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t

T ..

Disclaim

r | n | toopty | if t then t; else t;

(t(), tl) ‘ fst (t) | Snd(t)
AT. t ‘ t() tl
rec x.t

it ‘ To * T1 ‘ T0O — T1

to:wmt t1:wnt t:wmt to:7 t1:7T

x:T n:int to op t1 : int if ¢t then ¢y else t1 : 7
to:70 T1:71 U:70*xT t:7o %71
(t(),tl) T *Tq fSt(t) ) snd(t) .71

rT:T9 t:7 t1:70 — 7171 to: 7o
AT, t:Tg — T t1 to : 1

x:T t:T

recx.t: T

we assign semantics
only to terms that are:
well-formed and closed

t:T fv(t) = @



Canonical forms



Statements

reads “reduces to”

1 — cC

~

a closed term a canonical form
(a special kind of terms)

Big step operational semantics

computation of canonical form
(by term manipulation)

4



Canohical forms

set of canonical forms C C T,

with type 7

(laziness)
not required to be
in canonical forms

/ N\

Io - To . T1 1o, closed

n 6 Cll’lt (t(),tl) E CTO*Tl

t not necessarily
a closed term

/

Ax.t:179 — Ty Ax.tclosed

Ax.t € Cyyyr,



Canohical forms?

fo:To h:T1 fo,t closed Ax.t:To— T; Ax.tclosed
n € Cin (f0,11) € Crpury Ax.t € Crysr,
1+2x3 € if 0 then 0 else 0 €3
(1,2) @ o1 @&
(1+2,2-1) @& . 1+2x3 @

fst(1,2) €3 M. fst(1,2) @



HOFL
Lazy operational semantics



Operational semantics:
axioms

ce (.,
cC—C

l.e., expanding the various cases

to:To f:7T1 fo,t closed Ax.t:Tg— T Ax.tclosed

n—n (to,t1) — (to,t1) Ax.t — Ax. t

integers, pairs and abstractions
are already in canonical form
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Lazy op semantics

fo:To 11:7T1 1o, closed Ax.t:To— T1 Ax.tclosed

n—n (to,t1) — (f0,11) Ax.t — Ax.t
Ilo—ng 11 — Ny t—0 1) — co t%(t(),tl) Io — Co
toopty —ngopn; ift then ¢y else t; — ¢ fst(z) — co
t[recx.t/x]%c [ —n n#O 1 — Cq t%(l‘(),l‘l) 1 — Cq
rec x.t —c if 7 then 7( else 1; — ¢ snd(7) — ¢y

Hn—Ax.t; 1[0/ ] —c

(11 t9) — ¢ 1azy)
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Type system (remind)

to:wmt 11 :wnt t:wmt to:7 t1:7T
r:x n:int to op t1 : wnt if ¢t then ty else t; : 7
to:70 t1:71 t:70*Tq t:79 %7y
(to,tl) . To *T1 fSt(t) - T0 Sﬂd(t) . T1
r:T0 U:Tq t1 :70 > 71 To:To
AL t: Ty — Ty t1 to: 71

x:T T:7T

rec r.t: T



Example

= AZ. ILEI—I—L cant — int

mmt wnt ant

' int .
it — int

)\QB.CE—|—1%C \cz)w.:vll



Example

t= (\x. x + 1,1+2): (int — int) * int
Tt — int '.int nt

int

(int — int) * int

(Az. 2+ 1,14+2) = ¢ Ne=(rz. 2+1,1+2)

-

laziness:
no need to evaluate 1+2




Example

t = \z. if fst(x) then 1 else snd(z) : (int * int) — int

| I | B | | I |

int * int int x Tq int int * 1

int it = 1

nt

(int * int) — int



Example (ctd)

t = \x. if fst(z) then 1 else snd(z)

t(1,2) ¢ R t—= X't t'[H2 /] = e
Ne/=z, t'=if ... (if fst(z) then 1 else snd(a:))[(l’Q)/m] —
= if fst(1,2) then 1 else snd(1,2) — ¢
N fst(1,2) > n, n#0, snd(1,2) — ¢
N (1L,2) = (n1,n2) , n1 > n, n#0, snd(1,2) = ¢
N snd(1,2) — c

n1:1,n2:2,n:1
N (1L,2) = (n3,ng) , ng —c

\’23:1,%4:2,622 t (17 2) — 2




Example

JAN
t=recxr.x T

T T
]

T

rec x. ZU/
X

rec r. r —c N\ z| | = c

—recxr. r —C

same goal from which we started
no other option to explore:
divergence!



Example

fact = rec f. \x. if z then 1 else z x (f (z — 1))

fact — ¢ N (Azx. if = then 1 else x X (f(a]:; - 1))t /4] — ¢

"
= A\z. if = then 1 else z x ((recf. ...)(x — 1)) — ¢

\c:)\a}. if x then 1 else =X (fact(x—1))




Example

fact = rec f. \x. if z then 1 else z x (f (z — 1))

(fact 1) = ¢ N fact = Xz’ t' , t'['/] — ¢
’\;,:x,t,:if.” (if x then 1 else x x (fact (x — 1)))[1/:,;] —

= if 1 then 1 else 1 X (fact (1—1)) — ¢
N 1—=n,n#0, 1x(fact (1—-1)) —c

’\:J:]_,c:nlinQ 1 — N1 ) (fa’Ct (1 o 1)) — T2 IaZ|neSS

N =1 fact — Xx”. t", t”[l_l/xu] — N evident here

\;”:x,t”:if“. (if £r then 1 else T X (fa/Ct (ZU — 1)))[1_1/x] — N9
=if 1—1then 1 else (1 —1) x (fact ((1—1)—1)) = ns

\ I1—1—=0,1—=mne

,\22:1 c=n1Xng =1x1=1




HOFL
Eager operational semantics



Lazy vs Eager

n—Ax.t; [0/ —c

]
(l‘l l‘()) — C ( aZY)

Hh—Ax.t; to—co 1[0/ —c
(eager)

(tl t()) — C



Lazy VS Eager

(Ax. 1) (rec y. y) : int TE

t—c N dx. 1= 't [ Y Y/ ] —c

Iazy 1[rec y. y
\az’:az, t'=1 [ /g;] — C
=1—=c
\c:l
t—ec N M. 1= ' ¢, recy.y—c, '] )] —c
eager

Na/=z, t/=1 recy.y — c 1[6//5[;] —c

 recy. y—c , 1€/, = ¢

divergence!
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T : nt

(Ax. @

Lazy vs Eager

t—sc N A.z+z—= X't/ [/ 0] = c

lazy  No—w, veots (@ +2)[ 7%/ =
= (1x2)+(1x2)—=c evaluated

Neemerteo| (1 X 2) = ¢1, (1x2) = co twice

\:1:2,62:2 C = C11C2 = 2i2 — 1

t—c N Ar.x+r— X't , 1x2—c, t’[cl/x/]%c

eager Nuew tmaots 1X 2 ¢, (x+2)[ /2] = ¢

Noza (@ +a)[*/e] = c
=24+2—>c

=4
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HOFL
Properties of operational semantics

22



Termination

termination? V¢t Je. t — ¢? Q rec r. x



Determinacy?

determinacy? Vt.Vep,co.t = At —ca =01 =c2? @

Pt —=c)&2Vei. t —c1=c =c

by rule induction (try by yourself)
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Subject reduction

(statically assigned types do not change at runtime)

subject reduction? Vt. Ve. V1.t s cAt:T=c: 77 @

Plt—c)EVr.t:T=c:T

by rule induction (try by yourself)

25



Congruence?

‘(T

t1 =op to it Ve. (1 = c&ty = ¢

is it a congruence? €3

2=0p 1+1
AT. 2 Fop Ax. 1+ 1

Me. 2, dx. 1+1e€eCrin
AL, 2 — \x. 2
M. 1+1— A x. 1+1
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HOFL, type inference
and operational semantics
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[Ex. 1] Determine the type of the HOFL term

t < rec z. ((Ay. if y then 0 else 0) x).

Then compute its (lazy) canonical form.
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Ex. 1, typing

t=recx. ((\y.if ythenOelse0) z) :int

int int int int it int

int

it — int

int

int
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Ex. 1 canonical form?

t=recx. ((My.if ythenOelse0) z ) :int

t—+c N\ ((My. if ythenOelse0) z)["/,] — ¢
=((Ay.if ythenOelse0)t)—c
o Ay. if y then O else 0 — A\’ ¢, ¢'[' /] — c
N/=y.t'—it... (if y then 0 else 0 )[*/,] — ¢
= (if tthen O else 0 ) — ¢

N t—=n, 0—c¢ (tdoesntmatterif n=0)

same goal from which we started:
no canonical form
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[Ex. 2| Determine the type of the HOFL term

def

map = Af. Ax. ((f fst(x)), (f snd(z)))

Then, compute the (lazy) canonical forms of the terms

t < map (A\z. 2 X 2) (1,2) ty < fst (map (Az. 2 x z) (1,2))
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Ex. 2, typing

mapé):;f.)\z.((ifst(x)), (jsnd(x)))

T — T T1 *T1

— —
T — T T1 % To T — T T1 * To
| T1 | | TQZTll
T | | T
T XxT

T1 *T1 —> T *T

map

(Ty = T) > T %71 = T*T

(Th = 7) 2> T1%T] = T*T
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Ex. 2a, canonical form

map = Xf . Xz . (( f fst(z) ), ( fsnd(z)))
t = map (\z. 2 x 2) (1,2)

t1 —c¢ N (map Mz. 2x2)) = 't , ¢'[F2 /] — ¢
;\ map — )\f,- ny | t//[)\z. QXZ/f’] N WV, t/[(1,2)/x/] e

N=far=aae.. Az ((f fst(z)), (f snd(2)))[** 2% /5] = A/ ', [0 /] = ¢
= (Az. ((Mz. 2 x 2) fst(z)), (Az. 2 x 2) snd(x)))) = Mz’. ¢/, /[ /] = ¢
Na/mati—(...) (Az. 2 x 2) fst(z)), (Az. 2 x 2) snd(x)))[("?)/,] = ¢
= (((M\z. 2 x 2) £st(1,2)), (\z. 2 x 2) snd(1,2))) — ¢

Ne=(((Az. 2xz) fst(1,2)),((Az. 2xz) snd(1,2)))
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Ex. 2b, canonical form

t1 = ( ((Az. 2 x 2z) fst(1,2)), ((Az. 2 x z) snd(1,2)) )

fst(t1) — ¢ N t1 — (t7,85) , t] — ¢

\;k’lz()\z. 2xz) fst(1,2) , th=(Az. 2Xxz) snd(1,2) ()\Z 2 X Z) fSt(172) — C
"Mz 2x 2z =\, VB2 ) ) e

\z’:z,t’:2><z (2 X Z)[fSt(l’z)/z] — C
= (2 x fst(1,2)) — ¢

\c niXno 2—=nq, fSt(l,Q) — N9

Noa=2 (1,2) = (t1,15) , 1 — no

\t/=1,ty=2 1 = no
Nno=1 C="n1Xng = 2X1 =2
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Ex. 3, part 1

Determine the type of the HOFL term

Af . /b‘c. (f fst()‘c)) snd()‘c)

% % %
171 | (A% | I 1 Tzl
1 (%)
=771 T =T
T=— 17 —> (%
3
T % Ty = T3

(11 = 7y > 13) = 7177 > 73

Which function is it? UNCUTTY
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Ex. 3, part 2
uncurry = Af. Ax. (f fst(x)) snd(x)

Prove that for every t : 7, = 7, = 73 and f, : 7; * 7, then
(¢ Tst(zy)) snd(z) = (uncurry 1) t,

(uncurry t) ty > ¢ \ (uncurry t) — Ax'. t', t[0/.] = c
\ uncurry — Af'. t”, t”[t/f/] - Ax'.t, tTh/.]—c
N\ Ax. (f fst(x)) snd(x))[t/f] - Ax'.t, (0] —c
= (Ax. (¢ fst(x)) snd(x)) — Ax". ¢/, tT0o/.] = ¢
N\ ((7 fst(x)) snd(x))["/.] = ¢
— (t fst(ty)) snd(t)) — ¢
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