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HOFL
Towards a denotational semantics



Imp

three syntactic categories (types) Aexp, Bexp, Com
one interpretation function each

Al-] : Aexp — ¥ — Z Y2 Ide = 7
B(-|: Bexp — ¥ — B ‘

environment
Cl-]: Com — ¥ — >

semantic values

meaning of identifiers

syntax one semantic domain each



HOFL

one syntactic category for pre-terms T°
infinitely many types 7 = it | 1ox7m1 | 70 > 71
infinitely many categories for typeable terms 7',

one semantic domain each D
one parametric interpretation function |-]

variables also have different types x : 7

the environment must be type-sensitive p



Requirements

__—adomain for each type!
t:T Itlp € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

—. p_ mustincludea |,

t may diverge (e.g. rec z. z ) bottom element



Requirements

__—adomain for each type!
t:T Itlp € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

[rec z. t]p = [t]p[lrec = e/ ] [yr = Ad. [t]pl/ 2]

[rec z. t]p =T, ([rec x. t]p)  to solve recursive equations:

lrec z. ] = fix Ty s D. must be a CPO |
| I', , must be continuous



L

T

Requirements

__—adomain for each type!
[t]p € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

T u= int | 9% | To = T

we must be able to combine CPO
using cartesian product and function spaces



L

T

Requirements

__—adomain for each type!
[t]p € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

T u= int | 9% | To = T

choose D,

glven DT()7D7'1 bUlId DTO*’Tl DT()—>7'1

8



Flat domain of Integers



Flat domain of Integers

2 -1 0 1



Flat domain of Integers

A -1\:{;/'1

PO: flat order
bottom: any flat order has bottom

completeness: any flat order is complete
(only finite chains are possible)



Strict extensions

op € {+,—X} 1+, L=1
op: 4L XL — 4 Lx, 5=1
op, 124y XLy — 4y L—, 1=1

(

U1 Op V2 ifUl,UQEZ
J—Z otherwise (?}1 — J—ZL Or Vo =— J—ZL)

AN

ZAY
U1@L02—<

\ 1

called strict extension

to prove: op, Is monotone and continuous

SZ, xZ, a CPO, ?

12



Cartesian product of domains



Cartesian product

D= (D,Cp)
&= (E,Cg)

CPO = DxE=(DXE, Cpxg)

how to order pairs?
T doCpdi ANeg Cg e

(do,e0) Epxe (di,e1)

example 7, X 7

(0,1) Tz, vz, (1,2)
(Lz,,1) iZLxZL (1,1)
2, 15,) Co, z, (2,0)
(0, 12,) Tz, xz, (12.,0)

~



Cartesian CPO

DxE&E=(DxFE, Cpxg )

is It a partial order?

reflexivity, antisymmetry, transitivity of Cp« g
follow immediately from those of C, LCg

IS there a bottom element?

Iet J—DXE — (J_D,J_E)
take any pair (d,e) € D x E

| I1pCEpd B
Since - then 1l pwr = (J_D,J_E) L_DxE (d, 6)
IlrCgre




Cartesian CPO (c‘rd)

D x €& = DXE —D><E

IS It complete?

take a chain {(d;,e;)}ien we need to find its lub

we prove its lub is (|_| d;, |_| ei)

1eN €N

1. 1t Is an upper bound of the chain
2. it Is smaller than or equal to any other upper bound



CarTesmn CPO (ctd)

(DxE, Cpxg ) take a chain {(d;,e;)}ien

D x

1. (LI d;, LI ei) iS an upper bound of the chain
1€N 1€N
take a generic element of the chain (d;, ¢;)

d;i Cp | |d;

we have N thus (dj,e;) Cpxe (I_I d;, _| e;

e; L Llei




CarTesmn CPO (ctd)

(DxE, Cpxg ) take a chain {(d;,e;)}ien

D x

2. (LI d;, Ll ei) is the least among upper bounds

1€N €N

take a generic upper bound (d,e): Vi e N. (d;,e;) Cpxg (d,e)
bYdef VieN.d;Cpd N VieN. e Cge

i.e., d is an upper bound of {d;}icn di!pd
— 1" N
e is an upper bound of {e;};cn g lce
" " i1 N
hence d, & !p-e(de

11N 1T N

|18



Cartesian CPO: recap

DxE=(DxFE, Cpxg )

(do,e0) Epxp (di,e1) iff doEp di Aeg Eg e

'pre! (! o,!E)

| L
(di,e)! di, g

11N 11N 11 N

is7, x7,a cpo, ? @

19



PI"OJZCTIOHS

DI E” DI E" E
.1(d,e)— d .z(d,e)— €

TH. projections are monotone
proof. take (do,€)! p1 e (di,€1)
we want to prove !1(do,€) ! p !1(d1,€1)

l 2(do,€0) ! £ !2(d1,€1)

1 1(do, &) = do ! p di = '1(dy,€1)
!

(do,€) ! b1 e (di,€1)

the case of ! 2 is analogous

20



Pro JZCTIOHS (c’rd)

DI E" DI E"
.1(d,e)— d .z(d,e)— €

TH. projections are continuous
prOOf. take {(dz, 6@)}@61\1

we want to prove !1 (d,e) = !'i(di,e)
| . IN I
; (d,e) ='1 d, & = d = !y(d,e)
11 N 11 N 11 N 1T N 1" N
by def by def by def
of lub of 11 of 11

the case of ! 2 is analogous

21



Switch lemma

22



Switch Lemma
E=(E,!') CPO

a set of elements (not a chain) {€ym }nm ! N
suchthat €&m ! €&'m' if n! nn" m! m

23



Switch Lemma
E=(E,!') CPO

a set of elements (not a chain) {€ym }nm ! N
suchthat €&m ! €&'m' if n! nn" m! m

€o! €1

24



Switch Lemma
E=(E,!') CPO

a set of elements (not a chain) {€ym }nm ! N
suchthat €&m ! €&'m' if n! nn" m! m

eo! e1! eo! aa

25



Switch Lemma
E=(E,!) CPO

a set of elements (not a chain) {€ym }nm ! N
suchthat €&m ! €&'m' if n! nn" m! m

co! e1! enp! 444 em! a4

26



Switch Lemma
E=(E,!) CPO

a set of elements (not a chain) {€m }nm N
suchthat ©&m ! @' m' if n! n'"

m! m

eo! e1! en! 444 e ! 4a

co! e1! enp! 444 em! a4

27



Switch Lemma
E=(E,!) CPO

a set of elements (not a chain) {€m }nm N
suchthat ©&m ! @' m' if n! n'"

m! m

&o! e1! e,! 444 en! aa

ero! e11! en! adéd e ! aa

co! e1! enp! 444 em! a4

28



Switch Lemma
E=(E,!) CPO

a set of elements (not a chain) {€m }nm N
suchthat ©&m ! @' m' if n! n'"

m! m

eho! en1! e2! aad en! aai

&o! &1l es! add en! aa
eto! e1! en! 4dad e ! aa

co! e1! enp! 444 em! a4



Switch Lemma

E=(E,!') CPO

a set of elements (not a chain) {€ym }nm ! N

such that

444 enm!

"

‘aq,o! €n1! €n2!

eo! e1! e
eto! e1! €2

€,o0'! €:1! €2

448 em!
448 eLm!

448 eym!

aaa

aaa

aaa

m! N

m! m

Ch.m ! €' m! f n| n!

fixed n the set {en,m }m! N

forms a chain (a row in the picture)
and thus has alub ( E is a CPO)

€n1,m

en,m
m! N

30



Switch Lemma

E=(E,!') CPO

a set of elements (not a chain) {€ym }nm ! N

such that

E%Lﬂ]

‘&w! €n1! €n2!

444 enm!

é%é €nm
N

m!

eo! e1! e
eto! e1! €2

€,o0'! €:1! €2

448 em!
448 eLm!

448 eym!

444 em
m! N
aaa eim
m! N
aaa €om
m! N

m! m

| €n!' m! if n! n’
fixed n the set {en,m }m! N

forms a chain (a row in the picture)
and thus has alub ( E is a CPO)

E}Ln1
m! N
we form the chain of all row-lubs
E%Lﬂ]
m! N n! N

31



Switch Lemma
E=(E,!') CPO

a set of elements (not a chain) {€m }nm N
suchthat ©&m ! @' m' if n! n'"

m! m

fixed m the set {€ m }n1 N

| — forms a chain (a column in the picture)
oyt 444 o | 444 and thus has a lub ( E is a CPO)

l en2! aad egm) aaa

en,m

I &,! aad en) aaa nl N
l ep! aad eyn ) aaa

: e0,2! aa eO,m aaa

32



such that

l aa

l aa

l aa

Switch Lemma
E=(E,!) CPO
a set of elements (not a chain) {€m }nm! N

aaa

aaa

aaa

aaa

en,m

m! m

L ermt if n! n"

fixed m the set {€ m }n1 N

forms a chain (a column in the picture)
and thus has alub ( E is a CPO)

en,m
n! N

we form the chain of all column-lubs
en,m

nt N m! N
33



Switch Lemma
E=(E,!') CPO

a set of elements (not a chain) {€m }nm N
suchthat ©&m ! @' m' if n! n'"

m! m
the diagonal elements {€k }k' N

\ also form a chain
and thus has alub ( E is a CPO)

€o! E1! enp! aaj

Ck k
k! N

34



Switch Lemma

E=(E,!) CPO

a set of elements (not a chain) {€ym }nm ! N

such that

| 444 enm!

| 444 eym!
| 444 e m!

| 444 eym!

aaa

aaa

aaa

aaa

en,m

| €' m! T Nn! n

we prove that

all sets we have seen
have the same

set of upper bounds
and thus the same
least upper bound

en,m — ek,k — en,m
n! Nm! N k! N m! Nn! N

35

m! m

{en,m }n,m I N

en,m
m! N

n! N

{€k }ki N

nt N

m! N



(i) {en,m }n,m IN Same u.b. as

444 enm!

4448 em!
4448 em!

4448 em!

aad en= rném

. ' $
aad &= +nE2m
. ' $
aad e = rn€Lm

. %
aad eg= . rn€Om

36

{en}n! N

where €,

m! N

en,m



(i) {en,m}n,m!N same u.b. as {en}n!N

l en1! en2! 4ad e,,! ada én: N En,
- - o —. " m{en,m}m!N! {€&m}nmiN

where €, = | €n,m
m! N
take an upper bound € of {€m }nm! N

we want to prove it is an upper bound for {€n}n! N
take any (row) index n

_. - _ — we prove €, ! €

arow the matrix

| 1! e&o! 444 en! aa4 62:$m"|\|ez,m e IS an u.b. Of{en,m}m! N

el erp! 444 em! 444 &= pnerm O T e,m is the lub
- - - — m! N
' @1t f2! 334 &m! 234 @ = mnm therefore e, ! €

37



(i) {en,m }n,m IN Same u.b. as

{en}n! N

where €, = Ch.m

2. take an upper bound € of {€n}n N

m! N

we want to prove it is an upper bound for {€m }nm ! N

| 444 enm!

| 444 e
| 444 e

| 444 e

€

. 9
aad en= [ yNEnm

N ' $
aad &= +nE2m

. %
aad e = rn€Lm

. %
aad eg= . rn€Om

38

take any indices 1, i1

we prove €nm €

€m |

\ m! N

en,m — B '

one element

of a row

the lub
of that row

€



(ii

the proof is analogous to the previous case

{en,m }n,m I'N

same u.b. as

(reason by columns, not by rows)

en,O
n'N

en, 1

n!' N

en,2 | en,m

n! N n! N
| e,2! add e !
| e, ! add en!
| go! add en!
| eo! add en!

aa

aa

aa

aa

39



|||) {en,m}n,m!N same u.b. as {ek,k}k!N

1. take an upper bound € of {€m }nm 1 N

we want to prove it is an upper bound for {€xk }k! N

- but this iIs iImmediate, because

-~ , . A &kt Nt {€mlnmiN
eo! en1! en2! aad e,! aa

the diagonal the whole matrix

eo! e1! &y add e,! aa
eo! e1! eo! add &n! aa

eo! e1! eo! add en! aa

40



) {en,m }n,m IN Same u.b. as

{€k ki N

2. take an upper bound € of {&x}k N

we want to prove it is an upper bound for {€m }nm ! N

| 444 enm!

| 444 e
| 444 e

| 444 e

aa

aa

aa

aa

€

n !

41

take any indices 1, 11
we prove €m ! €
let k =max{n, m}

Em ! ek ! €
/
K" m! Kk

€ isan u.b. of {&xk}k N



Switch Lemma: recap

{en,m }n,m I N

€m ! ©'m' jf n! nNn"m! m'

same set of upper bounds as

€h,m {&k kN €h,m
m! N nl N n!' N m! N



Functional domains

43



Function space

D= (D,Cp)
&= (E,Cg)

CPO, = [D! E]=([D'!" EJ], " pr g7)

D! E!' {f | f:D! E}
D! E]JV' {f | f:D! E,f continuous}

how to order functions?

44



Example

f,g 2

2 1 x odd
f(x)!' O Flizoz19  9x)! 0 otherwise

Q not continuous!
f(1)=0 "z 1=g(1)

total functions on Z, are not comparable

(unless they are equal)

any total function is maximal in Z, ! Z

45



Example

f, g . Z, V' Z
1 x odd -1 xodd
T, otherwise WOT 0 otherwise
f !? 21 210 not continuous!

<

46



Example

f, g . Z, V' Z
1 x odd 0 X even
P+ 2. otherwise 9 z,  otherwise
f iz, 1210

Q

47



Example

f,g Ly Z
xI 11 x! 1C oxb 1t x ! 18
X) | . .
T (x) ! ;. otherwise 9(X) z,  otherwise
2
f 'z 210

@

48



Example

f,g LV 4y Y 2

(X!y)? Xy%#z

X'y Xy&%#z -
g(x.y) ! # 7, otherwise

|
Fx.y)! #z,  otherwise
?
f Yoz, 2109

Q

49



Example

fbg:Z, ! 4 " 24,

Xy X y%#g

| |

Fxy) # 7, otherwise
?

f Yoz, 2109

X'y Xy=+#gz

a(x,y) ! 4 0 X = #gz
# 2,  otherwise

yes (as functions)

but Is gy continuous?
g(l,l):() g(l,l):].
not even monotone!

50



Example

f,g LV 4y " 2

?

FO) ! (Fz ,Xx) f ! z!' z."z 19 g(x) ! (X, x)

<

51



Example

f,g LV 4y " 2

f?

FO) (Y z ,x) f!.[z!!z!"z!]g g(x) I (X! z )

Q

f(()):(l Z 10) "#Z! ' Z, (O’| Z ): g(O)

52



Func’rlonal CPO

D! El=([D! E], "prer)

is It a partial order?

reflexivity, antisymmetry, transitivity of ! o1 g;
follow immediately from those of C 5

IS there a bottom element?

let ! [D! E] — 1 d. !
take any function f ! [D " E]

foranyd! D wehave ! p)r g;d="!¢ " g T(d)

53



Functional CPO (ch)

D! El=([D! E], "prer)

IS it complete?

first we show that any chain of functions
(not necessarily continuous)
hasalmitin D! E

then we show thatthellmitin D! E

of any chain of continuous functions
IS also continuous

54



Func’rlonal CPO (ctd)

a chain of functions
{ D l E} n!
(not necessarily continuous)

we proveitslubis h! I'd.  f,(d)
n! N

i.e. h(d)!  f,(d)

nt N

1. 1t Is an upper bound of the chain
2. it Is smaller than or equal to any other upper bound

55



Func‘rlonal CPO (ctd)

take a chain {fn l E}nin (nOt necessarily continuous)

1.h! 1d.  f,(d) isan upper bound of the chain
n' N

takeany n! N
foranyd! D fa(d)! e  fa(d)= h(d)

nt N

therefore fn!pr gh

56



Func‘rlonal CPO (ctd)

take a chain {fn l E}nin (nOt necessarily continuous)

2. h! 1d.  f,(d) is the least among upper bounds
n! N

take any y suchthat !'n.f, " pi e @

we want to prove h! p1 g O
take any d! D 'n. T,(d) " £ g(d)
thus g(d) is an u.b. of {fh(d)}ni N

and therefore h(d)=  f,(d) ! £ g(d)

n! N

57



Functional CPO (ctd)

TH. take achain {fn : D! E}n N of continuous functions

then h! !d. fn(d) is continuous
n! N
proof. let {di}iin achainin D
we prove h d = h(d)
' " 1IN 1" N
h di = f di by def of h
1" N n! N 1" N
=  f,(d) by continuity of fn

n! Ni!' N
=  f,(d) by switch lemma (applicable?)
I Nn! N

= h(di) by def of h

11 N
58



Functional CPO (ctd)

if n! m"i! j then fn(d)! e fm(d) ? &
|

fn ! o1 gpfm ™ di! d frn(di)! e fn(dj) ! e Tm(d)
f i |
monotone fn! b1 E]Tm

= | fn(di)
n! Ni!' N Q

=  f,(d) by switch lemma (applicable?)
I Nn! N

59



Functional CPO (ctd)

TH. [D! E[=([D! E], " pr g;) iscomplete
proof. take achain {fn :[D! El}nin

h! td.  f,(d) isthelubinD! E
n! N is continuous h! [D " E]

since D! E]" D! E

h isthelubin [D! E]

60



Functional CPO: recap

D! E[=([D! E], " g])

o ogp! 'd ! g

f,! 1d.  f,(d)

nt N n! N

f' D" ElL,g!'[E"™ F] # g%$f! [D" F]
the composition of continuous functions is continuous

61



Exercise: smashed prod

D= (D,Cp)
&= (E,Cg)

CPOJ_ —> D!E:(D!E,"D!E)

D! E! {(de|(d,e" D#E,d=%$p % e= $¢)

how to order pairs?
bottom element?

complete order?

62



Ex. CPO of fixpoints

Let (D," p) be a CPO andf : D # D be a continuous function
Prove that the set of Pxpoints off Is itself a CPO (ordered by" p).

63



Ex. CPO of fixpoints

(D,! p) CPO f :D! D continuous
FPs ! {d | d=1f(d)} setofallfixpoints of f
(FPs,! ) 1 I (FPs # FP;) CPO?

itis a PO (because FP; ! D)
we prove it is complete  take a chain {di}iin! FP

we show that  d as computed in D is a fixpoint of f
) CiUN
f d = f(di) by continuity
1! N 11 N
= each d; is a fixpoint

Il N
64



