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Properties of
guarded processes



Guarded variables

TH. G(p, X U{z}) = G(p, X)

TH. G(p,X) ANz & fv(p) = G(p, X U{x})

proofs by structural induction on p (omitted)



Substitutions preserve
guardedness

TH. G(p,X)n N\ Gi X) = GOl far P [0,], X)

1€[1,n]

proof by structural induction on p (omitted)



Transitions preserve
guardedness

TH. G(p.X)Ap 5 qg= G(q,0)

proof by rule induction on p £ ¢ (omitted)



Guarded processes are
finitely branching

TH. G(p,0) = Vu. {qg| p = ¢} is a finite set

we prove a stronger property:
TH. X—{:Izl,... } o = [pl/xlj... P /azn]

) A /\ G(pi, X) = {q | 3p. po & q}is a finite set

proof: by structural induction on p
we only show some cases (and omit some details)

(see next slides)
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TH. X ={x1,..,2n} o=[""/uy, " /z,] (continue)
) A /\ G(pi, X) = {q | 3u. po = 4} is a finite set

proof: by structural induction on p
p=nil  nilo = nil {q| 3p. nil 5 ¢} =0
p=x reX  G(x,X)=false

rg X wo=z  {q|3p.xqt=0

p=up {q | Iu. po & q} = {p'o}



TH. X ={x1,..,2n} o=[""/uy, " /z,] (continue)
)A\ G, X) = {a | Fu. po =} is a finite set

1€[1,n]
proof: by structural induction on p
p=p\a po=po\a G(p,X) =Gy, X)

{q| 3. po = qt ={\o | Iu & {a,a}p'oc ¢}
finite, by inductive hypothesis

p=py+pi po=pyo+pioc Gp,X)=G({py X)ANGp),X)

{q | Fu. po = gt ={qp | Iu. pho = ¢4} U{q, | Fu. o = ¢;}
finite, by inductive hypotheses



TH. X ={x1,..,2n} o=[""/uy, " /z,] (continue)
) A /\ G(pi, X) = {q | 3u. po = 4} is a finite set

proof: by structural induction on p

p=rec z.p’ without loss of generality = ¢ X U U fv(pi)
1€(1,n]

po =rec x. p'o
G(p, X) = G(p', X U{z})
{q |3 po 5 qt={d |3 pof=77/,] 5 ¢’}
finite, by inductive hypotheses



Example

Guarded! Guarded!

P2 o (B.P+~.P) P ~ Q) Q= a.0.0Q+av.Q
P (8% Q (8%
() 7 AN
Y
B.P +~.P 8.Q— 7 T T=4.Q



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Ro={{P,Q,B8P+~P, .Q,vQ}}

Processes with different capabilities must be distinguished



Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

R, ={{P, @}, {B-P+~.P}, {.Q}, {7Q}}

2 [B.P 4+ ~.Q)
= [8.Q], [7.Q]

The atransitions of P and Q ends in different partitions
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Example

P2 o (B.P+~.P) P~ Q) Q= a.6.Q+ av.Q

Ry = { {P} 9 {Q} ; {5-P‘|‘7-P} ; {562} 9 {VQ} }




Example

Guarded! Guarded!

P2 o (B.P+~.P) P ~ Q) Q= a.0.0Q+av.Q
P X, ) 0 )
() 7 AN
Y
B.P +~.P 8.Q— 7 T T=4.Q

R, ={{P, Q}, {B.P+~.P}, {B.Q}, {nQ}}
Ry = { {P} 9 {Q} ; {5-P‘|—’7-P} y {5Q} ; {VQ} }

Only singletons partitions, we can stop P 2 @)
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+ Exercise

finitely branching! P, ~ Q, finitely branching!

s :
P > nil Qo P > nil

) o ) nil /4

P
O - 2 5

° PO)Q()aPlanaPZ O"B;

RO — { {P07Q07P17Q17P27Q27ni1} }

|5



+ Exercise

?
Py ~ Qo

Py > nil Qo > nil

R ={{F,Qo,P1,Q1, P}, {Q2} , {nil} }
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+ Exercise

?
Py ~ Qo

L) o) B

P2 QQ QO % _Pl_
W) R P
Py 7% Fo

Ry = { {Fo,Qo} , {1, P2}, {Q1}, {Q2} , {nil} }



+ Exercise

?
Py ~ Qo

Po " Qo
R3 ={{Po} , {Qo} . {P1}, P2}, {Q1}, {Q2} ., {nil} }



+ Exercise

finitely branching! P, ~ Q, finitely branching!

Po Q | 0 o6~ |
0 /R
| e N\
Pl# Q1 & # %-2
g) \#_/ ,
Ro = {{ Po,Qo,P1,Q1,Q2} } Py, Qg

P11Q11Q2 I!! -
R1={{Po, Qo} , {P1,0Q1,Q2}}

No more reasons to discriminate!
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Unguarded processes?

What about the general case? (unguarded processes)
any powerset ordered by inclusion defines a complete lattice

Complete lattice: (D,! ) PO such that

any X ! D has a least upper bound I X
any X ! D has a greatest lower bound ! X

it has bottom and top elements ! =1 D =1 D

20



TH. [Knaster-Tarski] (D, ! ) complete lattice

f ID! D monotone

has least and greatest fixpoint

Omin ! 1 {d" D !'f(d) #d} is the least fixpoint

\glb I pre-fixpoints

Omax ! ! {d" D 'd#f(d)} isthe greatest fixpoint
N\ T

lub post-fixpoints

least and greatest fixpoint exist... but how to compute them?

21



CCS
Compositionality

22



Compositionality

recall that an equivalence ' is a congruence when

L C[]. 'p,gip! g ! Cl[p]! C[q]

we can replace equivalent processes in any context
without changing the abstract semantics

23



TH. Strong bisimilarity is a congruence

1.'p,g.plg! TWw up! Hg

2. 'p,g.plg! 1 pl 1 gl

3.!'p,g.ptg! I .pl"]!d”]

4. 1 Po, 0, P1,h-Po! " P! ! potpr! Gt
S. I'Po, G, P1,h-Po! " Pr! G ! poPr! ph

let us omit quantification to make the statement more readable
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TH. Strong bisimilarity is a congruence

1.plg! up! WmQ
2. plqg! pt!1g!
3.ptagl pl*]!a”]
4. po! ! pr! @ ! potpr! Gt
S. Po! ! Pl ! popr! 'tk
proof technique:
“guess” a relation large enough to contain all pairs of interest;

show that it is a bisimulation relation;
then it is contained in the strong bisimilarity relation
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TH. Strong bisimilarity is a congruence (3)

take R! {(p'],q!'D | p! q}

we show that R is a strong bisimulation relation

take (P['1.a'D! R (i.e.with pt g )

take p[' """ p we wanttofind o' " d with (p',q)!' R
u="1() p=p']

since p! g then q'!“! q with p'! o

oy rule rel) o[t ¥ ) q'[ ]

take d = q°['] sothat (p,)=(p[',g[']D! R

by rule rel) it mustbe p™ p

take q' I'" d wewanttofind p! I'"" p' with (p',q)! R
analogous to the previous case
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TH. Strong bisimilarity is a congruence (4)

take R! {(Po+ P, o+ h) [Po! " P! h}
we show that R is a strong bisimulation relation
take (Ppo+ pP1.+ ) ! R (le.withpp!: @@ p1! q)

take po+ p1"!" pweneed o+ o' g with (p',q)! R

if rule suml) was used: py"!" p
since po! @ then aqu'" q with p'! ¢
by rule suml) o + q"I" g

but unfortunately (p’,q) !'" not necessarily (p,q)! R

how can we repair the proof?
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TH. Strong bisimilarity is a congruence (4)

take R! {(Po+ P, + ) | Po! " P1' ql}El

we show that R is a strong bisimulation relation

take (po+ P, + G) ! R (i.e. with pp ' o P! Qi)

take po + p1"" pweneed o+ q"" g with (p,g)! R

if rule suml) was used: py"!" p

since po! @ then aqu'" q with p'! ¢

by rule suml) o+ q."I" ¢

then (p,g)!"# R
(. q) fill in the missing details

- sumr)
(no need to check the pairsin t ) = Go+ Ch MOVeS

28

how can we repair the proof?



CCS: some laws

p+ nil ! p plnil I p
p+qQq! g+ p plg! qlp
p+(g+r)! (p+g+r pl(alr) ! (plap|r

p+pl p

how to prove them? find a strong bisimulation for each of them

nil\! ! nil nil[']! nil

(Wp\! ! nil ifpt {1,
(PN Lo\ if T (P[] P ()-(pl! )
(p+gh! I (pr!)+(a\l) P+l ]t (pl* )+ Cal])

g\\ !! \\I !! pp\\l\l pl! I["1! p[* " 1]
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Bisimulation revisited

30



Strong bisimilarity
P set of processes R P" P abinary relation

R Is a strong bisimulation if

!p,p!.p% D # &q!.q% q' P RQ
'p.a.(p.Q " R#E, Alice plays Bob replies
!u,q!.q% q # &p!.p% p' PRQ
strong bisimilarity ! ! R 'Sanequivalence
R S.b. IS a strong bisimulation

wp.p% p & 'd.q% gd(p"
'p,q. p" q# " (
'wg.q% g & 'p.pBpP(p" d
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Bisimulation game

Po—Lomnil Po! Qo Qy—2- nil
o R o
B 5
P, Alice plays (1 3 o
5( QB Bob replies 5( Qz]
Py Q)2



Bisimulation revisited

(S,L,! )

\ \ \Iabelled transitions

labels
states

alternative presentation of transitions
St st (L)t pg={p|pt g

generalization to sets of targets
S "(S)" (L) '(p.)={ul!'q" I.p¥ d

\ (p )= " po

| set of targets gl |
source

33



Bisimulation revisited

1 :S1 ST (L) L pg={u|pt qg

1S T(S)" (L) (p1)= " po
q! |

ol
| (p,|
p#“! . 01 (p.1) |

L(p, 1)

34



BISImLIIClTIOn revisited
pg={u|pr L(p, 1) = p o

]
take the equivalencé g Induced by a relatiorR )

(If R Is a bisimulation, then r Is a bisimulation
take the set of equivalence classes induced ky. Sy
taked ! S ., andp,q! J (lLe.,p" r Q)

if p'" p' for somey, p' thend!” ¢ for someq with p' #r q

(and vice vers: le. 11" Sy ,.p.g"I)
now consider the function ! (S! S)" 1 (S! S)
p! (R)gq! " 5. t(p1)="1(q,l)

by the above argument, a bisimulation is sucRf! ! (R)

I 1 R s the largest bisimulatic

R! ! (R) N



Bisimulation revisited

| S S (L)
L pg={u|p"
1 :S1 "(S)" " (L)

l(p,1)= " po
q! |

I 1(S! S)" 1(S! S)
p!(R)q! "I " Sy,.'(p,1)=1(q,l)
bisimulatior R 1 1| (R)

bisimilarity 1 1 R

R! ! (R)
36



CCS



Infinite LTS

| Write a guarded CCS process whose LTS has inbnitely many sta
without using parallel composition.
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Infinite LTS

using par P! rec x.!.(x]".nil) P! I (P|")
P
!
P! EY

A ,,

(P[")[! EY:
1 ,,

((P]))]! EY-

!
|
A4 A

39



Infinite LTS

P! rec x. (! .x)\" P! (I.P)\"

P\I\I all states are bisimilar

40



Infinite LTS

Pl rec x. ' ..(X["]D '("i)="ix

P
\!! !
P[]
)
PL ]
=
PIMY Y]

l
b4
\!
AAA

41



Bisimulation

42



h positions buffers

DebPne a CCS procesB| that represents an in/out bul er with
capacity n of which k positions are taken. Show thaB Is strongly bisimilar
to n copies ofB3 that run in parallel.
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h positions buffers

B2 ! in.BT
B, ! in.BY,; + out.B}, ; withO<k<n
B" ! out.B", ,

we want to prove B ! ﬁé\éﬁ\@lé
N

!”
R {(By,Bi,laad ) |!i. ki" {0,1}# k = k]
=1

we prove that R is a strong bisimulation

44



h positions buffers

Bp R  Bglaa®

N N
| I

Bf R Bilaad|

B R Bslaad|

IN N
| |

B R Bilaa®dl|laad

45



n positions buffers

!ll
0<k<n B! R Bl|aas®L Ki = K
1=1
in Iil’] |k| =0

B'., R B&l‘éégmi +1 ‘éé@l&n

Bl R Bl |aa® ki =0

|

Blr<]+1 R B&l‘ééﬁ‘pi +1 ‘éé@l&n
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h positions buffers

| 11

O<k<n B, R Bkl\ééﬂkn ki = Kk

out out ki =1

1 R B \aaﬂk , 1\aa£\kn

Bf R Bi|aad ki =1

out out
| |

1 R B \aa@\kll l\aaﬂkn

47



h positions buffers
Bf R  Bilaa®|

|OUt |OUt

B, R B}laa®!

BN R Bilaad|;

!
B, , R Bllaa®}aas

IOu’[ out

48



Congruence for \a

Prove that CCS strong bisimilarity is a congruence w.r.t. restriction
l.e., that for all p,q,!:

p! g" p\!'! q\'!

49



Congruence for \a

R {(p\',oq\!) ]| p! a we prove R is a strong bisimulation
take (p\! ,q\!')! R (with p! Q)

take p\!"" p' we want to bndg\! """ ¢ with p'R ¢

by rule res) it must beg'™ p" with p #§! , T} andp' = p"\!

sincep! gandp# p" we haveg# ' with p*! ('
take ¢ = g'\! : by rule res) we have\!"I" ¢ and(p',q) # R

take g\! """ o we want to bndp\! """ p' with p'R ¢

analogous to the previous ce
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Bisimilar processes

Let us consider the guarded CCS processes
def " def " def TR,
p=rec X.(! x+".x) g=recy.('.-nil +#y) r =rec z.(" .nil + #.2)
1. Draw the LTSs of the processes, g, r and s d:ef( plglr)\ !\ "\ £

2. Show thats is strong bisimilar to the proces$ ' rec w.(S.w+ $.$.nil ).
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Bisimilar processes

I rec x.(! . x+ " .x) | Clpg"

| rec y.(F+ ".y) | C!q — i
l rec z.(1 + *.2) rC!r " i
L(plgIr)\V PN # C(p,a,n ! (plalr)V!P A"\ #

s! C(p,q,r)
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Bisimilar processes

!Clpg" !C!q —"nil rClr il

- (on!)
(1)
(on !% SNH 1)
" #
C(p,nil,r) C(p, q,nil)

(on !)\$ %/(on 1)

C(p,nil, nil)



Bisimilar processes

t! rec w.(!. w+1.1)

- -
-—--
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
‘4
-

3
’f
~
.....
-~ -
.....
________
------------

~
~
~s .
~ -
~ -
~ o -
~ . -
- -
- -
________
-------------

R! {{s,t},{!,C(p,nil,r),C(p,q,nil )}, {nl,C(p,nil,nil)}}
R is a strong bisimulation
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