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Interpretation Domains



Interpretation Domains

Example
Dint =7, A
wnt Dintwint = (Z1 X 7)1
D7'1>l<7'2 é (DTl X DTQ)J_ Hee p p (I'eC v ZC, Hee y y)
J_Dint*z'nt (J_D'L'nt7 J_Dznt)

to distinguish:

pair of divergent terms

from divergent pair Example
Dint—int = [Z1 —7Z1]1

A
DT1—>7'2 — [DTl — DTQ]J_ rec f f Np. 1o Y. 1

to distinguish: 1
takes arg and diverge Dint—s int . Lp
from divergence without taking arg
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Interpretation Domains

DintéZJ_ DTl*TQ é(Dﬁ XDTQ)J— D71—>7'2 é[DTl %DQ]J—

Equivalently: D, = (V,),



Interpretation Function

t:T tlp € D-

/

environment p: Var — U D
TET

type consistent 7 :7 = p(z) € D-
assignment of
values to variables

we define the interpretation function by structural recursion
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Denotational Semantics



Constants



Variables

[[a;]]pép(m) r:T= plx) € D,



Arithmetic ops

to prove: op, is monotone and continuous

op € {+, —x}
[t1 op t2]p = [t1]p o, [t2]p

%J_ZZJ_XZJ_%ZJ_

[ |nyopng| if vy =[n] and vy = [ng]
1y, otherwise (v1 = Lz, orvg = 17, )

AN

, called strict extension

ZAY
Ul%LU2_<

\



Conditionals

to prove: Cond, Is monotone and continuous

ﬂifithenﬂ elsez]]p = Cond,( M]p , [E]]p , [2]],0 )

nt

e— e——

Ding =71 D; D~

] L
D, D,

Cond,:Z, xD-xD.— D._

Lp ifv=lg,
COndT(U, dl, dz) 2 dl if v= LOJ
do otherwise (v = |n| with n # 0)

|0






Projections

Equivalently: [fst( ¢t )]p = let d < [t]p. 71(d)
[fst(t )]p =77 ( Mp)

| I
D, D — D, ET
Dn (D D)
[] l ]
1)7-1 (DTIXDTQ) — D,

D,

[snd(t)]p =73 ([tlp)



Abstraction

DTl—>7'2 é [DTl — DTQ]J_

[Az. t]p £ [ Ad. [t]p[*/] |

T — T2 l)T2
D7’1—>T2:[DT1_>DT2]L . [DTl _>D7'2]
[Dﬁ _>D7'2]J—



Application (lazy)

Equivalently:

(] ) ()
Ip £ let ¢ < [t]p. ([to]p)
Vipsr =[Dsy = D;] 707 [Dry = D;]  To .

Drysr = (Vrgosr) L D,



Recursion

lrec x. t"1 1 1grpree x g

| I




Recursion

Irec x. t"1 1 bx "d. 1" [ ]
"_". [[D, !.D] D]D IT DTITII

D,

D, | . . [D ! D']

D,



Recap

[n]p = |n]

[z]p = p(x)
[t1 op t2]p = [ta]p op | [t2]p

[if ¢t then t; else ty]p = Cond.( [t]p, [t1]p . [t2]p )
[(t1, t2)]p = [ ([ti]p , [t2]p) |
[fst(t)]p =71 ([tlp )
[snd( ¢ )ipﬁ T ( [tlp )

[Az. t]p £ | Ad. [t]p[*/] |

[t to Jp = 1et o < [t]p. ¢([to]p)

Irec x. t"I' 1 bx"d. It"1[9/]
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Example

fd:eT!x:int.B

M. tlp £ | Ad. [tpl/2] | [n]p = )

Lfr = 1 x 3™ = d 13 [ = ) dl 3



Example

gd:ef! x:nt. If x then 3 else3

Da. t]p 2 | M. [t]p[4/] |
' X, If Xxthen 3 else3""
= "1 d. lif x then 3 else3"" [/, ]#
"1 d. Cond(d,"3# "3 #
"I'd. let x$ d."3##

at"" & g™
"I d. "3HH
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Example

hd:efrecy: int! Int.! x:int. 3

ITh"" = lrec y. I X. 3" Irec x. t"1' 1 bx"d. It"1[9/ ]
= bPx ! dy. 11X 3" [M/y] [ ilp2 [ Ad [0/
= Px ! dy. "1 dh. 13" [B %/ J#

= Px ! dy."! dy. "3##
4 X #h: l dy "! dx. "3#;[

= 0 (Wzoy Zodos) = NZogt Zodls
= #,(do) = (! dy. "1 dy. "3#H%= "1 dy. "3H#
= #(cdh) = (! dy. "1 d. "3#A"! dy. "3HH= "1 dy. "3HH= dy
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Example

hd:efrecy: int! Int.! x:int. 3
lh™ = lrecy.! x. 3"
Px ! dy. 1! x. 3" [¥/ ]
Px ! dy. " dy. 13" [M/y, %/ (J#
px ! dy. " dy. "3##

#h — l dy "! dx. "3#;[

do = #(Yzey Zoges) = YZeg Zoghes
dh = #,(do) = (! dy. "! O. "3HR%= "1 dy. "3t

Maximal element in 2o, ! ZoyJos
we could already stop here

21



Example

hd:efrecy: int! Int.! x:int. 3
lh™ = lrecy.! x. 3"
Px ! dy. 1! x. 3" [¥/ ]
Px ! dy. " dy. 13" [M/y, %/ (J#
px ! dy. " dy. "3##

Th"" = "1 dy. "3##= 1 "
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Example

Irec X. X"l = Bx "dy. IX"T[%/ ]

= bx ! dy. dy
do: ' D,
di =(!de.dy) do=do =" p,
lrec X. X"l =1 p,
X int ! Int lrec X. X"l =171 21
X :int ! int lrec X. X"l =1z 12,
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Example

Y t1 <£.1!2
Ily. rec z. 2" = 11dy. lrec z. 2" [V /]

— II dy " D!Z;é

= !" [D!]_! D!z]i

= I Vi !Z-Tl

= Divo1y = | (Vigri5)
X :int ! int lrec X. X" =1z 1 2 diverges
y:int,z:int Ily.rec z. 2" = I" [z, 2 # walts arg and

24 diverges



+ Exercise

X:intlhint,y:int, z:int

' rec x. x "I l(recy.y,recz.z)"

o

diverges a pair
of diverging computations

! Dint!int l( Dint ) Dint )i
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Lazy vs Eager
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Eager Application

returns | when It"l =1

lazy [ tto Jp = let ¢ < [t]p. o([to]p)

eager !tto"ll let " ! It"l. let d! Ito"l." ("d#)

returns | when It"l =1 or Itp"l = |

27



Well-given definitions:
continuity theorems
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Well-definedness

We must guarantee that all functions we have used
are monotone and continuous,
so that Kleene’s fix point theory is applicable

112 (§ already considered
let

apply bx 0p, Cond ! to be checked
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fa tE! F

(D,! p) fg! le.f(d,e
TH. (E,'g) cPO f:D! E" F
(F,! F) fe:D! F
fe! 1d f(d e
. . . d" D. f4 are continuous
f is continuous iff .
le" E. f, are continuous
proof. ! ) assume f is continuous

take a generic d! D el E
we want to prove fq4 is continuous fe
take achain{e}iin iIn E (omitted)
we prove fy e = fq(e)

11 N 1T N

(see next slide)
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(continue) fa & = fq(&)

fd e =f d &g by def of f4
Il N Il N

= f d e by lub of constant chain
11N 11 N

= f (d,e) by lub of pairs
Il N

= f(d,g) by continuity of f

11 N
= fa(e) by def of f4

11 N
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fa tE! F

(D,! p) fg! le. f(d,e
TH. (E,'g) CPO f:D! E" F
(F.1 ¢) fe:D! F
fe! 1d.f(d,e

d" D.f4 are continuous

f is continuous iff .
le" E.f, are continuous

I ) assume f4,fe are continuous for all d, €
we want to prove f Is continuous

take a chain {(dk,&)}kiniIN D! E
we prove f (de,ex) = f(dk,&)
k! N k! N

(see next slide)
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f (dk,ex)

(continue) f (dk, &)
k! N k! N

f (' k(de,ex))= f('idi,!;jg) by defof lub of pairs
= fq(!jg) by def of fqwith d! ! ;d
= ifa(g) by continuity of f4
=1;f(d,g) by def of fd

i te (d) by def of T¢,

| fe (1idi) Dbydefof d! !ig,

1 1ifg (di) Dby continuity of e

!j !if(di,ej) bydefof fej

L f (dk,&) by switch lemma (applicable?)
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(continue) f (de;e) = f(dk, &)
k! N k! N

if i! n"j! mthenf(d,g)! f(dv,em)? @&
|

f(di,g)=fo(g)! fa(em)= f(di,en)= fe, (d)! fe,(dy)= f(dn en)
fdi fem
monotone monotone

| j i f (di : ej) Q
L f (dk,&) by switch lemma (applicable?)
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(D, ! ) apply:[D! E]" D! E
Ere) 70 applyfd)! f(d)
TH. apply is monotone

(try to prove on your own)
TH. apply is continuous

proof. from a previous theorem, we prove continuity
on each parameter separately apply;  apply,

1.foranyf | [D" E] apply: ! !d.f(d) iscontinuous
2.foranyd! D apply, ! 'f. f (d) is continuous

(see next slides)
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1.foranyf | [D" E] apply: ! !d.f(d) iscontinuous

take f ! [D" E] andachain{di};inin D

we want to prove apply;

apply; (! idi) = apply(f, ! id;)

f(1id)
i f (o)

| iapply(f,d;)
L iapplyr (di)

36

di = apply; (d)
i

by def of apply;

by def of apply

by continuity of f

by def of apply

by def of apply;



2.foranyd! D applyy ! !'f. f (d) Is continuous
take d! D andachain{fi}iinin[D! E]
we want to prove  apply, fi = applyy(fi)

i i

applyy(! ifi) = apply(! ifi,d) by def of apply,

(!ifi)(d) by def of apply

Lifi(d) by def of lub of functions

| ;apply(f;,d) by def of apply

| japplyy(fi) by def of apply,
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Apply: recap

(D, ! ) apply:[D! E]" D! E
Erg) 70 applyfd)! f(d)

apply! [[D" E]#D" E]
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Fix

px:[D! D]! D

(0.1 o) CFO; px! 1f.  f"(1 p)
n! N
TH. PXx is monotone
(try to prove on your own)
TH. PX is continuous
proof. bx! If. "1 )= 1f.f"( p)

n! N n! N
by def of lub in functional domains

we prove that 'n. I f. f "(" p) is continuous
(by mathematical induction on 11 )

then PXis continuous because lub of continuous functions
(see next slides)
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(continue) !'n. !'f.f "(" p)

basecase: !f.f °(! p)=!f. ! p
IS a constant function (continuous)

inductive case: assume g! !f.f "(! p) is continuous

we want to prove h! If. f "*! (1 ) is continuous
take a chain {fi}irnin[D! D]

we want to prove h fi = h(f)
11 N 11 N

(see next slide)
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(continue) !'n.!f.f"("p) I v :ﬁ!l(“’!)D) " il:Nfi” = ;:Nh(fi)
h(!if)=(!f)" (" p) by def of h
= (i) if)"(" b)) by defof ("
=(!f)0a(tifi)) by det of Y
=(r)iadti)) by ind. hyp (Y continuous)

=1t (" b))  bydefof y

=1if;(Vif"(" D)) by def of lub in functional CPO
=1 i (" (" b)) by continuity of f;

=1 fc(Fe (" b)) by switch lemma

= 1 f 0™ (" p) by def of (3"

=1  h(fy) by def of h
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Fix: recap

px:[D! D]! D

bx! If. f"( p)
n!' N

(D,! p) CPO,

px! [[D" D]" D]
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TH. 9P, is monotone and continuous

%LZZJ_XZJ_%ZJ_

[ |n1op ng] if v1 = |n1| and vy = |ng]
J—ZL otherwise (Ul — J—ZL O Vo = J—ZL)

ZAY
UlOpJ_?JQ—<
.

We omit monotonicity check

Since the domain has only finite chains, it is also continuous
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TH. Cond is monotone and continuous

Cond.:Z,| xD-xD.— D_

J—DT it v = J—ZL
COndT(’U, dl, dg) = dl if v = LOJ

do otherwise (v = |n| with n # 0)
We omit monotonicity check

We prove continuity on each parameter separately
The first parameter is in Z,
only finite chains are possible, hence continuity is guaranteed

We prove continuity over the second parameter (next slides)
For the third parameter the proof is analogous and omitted
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(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(’U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)

Continuity over the second parameter
take v ! Z) ,dl D, ;{di}i" N D

we wanttoprove Cond v, dj,d = Cond (v, d;, d)
11 N 1T N

L 2,
we proceed by case analysis on v 4 0"
n", n#0
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(continue)

Cond.:Z,| xD-xD.— D_
Ip ifv=_1g,
COndT(”U, dl, dg) = dl if v = LOJ

do otherwise (v

46

‘n| with n # 0)

Cond (! 2, ,d;,d)

11 N



(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(”U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)

v=10"

COﬂd_ !O", di : d di
11N 11N 11N

Cond (10", dj, d)
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(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(”U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)

Cond In", d,d =d= d= Cond (In", d;, d)

11N 11 N 11 N
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TH. lambda abstraction is monotone and continuous

t:! 1 d. 1t""[9/,] is continuous
we focus on the stronger property

L. e [é’/k] IS continuous

the proof is by structural induction on t

(try on your own)

Corollary t:!g! | bx ! d. 1t""[%/ ] is continuous

(the limit of continuous functions is continuous)
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More continuity theorems
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(D1| D)

TH. CPO f:D! Ei1" Es g ! !i!f
(Ei,! g;)
f is continuous iff Ui, Y are continuous
| . .
proof. 1) T iscontinuous , ¢ iscontinuous

i IS continuous

') notethat 'd" D.f (d)=(g:(d), g(d))

assume U1,y are continuous
we want to prove f is continuous
take a chain {di}iin in D

we must prove f d = f(d)
1IN 11N

(see next slide)
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(continue) f d = f(d)

d = o d ,o di by def U1, U2
11 N 11 N 11 N
= gi(di),  G(di) U1, Y2 are continuous
11 N 11 N
= (0:(di), g2(di)) by def of lub of pairs
11 N
— f(d) by def U1, U2

11 N
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Curry

(D, ! p)
(E.l ) CPO curry (D! E" F)" D" E" F
(F.1¢) curry fde! f(d,e

TH. f continuous curry (f) continuous

(try to prove on your own)
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Curry

(D, ! p)
(E.l ) CPO curry (D! E" F)" D" E" F
(F.1¢) curry fde! f(d,e

TH. f continuous curry (f) continuous

h! curry(f):D" E" F

given { G iy h (%d)="%((hd):E" F

take € # E h (%d) e=*(%(h d)) €

h (%4d) € — curry t (%a) € — 1((%d), €) — 1((%a), (V4e))

- 1(%(d,e) - % 1(d,e) - %(curryta e
- %(hage - (%(ha))e
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Uncurry

(D, ! bp)
.1 .)cpo Uncumy (DL EL F)I (D" E)!
(F’, \ uncurry f (d,e)! fde
N E
TH. f continuous 1 uncurry(f) continuous

(try to prove on your own)
TH. unicurry is the inverse of curry
gveng: (D&E)" F uncurry(curry(g)) = y
take (d,€) # (D & E) (uncurry(curry(g)))(d,e) =* g(d, )

(uncurry(curry(g)))(d,e) — (curry(g)) d e — g(d, e

55
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Uncurry

(D, ! bp)
.1 .)cpo Uncumy (DL EL F)I (D" E)!
(F’, \ uncurry f (d,e)! fde
N E
TH. f continuous 1 uncurry(f) continuous

(try to prove on your own)
TH. unicurry is the inverse of curry
gvenf:D" E" F curry(uncurry(f)) =7 f
take d# D,e# E  (curry(uncurry(f)))de =“fde
(curry(uncurry(f))) d e — (uncurry(t))(d,e) — Tde

56
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Main properties
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Substitution lemma

X,To - 1o E[to/ " = 1t ]
t:! ‘

environment update

syntactic substitution

the proof is by structural induction on t

(try on your own)
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Compositionality

The substitution lemma !t['°/,]"! = 1t"I [’ /] is important:
as it guarantees the compositionality of the
denotational semantics

TH. L= 0 L N[/ = e,

proof. assume !'ti"! = "]

[0/ ] = TR ] = R ] = R

subs " = Tt," subs
lemma lemma

59



Only free variables
matter

TH. t:!
Ix " fv(t). ' (x) = 1'(x) | It = It

the proof is by structural induction on t

(try on your own)

Corollary t closed ! L I = 1
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TH. Canonical terms are not bottom
c! C! ! !!.!C"!E#D!

proof. by rule induction on the rules for canonical terms
P(c! C/)! "l.Ic'l # $p,

In"l = In" # .
n# Cint $D|nt

to:!'og t1:!17 to,t1 closed
(to,t1) # Ci 11,y

(to, t2)"! = 1(Mto"!, 1t1"1)" # $p, ,,.

"X.t:1pg" 1 "X tclosed
! X.'[#C!O" 14

Xt = 1hd It [ (] # $D!o! !

1
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Additional exercises
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Exercise a, part 1

Prove the implication
Lt = (el - I X0 = It x|
Assume X : andthus ;" " #
[t xX[I! = 0*$ + [tQ! - $(x]')
=0*$ + [t]! . S(x]")

= % x|
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Exercise a, part 2

Give a counterexample to
[t = [t + 1t X[ = 1t X]°

Take X : INt

L= Int.-). z:Int. Z):Int"™ Int
t,=(-). f:int" int.f):int" int
Then [t X! = 0*F + [[t]]' . S([X]!) = .
But [t,]! =/%l., 01, =[t]!
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Exercise b

Compute the denotational semantics of the HOFL term

t! -). f.9%. Bx*4)51)© (f (x7 X))

[t = fix % . [%. Bx *4)51)@ (f (x7 X)]' [>/]
= fix 9% . /9. [BXx *4)51)@ (f (x7 )] [3/:,01,]C
= fix 9% . /9. 895: (d,/ 10, [(f (x7 X)]' [}/;,91.])(

= fix 9% . /9. 895: (d,/10,0* &+ $.&d7 d))
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Exercise b (ctd.)

Compute the denotational semantics of the HOFL term

t! -). f.9%. Bx*4)51)© (f (x7 X))

It]' = fix % .

$0 =

$1=/%A.
= /Al
$= /N
= /Al
= /Al
= /Al
$°= /%A

/96l. 895: (d,/10,0* &+ $.&d7 d))

895: (d,/10,0* &+ $°. &7 d))C
895: (d,/ 10,, )

895:(d,/10,0* &+ $1.$(d7 d))
895: (d,/10,895: (d7 d,/10,, ))

895: (d,/ 10,895 (/ 00,/ 10, , ))(

895: (d,/ 10,/ 10)(

895: (d,/10,0* &+ $2.$(d7 d))( = $?2

66



