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t

T ..

Disclaim

r | n | toopty | if t then t; else t;

(t(), tl) ‘ fst (t) | Snd(t)
AT. t ‘ t() tl
rec x.t

it ‘ To * T1 ‘ T0O — T1

to:wmt t1:wnt t:wmt to:7 t1:7T

x:T n:int to op t1 : int if ¢t then ¢y else t1 : 7
to:70 T1:71 U:70*xT t:7o %71
(t(),tl) T *Tq fSt(t) ) snd(t) .71

rT:T9 t:7 t1:70 — 7171 to: 7o
AT, t:Tg — T t1 to : 1

x:T t:T

recx.t: T

we assign semantics
only to terms that are:
well-formed and closed

t:T fv(t) = @



Canonical forms



Statements

reads “reduces to”

1 — cC

~

a closed term a canonical form
(a special kind of terms)

Big step operational semantics

computation of canonical form
(by term manipulation)
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Canohical forms

set of canonical forms C C T,

with type 7

(laziness)
not required to be
in canonical forms

/ N\

Io - To . T1 1o, closed

n 6 Cll’lt (t(),tl) E CTO*Tl

t not necessarily
a closed term

/

Ax.t:179 — Ty Ax.tclosed

Ax.t € Cyyyr,



Canohical forms?

fo:To h:T1 fo,t closed Ax.t:To— T; Ax.tclosed
n € Cin (f0,11) € Crpury Ax.t € Crysr,
1+2x3 € if 0 then 0 else 0 €3
(1,2) @ o1 @&
(1+2,2-1) @& . 1+2x3 @

fst(1,2) €3 M. fst(1,2) @



HOFL
Lazy operational semantics



Operational semantics:
axioms

ce (.,
cC—C

l.e., expanding the various cases

to:To f:7T1 fo,t closed Ax.t:Tg— T Ax.tclosed

n—n (to,t1) — (to,t1) Ax.t — Ax. t

integers, pairs and abstractions
are already in canonical form
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Lazy op semantics

fo:To 11:7T1 1o, closed Ax.t:To— T1 Ax.tclosed

n—n (to,t1) — (f0,11) Ax.t — Ax.t
Ilo—ng 11 — Ny t—0 1) — co t%(t(),tl) Io — Co
toopty —ngopn; ift then ¢y else t; — ¢ fst(z) — co
t[recx.t/x]%c [ —n n#O 1 — Cq t%(l‘(),l‘l) 1 — Cq
rec x.t —c if 7 then 7( else 1; — ¢ snd(7) — ¢y

Hn—Ax.t; 1[0/ ] —c

(11 t9) — ¢ 1azy)
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Type system (remind)

to:wmt 11 :wnt t:wmt to:7 t1:7T
r:x n:int to op t1 : wnt if ¢t then ty else t; : 7
to:70 t1:71 t:70*Tq t:79 %7y
(to,tl) . To *T1 fSt(t) - T0 Sﬂd(t) . T1
r:T0 U:Tq t1 :70 > 71 To:To
AL t: Ty — Ty t1 to: 71

x:T T:7T

rec r.t: T



Example

= AZ. ILEI—I—L cant — int

mmt wnt ant

' int .
it — int

)\QB.CE—|—1%C \cz)w.:vll



Example

t= (\x. x + 1,1+2): (int — int) * int
Tt — int '.int nt

int

(int — int) * int

(Az. 2+ 1,14+2) = ¢ Ne=(rz. 2+1,1+2)

-

laziness:
no need to evaluate 1+2




Example

t = \z. if fst(x) then 1 else snd(z) : (int !int) " int

| I | B | | I |

mt x int int x Tq it int * Tq

int it = 1

1t
(int! int) " int




Example (ctd)

t = \x. if fst(z) then 1 else snd(z)

t(1,2)! ¢ " t! Ix.t, t'[@A/a]! c
| =y ti=it . (if fst (x) then 1 else snd(x))[12/,]" ¢
= If fst (1,2) then 1lelse snd(1,2)! c
' fst(1,2)" n,n#0, snd(1,2)" cC
I (1,2)" (ng,n), ni" n,n#0, snd(1,2)" cC
| !r11:1,n2:2,n:1 Sﬂd(l,Z) e
! (1,2) ! (n3,n4) . hg " C

| hs=1.ns=2 c=2 | t (1,2)! 2



Example

t! rec x. x ..

rec x. x! ¢ " X[ **[]! c

—Jec X. X! C

same goal from which we started
no other option to explore:
divergence!



Example

fact! rec f. I'x. If xthen 1lelsex! (f (x" 1))

fact! ¢ " (Ix.if xthen lelse x# (f(x$ D)[/;]! c

4 s
= Ix. If xthen 1lelse x! ((recf. ...)(x" 1) # cC

c=!x. if x then 1 else x! (fact (x" 1)) -



Example

fact! rec f. I'x. If xthen 1lelsex! (f (x" 1))

(fact 1)! ¢ " fact! !Ix'.t, t'[*/«]! ©
| owi=i . (if xthen lelse x" (fact (x# 1)['/x]$ ¢
=1If 1then lelsel! (fact (1" 1)) # cC
I 1" n,n#0, 1% (fact (1%1)" c

! :’]:1 Cc= n1Ln2 1" nl ) (fa‘Ct (1# 1)) ) n2 IaZ|neSS

e fact” XMt O Y]t N, evident here

| uogn—ip . (if xthen Lelse x" (fact (x# L))[T /x]$ n;
=1f 1! 1then lelse (1! 1)" (fact (1! 1)! 1)) # ny,

11" 1# 0, 1# ny

| , c=niln,=111=1
. n2:1 -




HOFL
Eager operational semantics



Lazy vs Eager

th! Ixty t[/4]! c

(t1tg) ! C

(lazy)

th! Ixt; to! co t[®/ ]! c

(eager
(t1tg) ! C




Lazy vs Eager

X .1
t! (!'x. 1) (recy.y) :int y o

t! ¢ " Ix. 1! Ix.t, t[* Y Y/ .]! ¢

laz
Y e A[CYYIL]N G

=11 ¢

c=1

tl ¢ Ix. 1! I1xht,recy.y! o, t[/a]! cC
cager | w=x tiz1 recy.y" c, 1[C!/X]" C
I recy.y" ¢, 1F/4]" c

divergence!
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Lazy vs Eager

t! (Ix.x+ x) (1! :Int X 1Nt
t! ¢ Ix.x+x! Ixt, t'[F 4]l c
Iazy | X'=X, t'=X+X (X+X)[l! 2/x]II C
=(1! 2)+(1! 2)" ¢ evaluated
oo 2# o, 17 2)# o |WICe
| =2 co=2 | C=CQtC=2+2=4
tl ¢ Ix.x+x! IxLth,1#20 &t/ ]! c
eager | X'=X, t'=x+X 1" 24# C! , (X+X)[C!/x]# C

!c!:2 (X T X)[Z/x] " C

=2+2 1 ¢
c=4
21



HOFL
Properties of operational semantics
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Termination

termination? It "c. t# c7 Q rec X. x




Determinacy?

determinacy? !t !c,c.t" ci#t" % =7 @

P(t! ¢! "¢c.t! ¢ # cg=cC

by rule induction (try by yourself)
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Subject reduction

(statically assigned types do not change at runtime)

subject reduction? It lc.!!l. t" c#t:1$ c:! 7 @&

P(t! ¢! "l . t:! # c:!
by rule induction (try by yourself)
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Congruence?

tq | op to I "C. (tl# c$ to # C)

is it a congruence? €3

21 op 1+1

IX. 2 I X 1+1

IX. 2, IxX.1+1! Ci it
Ix. 21 I'x. 2

Ix.1+1! Ix. 1+1
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HOFL, type inference
and operational semantics
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[Ex. 1] Determine the type of the HOFL term

t € rec x. ((!'y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.
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Ex. 1, typing

t! recx. ((!'y.if ythen Oelse0)x ) :iInt

it nt it nt mt  ant

int

Int ! Int

int

int
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{!

Ex. 1 canonical form?

t! recx. ((!y.if ythen Oelse0) x ) :Int

c" ((!'y.if ythen Oelse 0) x)['/4]! c
=((!'y.if ythen Oelse0)t)! c
| ly.if ythen Oelse 0" Ix'.t, t'['/x]" c
| xi=yt'=it.. (if ythen Oelse 0)['/y]" c
=(If tthen Oelse0)! c

Il t" n, 0" ¢ (tdoesntmatterif n=0)

same goal from which we started:
no canonical form
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[Ex. 2] Determine the type of the HOFL term

map & 1f. Ix. (f fst(x)),(f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t, €' map (1z. 2! 2) (1,2) t, & fst (map (! z. 2! 2) (1,2))
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Ex. 2, typing

map! !'f. I'x. ((f fst(x)), (f snd(x) ) )

map : (17! ') ottt

32



ty) ¢ (map(lz.2# 2)! Ix'.t,

| o= (U ((F fst(X)), (F snd OO % = 2/¢]" Ix.t, t

Ex. 2a, canonical form

map! !'f. I'x. ((f fst(x)), (f snd(x)))

t,! map(!z.2! z)(1,2)

t' 2/ ]!

C

map" f't" P27 ikt 2,01 o

=(!'x ((('z.2! z)fst(x)),((!z. 2! 2) snd(x)))) " !x.t,t
= xt = ) (122" 2) f8t(X)), (1 2. 2" 2) snd ())[H2 /] #

= (((1z.2! 2)fst(1,2)),((!z. 2! 2) snd(1,2))) "

c=((( 'z. 2! z) st (1,2)),((! z. 2! z) snd (1,2)))
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" _(1’2)/)(!- ]

-(1’2)/)(!' "

C

C

C



Ex. 2b, canonical form

t 1 (((1z.2" 2) fst(1,2)), (! z. 2" z) snd(1,2)))

fst(ty)! ¢ " ti! (t;,t5), t3! C
! i!lz( 2. 2" z) fst (1,2) , th=(!z. 2" z) snd (1,2) (!'z.2" z)1st(1,2)# c
1z 2" z# 1zt A #

| im0 2 (2" [T, ]#
=21 fst(1,2)" c
! C= nll_nz 2" nl y fSt(l,Z) " n2

! :11:2 (1,2) ! (tl’tZ) y tl ! n2

bz =2 17 o

| n2:1! C:n1!_n2:2!_1:2
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Ex. 3, part 1

Determine the type of the HOFL term
. IX. (F 1"H#X)) "$%X)
| | |

(LI ||
1 2 l 1 2I l 1 2I

1& 26 3 1 &

(1& & ") & "1F & g

Which function is it? Uuricur i y
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Ex. 3, part 2
uncurry (. Ix. (f I"#X)) "$%x)

Prove that forevery 1. "1 & "> & "sandly: ;™ "5 then

(t "Kl)) "SARl) o (Uncurry 1)
(uncurry t) t;& ¢ ) (uncurryt) & !I'x* t5 tfo/.] & C
) uncurry & 'A% UL & xR tE o). & C
) (Px. (f1"#X) "$U))[' ] & 'xx tf tf/] & C
— (I'x. (t "#X)) "$UX)) & Ix* tx tfol.] & C
) ((L1"HX)) "$Ax))[/,] & ¢
- (L 1"Klpy)) "SNAlp) & C
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