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HOFL
Towards a denotational semantics



Imp

three syntactic categories (types) Aexp, Bexp, Com
one interpretation function each

Al-] : Aexp — ¥ — Z Y2 Ide = 7
B(-|: Bexp — ¥ — B ‘

environment
Cl-]: Com — ¥ — >

semantic values

meaning of identifiers

syntax one semantic domain each



HOFL

one syntactic category for pre-terms T°
infinitely many types 7 = it | 1ox7m1 | 70 > 71
infinitely many categories for typeable terms 7',

one semantic domain each D
one parametric interpretation function |-]

variables also have different types x : 7

the environment must be type-sensitive p



Requirements

__—adomain for each type!
t:T Itlp € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

—. p_ mustincludea |,

t may diverge (e.g. rec z. z ) bottom element



Requirements

__—adomain for each type!
t:T Itlp € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

[rec z. t]p = [t]p[lrec = e/ ] [yr = Ad. [t]pl/ 2]

[rec z. t]p =T, ([rec x. t]p)  to solve recursive equations:

lrec z. ] = fix Ty s D. must be a CPO |
| I', , must be continuous



L

T

Requirements

__—adomain for each type!
[t]p € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

T u= int | 9% | To = T

we must be able to combine CPO
using cartesian product and function spaces



L

T

Requirements

__—adomain for each type!
[t]p € D

/

environment p: Var — U D,
TET

type consistent 7 :7 = p(z) € D;
assignment of
values to variables

T u= int | 9% | To = T

choose D,

glven DT()7D7'1 bUlId DTO*’Tl DT()—>7'1

8



Flat domain of Integers



Flat domain of Integers

2 -1 0 1



Flat domain of Integers

A -1\:{;/'1

PO: flat order
bottom: any flat order has bottom

completeness: any flat order is complete
(only finite chains are possible)



Strict extensions

op € {+,—X} 1+, L=1
op: 4L XL — 4 Lx, 5=1
op, 124y XLy — 4y L—, 1=1

(

U1 Op V2 ifUl,UQEZ
J—Z otherwise (?}1 — J—ZL Or Vo =— J—ZL)

AN

ZAY
U1@L02—<

\ 1

called strict extension

to prove: op, Is monotone and continuous

SZ, xZ, a CPO, ?

12



Cartesian product of domains



Cartesian product

D= (D,Cp)
&= (E,Cg)

CPO = DxE=(DXE, Cpxg)

how to order pairs?
T doCpdi ANeg Cg e

(do,e0) Epxe (di,e1)

example 7, X 7

(0,1) Tz, vz, (1,2)
(Lz,,1) iZLxZL (1,1)
2, 15,) Co, z, (2,0)
(0, 12,) Tz, xz, (12.,0)

~



Cartesian CPO

DxE&E=(DxFE, Cpxg )

is It a partial order?

reflexivity, antisymmetry, transitivity of Cp« g
follow immediately from those of C, LCg

IS there a bottom element?

Iet J—DXE — (J_D,J_E)
take any pair (d,e) € D x E

| I1pCEpd B
Since - then 1l pwr = (J_D,J_E) L_DxE (d, 6)
IlrCgre




Cartesian CPO (c‘rd)

D x €& = DXE —D><E

IS It complete?

take a chain {(d;,e;)}ien we need to find its lub

we prove its lub is (|_| d;, |_| ei)

1eN €N

1. 1t Is an upper bound of the chain
2. it Is smaller than or equal to any other upper bound



CarTesmn CPO (ctd)

(DxE, Cpxg ) take a chain {(d;,e;)}ien

D x

1. (LI d;, LI ei) iS an upper bound of the chain
1€N 1€N
take a generic element of the chain (d;, ¢;)

d;i Cp | |d;

we have N thus (dj,e;) Cpxe (I_I d;, _| e;

e; L Llei




CarTesmn CPO (ctd)

(DxE, Cpxg ) take a chain {(d;,e;)}ien

D x

2. (LI d;, Ll ei) is the least among upper bounds

1€N €N

take a generic upper bound (d,e): Vi e N. (d;,e;) Cpxg (d,e)
bYdef VieN.d;Cpd N VieN. e Cge

i.e., d is an upper bound of {d;}ien |_| d; Ep d
= ieN
e is an upper bound of {e;};en LI e, Crpe

1N

hence (u d;, |_| 67:) Coxe (d,e)
icN €N

|18



Cartesian CPO: recap

DxE=(DxFE, Cpxg )

(do,e0) Epxp (di,e1) iff doEp di Aeg Eg e

1lpxe = (Lp,LEg)

Ll(dz, 67;) = (LI di, u 6@)
1N 1N €N

is7, x7,a cpo, ? @

19



Projections

m: DX FE— D m DX E— FE
Wl(d,e):d 7T2(d76):€

TH. projections are monotone
proof. take (do,e0) Epxr (di,e1)
we want to prove 7i(do,e0) Ep m1(d1,e1)

ma(do,e0) Cp ma(dy, e1)

7T1(d0,€0) =dog Cp d; = 7T1(d1,€1)

i

(do,e0) Epxe (di,e1)

the case of 7 is analogous

20



Projections (ctd)

m: DX FE— D m DX E— FE
Wl(dv 6):d 7-‘-2(d7 6) —

TH. projections are continuous

proof.  take {(d;,e;)}ien
we want to prove 71 (

|_| dzaez ) |_|7Tl dzaez

1€N 1EN

T (I_l(%ﬁi)) = (|_| d;, I_I 6@) = LI d; = u7T1(dz',€z')

1€N 1EN 1N 1€EN 1EN
by def by def by def
of lub of of m

the case of 7 is analogous

21



Switch lemma

22



Swn’rch Lemma
E,C) CPO
a set of elements (not a chain) {€n.m }n.meN

suchthat énm b enm if n<n' Am<m

23



Swn’rch Lemma
E,C) CPO
a set of elements (not a chain) {€n.m }n.meN

suchthat énm b enm if n<n' Am<m

eo0 L e 1

24



Swn’rch Lemma
E,C) CPO
a set of elements (not a chain) {€n.m }n.meN

suchthat énm b enm if n<n' Am<m

eoo Lep1 Lepo L ---

25



Swn’rch Lemma
E,C) CPO
a set of elements (not a chain) {€n.m }n.meN

suchthat énm b enm if n<n' Am<m

eoo Lep1 Lepo L ---

26



Swn’rch Lemma
E,C) CPO
a set of elements (not a chain) {€n.m }n.meN

suchthat énm b enm if n<n' Am<m

LI LI LI LI
e00 Ceor Cegar - CegmC -

eloCe1CepC--Ceppy E o

27



Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m

LI LI LI LI

ecoexg el - Lep, L
L] L] L] L]
etoberibepl - Ley b
L] L L] L]

]
[ ]
S
3

]

eoo0 L eo1 L epn

28



Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m

LI LI LI LI

€n.0 L €n,1 L €n,2 L --- L €n,m L
L] LI LI L ]|
L] LI LI L ]|
ecoexg el - Lep, L
L] LI LI LI
etoberibepl - Ley b
L] L] L] L]

]
[ ]
S
3

]

eoo0 L eo1 L epn
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Swn’rch Lemma

E,C) CPO

a set of elements (not a chain) {en.m }n.meN
such that

L] L1l L1l
€n,0 L €n,1 L €n,2 C -

Eem_ ||_| n,m

7 = T

LJI LI LI

e oL ey Leppl -

LJI LI LI

etoL e Lepl -

LJI LI LJI

eoo L e Eegp L -

LI

Lexmb -

LI

Leimb -

LI

L eom & -

- / /
Ehnm =€/ m’ If n<n Am<m

fixed n the set {€n.m}men
forms a chain (a row in the picture)
and thus has alub ( E is a CPO)

L enm

meN

meN

30



Swn’rch Lemma

(E,C) CPO

a set of elements (not a chain) {en.m }n.men
such that

En.m

LT L1 LT

eno ey el

7 = T

LJI LI LI

e oL ey Leppl - L

LJI LI LI

etoLe 1 Lepl - L

LJI LI LJI

eoo L ep1 Eep Lo L

meN

- / /
enm If n<n Am<m

fixed n the set {€n.m}men
forms a chain (a row in the picture)
and thus has alub ( E is a CPO)

L enm

meN
we form the chain of all row-lubs

L enm

mEN TLEN
31



Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m

fixed m the set {en,m}nEN

e forms a chain (a column in the picture)
ueoue LI :
e == o | P and thus has a lub ( £ is a CPO)
o oue L LI
IR | LI En,m
eoue
2ol ey Lep - Lep neN
orour
etolLerit Lepl - ULep
arour

€00 & eo1 Eegp & - L e

32



Swn’rch Lemma

(E,C) CPO

a set of elements (not a chain) {en.m }n.men

such that
|_| €n,0 |_| €n,1 |_| €n,2 |_| €n,m
neN neN neN neN
|_|.| |_|.| |_|.| |_|.|
€n,0 L €n,1 L €n,2 C.-- 0 €n,m
LJI LI LI LI
|_|.| |_|.| |_|-| |_|.|
exo ey Lep - ey
LI LI LI LI
etoer Lepl - ey
LI LI LI L

eoo L e Eegp L -

d eom

I

En.m

- / /
e m If n<nAm<m

fixed m the set {€n.m }nen
forms a chain (a column in the picture)
and thus has alub ( £ is a CPO)

| enm

neN

we form the chain of all column-lubs

| enm

TLEN meN
33



Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m

the diagonal elements 1€,k }reN

| also form a chain
and thus has alub ( £ is a CPO)

| e

keN

LI LI LI
€n,0 L €n,1 L €n,2 L oo
LI LI LI
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Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m

we prove that {€n,m}n,men
A . . all sets we have seen
eunlog:ll;eunlzg---;eunlm;-- have the same Ll e
o u i n,m
L set of upper bounds eN N
o s and thus the same
€2.0 L €2.1 L €22 C ... C e2.m C ...
LI L] L] LI
;ggg'; least upper bound u .
I_IIEI_IIEI_IIE [:I_II _ |_||—| |_| I_II_I mn,m
€00 = €01 epp - Legm & - En,m = €Lk = €n,m

neN meN kEN meN neN neN meN

{€k,k ke

35



(|) {€n.m}nmeN same u.b. as {entnen

where e, =

LI LI LI LI LI

€n,0 L oey1 L €n,2 L oooo L €n,m L.---L e = umeNen,m
L] LI LI L] L]
L] LI LI L] L]
e20Cex1 CepoC - Cepml - Cer=|lpenezm
L] LI LI L] L]
etoC e 1 e~ Cexpnl - Cep =|]eneim
L] LI L L] L]
eoo Cep1 Eerl - Eexpl - Ceg=|],eneom



(l) {€n.m}nmeN same u.b. as {entnen

where €, = €n,m
meN

1. take an upper bound e of {€n,m Jn,meN
we want to prove it is an upper bound for {en}nen

€ take any (row) index n
O u W W we prove e, L e
en,OEen,IEen,ZE"'Een,m;”'Eenzl_lm N €n,m
o w Ll | - {en.m}meN C {€n.m}tnmeN

. . . . . a row the matrix
I [ L L |
e20CeriCenC---Ceppnl - Ce=|leyeam € IS an u.b. of {en,m}WEN
L] L] L] LI LI .
eloCer 1 CenC - Cepml - Cep = penelm €En — Ll En.m IS the lub
I T Ll Ll meN

cooE e Eer b Cenl - Ee=lheneom therefore e. C e
C




(l) {€n.m}nmeN same u.b. as {entnen

where €, = €n,m
meN

2. take an upper bound e of {en}nen
we want to prove it is an upper bound for {€n,m }n,meN

€ take any indices n, m
O u W W We prove €en.m =€
€n,0 L €n,1 L €n,2 L oo L €n,m L..-L e = UmeN €n,m _ .
O U U | L €n.m T ‘ €n.m = €p €
b z z \ meN
O U U | L]
eao0 Cexg Lepal - Cepp T - Lies = | ey m one element
] Ll Ll of a row
eloC e CesC o CeamE e C ey =|leneim the lub
L] L] L] LI L] Of that row

eoo Cep1 Eerl - Eexpl - Ceg=|],eneom



(ii

the proof is analogous to the previous case

{en,m}n,mEN

same u.b. as

(reason by columns, not by rows)

Leno [Jena[ena [ enm
neN neN neN neN

LI LI LI LI
€n,0 L €n,1 L €n,2 L oooo L €n,m L
LI LI LI LI
LI LI LI LI
ecobexg Leppl - Lepy b
LI LI LI LI
etoLerrbepl - Ley b
LI LI LI LI
eoo e Leorl - eyl

39

L enn

neN

meN



| |) {€n,mIn,meN same u.b. as {er.k Hren

1. take an upper bound e of {e, m}n men
we want to prove it is an upper bound for {€k,k jken

6 ] ] ] .

but this is immediate, because

R T N
e C Je

€n.0 [ €n,1 [ €n.2 L ... C €n.m C { k7k}k€N - { TL’m}n’mEN
I R Ll _ |

the diagonal the whole matrix
O U U L
e2oC ey Cepp - Ceppeee
I I A I Ll
etoCe 1 CepC - Ceppl e
I R Ll
eoo Lepr Lerl - Leyy L

40



2. take an upper bound e of {€kk}ren

T |) {€n.m}nmeN same u.b. as {er.k }ken

we want to prove it is an upper bound for {€n,m }n,meN

e L
take any indices n, m
N/ | ol we prove €n.m L e
enoC en1C el --CeypmC e
O i let k = max{n,m}
. . . , . — . —
L] L] L] L] n.m —= Ckk
6270 E 82,1 E 62,2 E oo E ezm E .o
W A . n<kAm<k
6170 E el,l E 61,2 E oo E ezm E .o
N/ RN | N

eoo Lep1 Legp L -

41

P e is an u.b. of {ex.k fren



Switch Lemma: recap

{en,m}n,mGN

. / /
Enm Elnm if n<<n Am<m

same set of upper bounds as

{ Ll en,m} {ek,k}keN {u €n,m}

L L enm = [ewr = [ [ enm

neN meN keN meN neN

42



Functional domains

43



Function space

D= (D,Cp)
&= (E,Cg)

CPO, = D—=€&=(|D—E], Cipop )

D—-E={f| f:D—=E}
D+ E={f| f:D—E, fcontinuous }

how to order functions?

fCipserg it Vde D. f(d) Cg g(d)

44



Example

fCipsp g iff VdeD. f(d) Cg g(d)

f7 g . ZJ_ — ZJ_

?_ A 1 x odd
f(x) =0 f =[Z.—Z2.]9 g(z) = { 0 otherwise

Q not continuous!

f(1)=0 ¥z, 1=g(1)

total functions on Z, are not comparable

(unless they are equal)

any total function is maximal in Z, — 7,

45



Example

fCipose g iff VdeD. f(d) Cg g(d)

fvg:ZJ_%ZJ_

f(a:)é{ 1 xodd g($)é{ 1z odd

1z, otherwise 0 otherwise
?

fCu, 52,19 not continuous!
— |4 L A

<

46



Example

fCipom g iff ¥deD. f(d) Cg g(d)

f,g:ZJ_%ZJ_

) . - odd ~ [0 T even
J— :I; — < ]
f(z) { 17, otherwise () z, Otherwise

\

47



(

\

!
1y

f LiposE) 9

1

Example

fvg : ZJ_ — ZJ_
< r <<
L=<z N 10 g(x)
otherwise

7

@

48

f ;[ZJ_—>ZJ_] g

r

\

!
1y

iff Vde D. f(d) Cg g(d)

1

1 <x <15
otherwise



Example

fCipom g iff ¥deD. f(d) Cg g(d)

f.g: 4 X4 — 4

A zxy zy#F Lz, s [ (xxy)? zy# L1z,
flz,y) = { 1z, otherwise 9l y) = { = otherwise
?

f Bz, xz, —2,]9

Q

49



Example

fCipom g iff ¥deD. f(d) Cg g(d)

f,gZZJ_XZJ_%ZJ_

rxy wz,yF Ly
T * T, L +
flz,y) = { y Y7Lz, g(z,y) = ¢ 0 r=1z,

1 otherwise .
L , 17,  otherwise

J Bz, xz,. 572,19

yes (as functions)

but Is g continuous?
not even monotone!

50



Example

fCipsp g iff VdeD. f(d) Cg g(d)

fhc]:ZJ_%ZJ_XZJ-

7

Z, —Z,xZ,] Y 9(x) - (,2)

<

(J—ZLvaj) f

51



Example

fCipom g iff ¥deD. f(d) Cg g(d)

f?g:ZJ_%ZJ_XZJ_

7

(Lz,,) / (7, =7, x7,] 9 g(x) = (z, Lz, )

Q

f(()) — (J—Z¢7O) ZZJ_ X7 (07 J—ZJ_) — g(())

52



Func’rlonal CPO

IS It a partlal order?

reflexivity, antisymmetry, transitivity of Cip_, g,
follow immediately from those of C 5

IS there a bottom element?

take any function f € [D — E]

forany d e D we have Lip.p d=Lg Cg f(d)

53



Func’rlonal CPO (ch)

D%g D%E _D—>E

IS It complete?

first we show that any chain of functions
(not necessarily continuous)
hasalimitin D - F

then we show thatthe Imitin D — FE

of any chain of continuous functions
IS also continuous

54



Functional CPO (ctd)

a chain of functions
n D — Et, _ _
U Fnen (not necessarily continuous)

we prove its lubis h = Ad. | | f,(d)
ncN
.e. h(d) £ | | fuld)

neN

1. 1t Is an upper bound of the chain
2. it Is smaller than or equal to any other upper bound

55



Functional CPO (ctd)

take a chain {f.: D — E},en (not necessarily continuous)

1. h £ Xd. | | fu(d) is an upper bound of the chain

neN

take any n € N

forany de D fn(d) Eg u fn(d) = h(d

neN

therefore Jn EpoE R

56



Functional CPO (ctd)

take a chain {f.: D — E},en (not necessarily continuous)

2. h £ Xd. | | f(d) is the least among upper bounds

neN

take any ¢ suchthat Vn. f, Cpsp g

we want to prove h CpE ¢

take any d € D vn. fn(d) Eg g(d)
thus ¢(d) is an u.b. of {f.(d)}nen

and therefore h(d) = u fn(d) Cg g(d)

neN

57



Functional CPO (ctd)

TH. take achain {f. : D — E},en of continuous functions

then h = Ad. | | fu(d) is continuous
neN
proof. let {d;};cn achainin D
we prove h (u di) = | | n(di)
ieN ieN
h (\_I di) = | |/ (\_l di) by def of &
1N neN 1€EN
= | || | fa(d:) by continuity of fn
neN 1eN

|| | fu(d:) by switch lemma (applicable?)

1N neN

= | | n(ds) by def of A

€N

58



Functional CPO (ch)

if n<mAi<j then fu(di)CE fm(d;) ? @
Y

fn ;[D—>E] fm N\ di L dj fn(dz) L g fn(dj) ;lE fm(dj)
fn

monotone Jn Ep—E] fm

— fn(dz)
l2££ﬁi ‘ep

| \ fn(d;) by switch lemma (applicable?)

1N neN

59



Func’ruonal CPO (ctd)

TH. P — €& =([D—E], Cipspg ) iscomplete

proof. take a chain {fn :|D — E]}nen

h2Ad. | | fuld) isthe lubin D — E
neN is continuous h € |D — FE|

since D - E|CD— FE

h isthelubin [D — E]

60



Functional CPO: recap

FD-%>5]=:([L)—%lﬂ ’;;ML+E])

fCipoe g iff VdeD. f(d) Cg g(d)

Lipsm =M. Lg

|| a2 Ade | ] fuld)

neN neN
felD—FEl,ge|lF—-F| = gofel|D—F]
the composition of continuous functions is continuous

61



Exercise: smashed prod

D= (D,Cp)
&= (E,Cg)

CPO | = DRE=(DRFE, Cpge )

D@FE ={(d,e)|(de)e DxE,d=1p<e=_1lg}

how to order pairs?
bottom element?

complete order?

62



Ex. CPO of fixpoints

Let (D,Ep) be a CPO and f : D — D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by Cp).
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Ex. CPO of fixpoints

(D,Ep) CPO f . D — D continuous
FP,={d | d= f(d) } setofall fixpoints of f

(FPf,©) 2 Cpn (FPy x FP;) CPO?

itis a PO (because FP; C D)
we prove it is complete  take a chain {d;};en C FP;

we show that |_| d, as computed in D is a fixpoint of f

iEN
f (|_| di) = Ll f(d;) by continuity
ieN ieN
= | | d; each d; is a fixpoint
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