By,) | Vi. ki € {0»1}/\2:/%:/@}

1=1

we prove that R is a strong bisimulation

44



h positions buffers

By R By|--|B

Y

B R Bj|---|B;

By R Byl--|B

Y

B R Byl |Bil|--|B;
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h positions buffers

0<k<n B} R  B.|---|B. ) ki=k
1=1

Y Y
Biyy R By |- By -+ By,

B R  B|-|B; Ik; =0

mn Vz’n
Y
By R By |- |BE |- By,
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h positions buffers

0<k<n B} R  B.|---|B. ) ki=k
1=1

out out Jk, = 1
Y Y

Bi_y R By |-+ |Bg 4| [By,

B R  B|-|B; Jk; =1

out out

y y
By R By |-+ [Bp 4| By,
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h positions buffers

B, R Bi|--|B

n
out lm
y

By, R Bl |Bi

B" R Bi|---|Bj

out lm
Y
Bi, R Bi|--|B)| - |B]

48



Congruence for \a

Prove that CCS strong bisimilarity is a congruence w.r.t. restriction,
1.e., that for all p, q, a:

p~q = p\ax~ ¢\«
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Congruence for \a

R = {(p\o,q\a) | p~q} we prove R is a strong bisimulation
take (p\a, ¢\a) € R (with p ~ q)

take p\a = p’ we want to find ¢\ao & ¢’ with p’ R¢’

by rule res) it must be p = p” with 1 & {a, @} and p’ = p"\a
since p ~ ¢ and p = p” we have ¢ = ¢ with p” ~

q//
take ¢/ = ¢""\a: by rule res) we have ¢\ao = ¢’ and (p',¢') € R

/

take ¢\av = ¢/ we want to find p\ae & p’ with p’ Rg

analogous to the previous case
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Bisimilar processes

Let us consider the guarded CCS processes

D ' rec r.(a.x+ 6.x) ¢ ' rec y.(anil +vy.y) r ' rec z.(B.nil +7.2)

1. Draw the LTSs of the processes p, ¢, r and s & (plg|r)\a\B\ .

2. Show that s is strong bisimilar to the process ¢ = rec w.(T.w—+7.7.10il).
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Bisimilar processes
p = rec z.(a.x + [.x) an@B

q = rec y.(a +.y) VCQ “> nil
r = rec z.(3 +7.2) WCT E> nil
s = (plglr)\a\B\y C(p,q.r) = (plglr)\a\B\y

s = C(p,q,r)
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Bisimilar processes
«(Cr e 2 (Ca—"=nil 5(r—Lonil

r_(on )

5

S

(on Oé)/ \(j” B)

C(p, nil, r) C(p, g, nil)

C(p, nil, nil)

(on



Bisimilar processes

t = rec w.(t.w + 7.7)

T T
o -
)
.
,\7'/- “““““““““ C(pa ¥1117 r)
l ___________________________
nil

~
~
~ “
~ -
-~ -
- -
~ -
s -
S~ -
- -
i . --
e E R r s r ==

R = {{s,t}, {7,C(p,nil,r),C(p, ¢, nil)}, {nil, C(p, nil, nil)} }
R is a strong bisimulation
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