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Haskell: a purely functional programming language

http://www.haskell.org/
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Exercises
ghci> -- Write a Haskell function pal that checks if a list is palindrome  
ghci> -- A list is palindrome if it is the same when read from left to right  
ghci> -- and from right to left. 

ghci> let pal xs = (xs == reverse xs) 
ghci|  
pal :: Eq a => [a] -> Bool 

ghci> pal "civic" 
True 
it :: Bool 
ghci> pal "hello" 
False 
it :: Bool  

ghci> -- Using pal, write a Haskell function that takes a list of lists  
ghci> -- returns the list of palindrome lists in it.  

ghci> let pals = filter pal 
ghci|  
pals :: Eq a => [[a]] -> [[a]] 

ghci> pals ["civic" , "anna" , "hello" , "bye" ] 
["civic","anna"] 
it :: [[Char]]
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Exercises
ghci> :t curry  
curry :: ((a, b) -> c) -> a -> b -> c 
ghci> :t uncurry  
uncurry :: (a -> b -> c) -> (a, b) -> c 

ghci> -- Write a Haskell function select that takes a list of integers and  
ghci> -- returns the list of elements that are followed by immediate successors.  
ghci> -- For example, select [1,2,5,7,3,4] returns [1,3]. 

ghci> let select xs = map fst . filter consecutives . zip xs $ tail xs 
ghci|                 where consecutives = uncurry ((==) . succ) 
ghci|  
pal :: Eq a => [a] -> Bool 

ghci> select [1,2,5,7,3,4] 
[1,3] 
it :: (Eq b, Enum b, Num b) => [b]
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Exercises
ghci> -- Write a Haskell function points that takes a function  
ghci> -- f :: b -> b and the extremes of an interval and  
ghci> -- returns the list of points (x,f(x)) for all values in the interval. 

ghci> let points f min max = [ (x, f x) | x <- [min .. max] ] 
ghci|  
points :: Enum t => (t -> b) -> t -> t -> [(t, b)] 

ghci> points (^2) 1 5 
[(1,1),(2,4),(3,9),(4,16),(5,25)] 
it :: (Num b, Enum b) => [(b, b)]
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Exercises
ghci> -- Write some Haskell code to generate the list of all perfect numbers. 
ghci> -- A positive natural number is called perfect if it is equal to  
ghci> -- the sum of its proper positive divisors. 
ghci> -- For example 6 = 1 + 2 + 3 and 28 = 1 + 2 + 4 + 7 + 14 are perfect. 

ghci> let perfect n = (n ==) . sum . filter ((==0) . (mod n)) $ [1 .. n `div` 2] 
ghci|  
perfect :: Integral b => b -> Bool 
ghci> let perfects = filter perfect [1..] 
ghci|  
perfects :: Integral a => [a] 

ghci> take 3 perfects 
[6,28,496] 
it :: Integral a => [a]
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Exercises
ghci> -- Write some Haskell code that generates the list of Fibonacci numbers. 

ghci> let fib = 1:1:[ x+y | (x,y) <- zip fib $ tail fib] 
ghci|  
fib :: Num b => [b] 

ghci> take 10 fib 
[1,1,2,3,5,8,13,21,34,55] 
it :: Num a => [a]



88

Badge exercise
<latexit sha1_base64="4zcVjj8/VoxarQswF6DhWCxzqpM="></latexit>

A positive number n is called practical if
any number k with 1  k < n can be obtained as sums of distinct divisors of n

<latexit sha1_base64="A2Tvh0FMAj7FHal+sIIPypevVAc="></latexit>

For example, the first practical numbers are: 1, 2, 4, 6, 8, 12, 16

<latexit sha1_base64="Utq4z5zIWxYa0M5L33sWufSeG8Y="></latexit>

the proper divisors of 8 are {1, 2, 4}

<latexit sha1_base64="4o7maq4Z3GvHYXXXm2R2Zdy7PNg="></latexit>

1 = 1
2 = 2
3 = 1 + 2
4 = 4
5 = 1 + 4
6 = 2 + 4
7 = 1 + 2 + 4

<latexit sha1_base64="WEp24tgpRxEBM6qCcA8caa6Eg/U=">AAACL3icbVC7TsMwFHV4U14FRhaLCompShgAwYJgYQSJAlJbVTfmhlo4jmVfg1DUj+ET+ApWmBADiJW/ICkZeN3p+Dx0fU9slHQUhi/ByOjY+MTk1HRtZnZufqG+uHTqMm8FtkSmMnseg0MlNbZIksJzYxHSWOFZfHVQ6mfXaJ3M9AndGuymcKllIgVQQfXqu3nHJbyDqennh1LTzoBD9TTZTRFEGvDEa1HauQDNY+R9VCbxqldvhM1wOPwviCrQYNUc9eqvnYtM+BQ1CQXOtaPQUDcHS1IoHNQ63qEBcQWX2C6ghhRdNx8eOeBr3gFl3KDlUvEhid8TOaTO3aZx4UyB+u63VpL/aW1PyXY3l9p4Qi3KRSQVDhc5YWXRHvILaZEIyp8jl2URFojQSg5CFKQv6qwVfUS/r/8LTjea0WYzOt5o7O1XzUyxFbbK1lnEttgeO2RHrMUEu2MP7JE9BffBc/AWvH9ZR4Iqs8x+TPDxCVsTqgQ=</latexit>

Hint: a powerset function can be helpful

<latexit sha1_base64="JJFXSXUe5jAmM2cGF4HdTScnlwg="></latexit>

1. Prove that 1 is the only odd practical number

2. Generate the list of all practical numbers in Haskell
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HOFL Syntax
op 2 {+,�,⇥}

<latexit sha1_base64="vvPvreL/3PF45DRDebcQO7DiuEY=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCYAy7EtFj0IvHCOYB2RBmJ504ZPbBTK8Qlpz8BL/Cq568iVe/wIP/4mTNQRPrVFR1U93lx1JodJxPK7ewuLS8kl8trK1vbG7Z2zsNHSWKQ51HMlItn2mQIoQ6CpTQihWwwJfQ9IdXE795D0qLKLzFUQydgA1C0RecoZG69r4XMLzT/TSKx54IqZcel05KHooAtDfu2kWn7GSg88SdkiKZota1v7xexJMAQuSSad12nRg7KVMouIRxwUs0xIwP2QDahobMxHTS7I0xPUw0w4jGoKiQNBPh90bKAq1HgW8ms6NnvYn4n9dOsH/RSUUYJwghnwShkJAFaa6E6QdoTyhAZJPLgZoiOFMMEZSgjHMjJqawgunDnf1+njROy26lfHZTKVYvp83kyR45IEfEJeekSq5JjdQJJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAPx5p1B</latexit>

if t = 0 then t0 else t1

<latexit sha1_base64="kmOJBUw2Per30Crymtfn+hxjJNg=">AAACMHicbZBNS8NAEIY39avWr6pHL4tF8FQSqehBoejFYwX7AU0pm+20XbrZhN2JUEL/jD/BX+FVT3oQ8eqvMIkVauucXp53hpl5vVAKg7b9ZuWWlldW1/LrhY3Nre2d4u5ewwSR5lDngQx0y2MGpFBQR4ESWqEG5nsSmt7oOvWb96CNCNQdjkPo+GygRF9whgnqFi9cn+HQ68eiP3EpXtou/SU4BJWy7gwDaSBjDnXdQrdYsst2VnRROFNRItOqdYvvbi/gkQ8KuWTGtB07xE7MNAouYVJwIwMh4yM2gHYiFfPBdOLsywk9igzDgIagqZA0gzA7ETPfmLHvJZ3ptWbeS+F/XjvC/nknFiqMEBRPF6GQkC0yXIskPqA9oQGRpZcDFYpyphkiaEEZ5wmMkjzTPJz57xdF46TsVMqnt5VS9WqaTJ4ckENyTBxyRqrkhtRInXDyQJ7IM3mxHq1X68P6/GnNWdOZffKnrK9vQRipPw==</latexit>

n 2 Z

<latexit sha1_base64="zVvWGEVi2p6DnnCW7w39l3JogTI=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8Rm+h82YRTzmfrbo0UWWn4Clqo6BAtf0LBv2AbF5Aw1WhmVzs7fiSFQdv+tEpLyyura+X1ysbm1vZOdXevY8JYc2jzUIa65zMDUihoo0AJvUgDC3wJXX9ymfndB9BGhOoGpxF4ARsrMRKcYSrdKVcoN2B47/vJ7WxQrdl1OwddJE5BaqRAa1D9cochjwNQyCUzpu/YEXoJ0yi4hFnFjQ1EjE/YGPopVSwA4yV56hk9ig3DkEagqZA0F+H3RsICY6aBn05mCc28l4n/ef0YR+deIlQUIyieHUIhIT9kuBZpHUCHQgMiy5IDFYpyphkiaEEZ56kYp/1U0j6c+e8XSeek7jTqp9eNWvOiaKZMDsghOSYOOSNNckVapE040eSJPJMX69F6td6s95/RklXs7JM/sD6+AcW/l1A=</latexit>

x 2 Ide

<latexit sha1_base64="gYkAPtrdBEtm4aLsocH75Z0kNOI=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrIRCMoIGuiCRB5SHEXnyyaccj5bd+uIyErLV9BCRYdo+Q8K/gXbuICEqUYzu9rZ8SMpDDrOp1VaWl5ZXSuvVzY2t7Z37N29lgljzaHJQxnqjs8MSKGgiQIldCINLPAltP3xVea3J6CNCNUdTiPoBWykxFBwhqnUt+0HTygvYHgvMLkZwKxvV52ak4MuErcgVVKg0be/vEHI4wAUcsmM6bpOhL2EaRRcwqzixQYixsdsBN2UKhaA6SV58hk9ig3DkEagqZA0F+H3RsICY6aBn05mGc28l4n/ed0Yhxe9RKgoRlA8O4RCQn7IcC3SSoAOhAZEliUHKhTlTDNE0IIyzlMxTjuqpH24898vktZJzT2tnd2eVuuXRTNlckAOyTFxyTmpk2vSIE3CyYQ8kWfyYj1ar9ab9f4zWrKKnX3yB9bHN+sDmHA=</latexit>

ordinary ops
pairing, projections

abstraction, application
recursion

let x = t in x

<latexit sha1_base64="Itd3WbL2XejTTu8KSmv1C8OPxCw=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoCBqkCBrKIJEQKbai82UTTjk/dLdGRFZqPoGvoIWKDtFSU/Av2MZIkDDVaGZXuzNeJIVGy/owSnPzC4tL5eXKyura+oa5udXWYaw4tHgoQ9XxmAYpAmihQAmdSAHzPQnX3ug8869vQWkRBlc4jsD12TAQA8EZplLP3HV8hjd6kEjAiUPvTtGhP5IIMqVnVq2alYPOErsgVVKg2TM/nX7IYx8C5JJp3bWtCN2EKRRcwqTixBoixkdsCN2UBswH7SZ5lAndjzXDkEagqJA0F+H3RsJ8rce+l07mX057mfif141xcOKmkaIYIeDZIRQS8kOaK5F2BLQvFCCy7HOgIqCcKYYISlDGeSrGaWmVtA97Ov0saR/W7Hrt6LJebZwVzZTJDtkjB8Qmx6RBLkiTtAgn9+SRPJFn48F4MV6Nt+/RklHsbJM/MN6/AMyGn2E=</latexit>

can contain x

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

t ::= x | n | t0 op t1 | if t then t0 else t1
| (t0, t1) | fst(t) | snd(t)
| �x. t | t0 t1
| rec x. t

<latexit sha1_base64="5zJ2lziptJpqI6jsnfyfAsIAp/I=">AAADGHicbVLLbtQwFHXCq4TXFJZsLEaMBgmNkqqIqhJSBRuWRWLaSpPRyHFuplYdJ7Jvqo6izAfwCXwFW1ixQ2zZseBfsEOqGTq9i+j4nHOPnWsnpRQGw/C359+4eev2na27wb37Dx4+6m0/PjJFpTmMeSELfZIwA1IoGKNACSelBpYnEo6Ts3dOPz4HbUShPuKihGnO5kpkgjO01Gzb68cJzIWqmdZs0dRayyZAOqD7+2/sN7 igMY1zkcY0UCuIs9Bhhqcmq4uyiSnOopXcKklWi8wpndOu8RRU6w1XHEgDl/1xMGgj6CAYWtNLS77YTM0MNkO8RjAqdcJ6TCztKFJGL0ZLXD/90kY736WtS9DAm6XzBjGotJtJEMx6/XAUtkU3QdSBPunqcNb7E6cFr3JQyCUzZhKFJU5tHgouoQniykDJ+Bmbw8RCxXIw07q9zYY+rwzDgpagqZC0JWG9o2a5MYs8sc72Bq5qjrxOm1SY7U1rocoKQXG3EQoJ7UaGa2GfCdBUaEBk7uRAhaKcaYYIWlDGuSUr+27cPKKrf78JjnZG0e7o1Yfd/sHbbjJb5Cl5RoYkIq/JAXlPDsmYcO+T98X76n3zP/vf/R/+z39W3+t6npD/yv/1Fyo282g=</latexit>
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Exercise
<latexit sha1_base64="Eial1UKJmhV8ZsQLXS3zOievXhs="></latexit>

rec f. �x. if x then 1 else x⇥ (f (x� 1))

guess the meaning of the above pre-term

factorial
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Exercise

guess the meaning of the above pre-term

<latexit sha1_base64="LI8qeO/6lFZPvjohENy9HZnwUp8="></latexit>

rec rep. �n. �f. �x. if n then x
else f (rep (n� 1) f x)

<latexit sha1_base64="NVDolDrior0DalJxtZvNGvMWyhE=">AAACDnicbVC7TsNAEDyHVwivAB00JyIkqshGCGiQImgog0QeUmKi82UdTjmfrbs1SmQl4hP4Clqo6BAtv0DBv2CHFBCYajSzq50dL5LCoG1/WLm5+YXFpfxyYWV1bX2juLlVN2GsOdR4KEPd9JgBKRTUUKCEZqSBBZ6Ehte/yPzGHWgjQnWNwwjcgPWU8AVnmEqd4k47YHgrMNEQjcZq7I8H9Iz6N2o86BRLdtmegP4lzpSUyBTVTvGz3Q15HIBCLpkxLceO0E2YRsEljArt2EDEeJ/1oJVSxQIwbjL5YUT3Y8MwpBFoKiSdiPBzI2GBMcPASyezxGbWy8T/vFaM/qmbCBXFCIpnh1BImBwyXIu0HKBdoQGRZcmBCkU50wwRtKCM81SM07YKaR/O7Pd/Sf2w7ByXnaujUuV82kye7JI9ckAcckIq5JJUSY1wck8eyRN5th6sF+vVevsezVnTnW3yC9b7F9+7nMc=</latexit>

rep n f x = fn x
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Exercise

guess the meaning of the above pre-term

greater or equal than 0

<latexit sha1_base64="jt9qRoLGwjXfPYYxKutlV1DCWyo="></latexit>

�x.

0

@

0

@
rec f. �y. if (x� y) then 0

else if (x+ y) then 1
else f (y + 1)

1

A 0

1

A
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Exercise

λf . rec x . f x

guess the meaning of the above pre-term

fixpoint operator
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Badge exercise
<latexit sha1_base64="sGYj7gSn/YcX8qJipfL5L/fODWY=">AAACFnicbVC7TgJBFJ3FF+ILtbSZACZWZJdCbUyINpaYyCMBQmaHC06Ynd3M3DEhG3o/wa+w1crO2Npa+C/urhQKnurknPs8fiSFQdf9dHIrq2vrG/nNwtb2zu5ecf+gZUKrOTR5KEPd8ZkBKRQ0UaCETqSBBb6Etj+5Sv32PWgjQnWL0wj6ARsrMRKcYSINiqW4Z0aUGWMDoca00gsY3gmMUVuY0QvqVmaDYtmtuhnoMvHmpEzmaAyKX71hyG0ACrlMRnc9N8J+zDQKLmFW6FkDEeMTNoZuQhULwPTj7JcZPbaGYUgj0FRImonwuyNmgTHTwE8q01PNopeK/3ldi6PzfixUZBEUTxehkJAtMlyLJCSgQ6EBkaWXAxWKcqYZImhBGeeJaJPUCkke3uL3y6RVq3qnVe+mVq5fzpPJkyNSIifEI2ekTq5JgzQJJw/kiTyTF+fReXXenPef0pwz7zkkf+B8fAM2ip7s</latexit>

assuming true = 0

<latexit sha1_base64="1WH/DtGoMmoJRQBmfvDxGiXj0Pw=">AAACEXicbVC7SgNBFJ2NrxhfUUsRBoMQm7CbQi2DgqQQjGAekIQwO7lJhsw+mLkrhCWVn+BX2GplJ7Z+gYX/4mTdQhNPdTjnXu49xw2l0Gjbn1ZmaXlldS27ntvY3Nreye/uNXQQKQ51HshAtVymQQof6ihQQitUwDxXQtMdX8785j0oLQL/DichdD029MVAcIZG6uUP444e0IGQkuIIaD9ATYvCp9Wbq+uTaS9fsEt2ArpInJQUSIpaL//V6Qc88sBHLpnWbccOsRszhYJLmOY6kYaQ8TEbQttQn3mgu3ESY0qPI80woCEoKiRNRPi9ETNP64nnmkmP4UjPezPxP68d4eC8Gws/jBB8PjuEQkJySHMlTD8muVCAyGafAzUFcKYYIihBGedGjExhOdOHM59+kTTKJee05NyWC5WLtJksOSBHpEgcckYqpEpqpE44eSBP5Jm8WI/Wq/Vmvf+MZqx0Z5/8gfXxDRhmnBY=</latexit>

fill the dots (in HOFL)

<latexit sha1_base64="pUOrkLuYLLHo44vc3HqQStvNvJs=">AAACIHicbVC7TsNAEDzzDOEVoKQ5EZAoUGRTAA0SgoYySAQixVG0vmzCifPZ3K0RkeWf4BP4Clqo6BAlSPwLdkgBhKlGM7va2QliJS257rszMTk1PTNbmivPLywuLVdWVi9slBiBDRGpyDQDsKikxgZJUtiMDUIYKLwMrk8K//IWjZWRPqdBjO0Q+lr2pADKpU5lJ/Vtj2/6IdCVpLQHymLGD7kfBtFdCnqQ+Vz7Gm+4u5l1KlW35g7Bx4k3IlU2Qr1T+fS7kUhC1CQUWNvy3JjaKRiSQmFW9hOLMYhr6GMrpxpCtO10+FXGtxILFPEYDZeKD0X8uZFCaO0gDPLJIr396xXif14rod5BO5U6Tgi1KA6RVDg8ZIWReV3Iu9IgERTJkUvNBRggQiM5CJGLSd5fOe/D+/v9OLnYrXl7Ne9st3p0PGqmxNbZBttmHttnR+yU1VmDCXbPHtkTe3YenBfn1Xn7Hp1wRjtr7Becjy8Q36MQ</latexit>

false = any n 6= 0

<latexit sha1_base64="yCFCTgcF35zyHnNcJIOEJaEfJ8M="></latexit>

or
M
= �n. �m. · · ·

and
M
= �n. �m. · · ·

not
M
= �m. · · ·

implies
M
= �n. �m. · · ·

i↵
M
= �n. �m. · · ·
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Pre-terms

they are called pre-terms, why?
1 + (0, 5)

<latexit sha1_base64="yRULtpbV662qTKEzIfbkJWOQra0=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpCBTZKBGUETSUQSIPlFjR+bIJJ85n626NFFn5Clqo6BAtH0PBv2AbF5Aw1WhmVzs7XiiFQdv+tApLyyura8X10sbm1vZOeXevY4JIc2jzQAa65zEDUihoo0AJvVAD8z0JXe/hKvW7j6CNCNQtTkNwfTZRYiw4w0S6c+gJrdqnjeNhuWLX7Ax0kTg5qZAcrWH5azAKeOSDQi6ZMX3HDtGNmUbBJcxKg8hAyPgDm0A/oYr5YNw4CzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vH+H4wo2FCiMExdNDKCRkhwzXImkC6EhoQGRpcqBCUc40QwQtKOM8EaOkmlLShzP//SLpnNWceq1xU680L/NmiuSAHJIqccg5aZJr0iJtwolPnsgzebFm1qv1Zr3/jBasfGef/IH18Q1PH5Lf</latexit>

2⇥ �x. x

<latexit sha1_base64="wZE6Q6ELJZzNny4K6WJQU1uJZ2Q=">AAACCXicbVDLTgJBEJz1ifhCjScvE4mJJ7JLMHokevGIiTwSIKR3aHDC7CMzvQaywR/wK7zqyZvx6ld48F8ckIOCdapUdaW7y4+VNOS6n87S8srq2npmI7u5tb2zm9vbr5ko0QKrIlKRbvhgUMkQqyRJYSPWCIGvsO4PriZ+/R61kVF4S6MY2wH0Q9mTAshKndxhkbdIBmh4S9lUF/iw8DDs5PJuwZ2CLxJvRvJshkon99XqRiIJMCShwJim58bUTkGTFArH2VZiMAYxgD42LQ3Bbmyn0/PH/CQxQBGPUXOp+FTE34kUAmNGgW8nA6A7M+9NxP+8ZkK9i3YqwzghDMVkEUmF00VGaGl7Qd6VGolgcjlyGXIBGohQSw5CWDGxRWVtH97894ukVix4pcLZTSlfvpw1k2FH7JidMo+dszK7ZhVWZYKl7Ik9sxfn0Xl13pz3n9ElZ5Y5YH/gfHwDAHuZcw==</latexit>

if x then �x. x else (x, x)

<latexit sha1_base64="8RPA2a588bKPAM3y4v5R8M52ALI=">AAACN3icbVDLSsNAFJ34Nr6qLt0MFkFBSiIVXYpuXCpYFZpSbqa3OjiZhJkbqYT6P36CX+FWF+JO3PoHTmoFX2d1OOc+T5wpaSkInryR0bHxicmpaX9mdm5+obK4dGrT3AhsiFSl5jwGi0pqbJAkheeZQUhihWfx1UHpn12jsTLVJ3STYSuBCy27UgA5qV05iBKgy7hbyG4/8nt+xL8EukTtpEi5YR3gvdrtdxeVReeu9zZ7G+1KNagFA/C/JBySKhviqF15jjqpyBPUJBRY2wyDjFoFGJJCYd+PcosZiCu4wKajGhK0rWLwbJ+v5RYo5RkaLhUfiPi9o4DE2pskdpXlrfa3V4r/ec2curutQuosJ9SiXERS4WCRFUa6FJF3pEEiKC9HLjUXYIAIjeQghBNzF6vv8gh/f/+XnG7Vwnpt+7he3dsfJjPFVtgqW2ch22F77JAdsQYT7I49sEf25N17L96r9/ZZOuINe5bZD3jvH50Sq+s=</latexit>

rec f. �x. f + x

<latexit sha1_base64="oOnZ5Q9Wmi4XnT33yNttL80Ho8o=">AAACGHicbVC7TsNAEDzzDOYVoKQ5EZCQkCwbBUEZQUMZJBKQYitaX9Zw4vzQ3RqBrPwAn8BX0EJFh2jpKPgX7JCC11SjmR3t7oSZkoZc992amJyanpmtzdnzC4tLy/WV1a5Jcy2wI1KV6vMQDCqZYIckKTzPNEIcKjwLr44q/+watZFpckq3GQYxXCQykgKolPr1TT8GugyjQqMY+nbk+LavyvgA+E3JI77Db+x+veE67gj8L/HGpMHGaPfrH/4gFXmMCQkFxvQ8N6OgAE1SKBzafm4wA3EFF9graQIxmqAYfTPkW7kBSnmGmkvFRyJ+TxQQG3Mbh+Vkdbv57VXif14vp+ggKGSS5YSJqBaRVDhaZISWZU3IB1IjEVSXI5cJF6CBCLXkIEQp5mVvVR/e7+//ku6u4zWdvZNmo3U4bqbG1tkG22Ye22ctdszarMMEu2MP7JE9WffWs/VivX6NTljjzBr7AevtE1ewnjw=</latexit>

x+ 1

<latexit sha1_base64="nLO6P0zm4sBdtTMrnFH9BrE4or0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevEY0TwgWcLspBOHzD6Y6VXDkk/wqidv4tXv8eC/uLvmoNE6FVXddHV5kZKGbPvDKiwsLi2vFFdLa+sbm1vl7Z2WCWMtsClCFeqOxw0qGWCTJCnsRBq57ylse+OLzG/foTYyDG5oEqHr81Egh1JwSqXrhyOnX67YVTsH+0ucGanADI1++bM3CEXsY0BCcWO6jh2Rm3BNUiiclnqxwYiLMR9hN6UB99G4SR51yg5iwylkEWomFctF/LmRcN+Yie+lkz6nWzPvZeJ/Xjem4ZmbyCCKCQORHSKpMD9khJZpB8gGUiMRz5IjkwETXHMi1JJxIVIxTksppX0489//Ja3jqlOrnlzVKvXzWTNF2IN9OAQHTqEOl9CAJggYwSM8wbN1b71Yr9bb92jBmu3swi9Y719jj5H5</latexit>

if x then x+ 1 else x� 1

<latexit sha1_base64="+KhctLVnmbGmTbkoMIssu/zIhPk=">AAACLHicbZBNS8NAEIYnfhu/qh69LBZBEEsiih6LXjwq2FpoStlsp7q42YTdiVhC/4o/wV/hVU9eRHr1d5jECn7N6eV5Z5iZN0yUtOR5r87E5NT0zOzcvLuwuLS8Ullda9o4NQIbIlaxaYXcopIaGyRJYSsxyKNQ4WV4c1L4l7dorIz1BQ0S7ET8Ssu+FJxy1K0cBRGn67Cfyf4wcO/cgH0BukZdoB3/G0RlsYC7frdS9WpeWe yv8MeiCuM661ZGQS8WaYSahOLWtn0voU7GDUmhcOgGqcWEixt+he1cah6h7WTlh0O2lVpOMUvQMKlYCfH7RMYjawdRmHcWl9rfXgH/89op9Y86mdRJSqhFsYikwnKRFUbm0SHrSYNEvLgcmdRMcMOJ0EjGhchhmmfp5nn4v7//K5p7NX+/dnC+X60fj5OZgw3YhG3w4RDqcApn0AAB9/AIT/DsPDgvzpsz+mydcMYz6/CjnPcPaK6nQQ==</latexit>

3 �x. x+ 1

<latexit sha1_base64="Jz+Bkj39cYYNk/FzfqF9EXY37xY=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjExMSG7itEj0YtHTOSRACG9Q4MTZh+Z6VUIgatf4VVP3oxXv8OD/+KyclCwTpWq6nR3uaGShmz700otLa+srqXXMxubW9s72dxu1QSRFlgRgQp03QWDSvpYIUkK66FG8FyFNbd/NfVr96iNDPxbGobY8qDny64UQLHUzuZOJ00VxzvAB4UJHxw77WzeLtgJ+CJxZiTPZii3s1/NTiAiD30SCoxpOHZIrRFokkLhONOMDIYg+tDDRkx98NC0RsnpY34YGaCAh6i5VDwR8ffECDxjhp4bJz2gOzPvTcX/vEZE3YvWSPphROiL6SKSCpNFRmgZd4K8IzUSwfRy5NLnAjQQoZYchIjFKC4pE/fhzH+/SKonBadYOLsp5kuXs2bSbJ8dsCPmsHNWYteszCpMsAf2xJ7Zi/VovVpv1vtPNGXNZvbYH1gf35Zal4g=</latexit>

(0,�x. x)

<latexit sha1_base64="Q7kXdymBAnqgySi0aefXQo2JWnM=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHBxJBdg9Ej0YtHTOSRsIT0Dg1OmH1kplchhLNf4VVP3oxXv8OD/+KCHBSsU6WqOt1dfqykIcf5tJaWV1bX1jMb2c2t7Z1dO7dXM1GiBVZFpCLd8MGgkiFWSZLCRqwRAl9h3e9fTfz6PWojo/CWhjG2AuiFsisFUCq17VzBOfFUmu8AHxQ9Pjhu23mn6EzBF4k7I3k2Q6Vtf3mdSCQBhiQUGNN0nZhaI9AkhcJx1ksMxiD60MNmSkMI0LRG09PH/CgxQBGPUXOp+FTE3xMjCIwZBn6aDIDuzLw3Ef/zmgl1L1ojGcYJYSgmi0gqnC4yQsu0E+QdqZEIJpcjlyEXoIEIteQgRComaUnZtA93/vtFUjstuqXi2U0pX76cNZNhB+yQFZjLzlmZXbMKqzLBHtgTe2Yv1qP1ar1Z7z/RJWs2s8/+wPr4BsOplwY=</latexit>

(�x. x+ 1) 3

<latexit sha1_base64="QmjmDbSI8JXVa2h9Z/jcVJhixL4=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBmJBdxeiR6MUjJvJIgJDeocEJs4/M9BrIBu9+hVc9eTNe/QwP/osLclCwTpWq6nR3uaGShmz700otLa+srqXXMxubW9s72d29mgkiLbAqAhXohgsGlfSxSpIUNkKN4LkK6+7gauLX71EbGfi3NAqx7UHflz0pgBKpk80VWipJd4EPiy0+PHaOHk472bxdtKfgi8SZkTybodLJfrW6gYg89EkoMKbp2CG1Y9AkhcJxphUZDEEMoI/NhPrgoWnH0+PH/DAyQAEPUXOp+FTE3xMxeMaMPDdJekB3Zt6biP95zYh6F+1Y+mFE6IvJIpIKp4uM0DJpBXlXaiSCyeXIpc8FaCBCLTkIkYhRUlMm6cOZ/36R1E6KTql4dlPKly9nzaTZPjtgBeawc1Zm16zCqkywEXtiz+zFerRerTfr/SeasmYzOfYH1sc3MQeXyw==</latexit>

we need a 
type system

t ::= x | n | t0 op t1 | if t then t0 else t1
| (t0, t1) | fst(t) | snd(t)
| �x. t | t0 t1
| rec x. t

<latexit sha1_base64="5zJ2lziptJpqI6jsnfyfAsIAp/I="></latexit>

fst(0,�x. x)

<latexit sha1_base64="D5w8mNcJ7e+23hphpWHotcBINOk=">AAACEXicbVDLSgNBEJz1bXytehRhMAgKEnYlosegF48KRgPZJfROOjo4+2CmVxKWnPwEv8KrnryJV7/Ag//i7pqDRutUVHXR3RUkShpynA9rYnJqemZ2br6ysLi0vGKvrl2aONUCmyJWsW4FYFDJCJskSWEr0QhhoPAquD0p/Ks71EbG0QUNEvRDuI5kTwqgXOrYm14IdBP0sp6h4Y6z56k82wXer3m8v9uxq07NKcH/EndEqmyEs4796XVjkYYYkVBgTNt1EvIz0CSFwmHFSw0mIG7hGts5jSBE42flG0O+nRqgmCeouVS8FPFnIoPQmEEY5JPF0WbcK8T/vHZKvSM/k1GSEkaiWERSYbnICC3zfpB3pUYiKC5HLiMuQAMRaslBiFxM88IqeR/u+Pd/yeV+za3XDs7r1cbxqJk5tsG22A5z2SFrsFN2xppMsHv2yJ7Ys/VgvViv1tv36IQ1yqyzX7DevwDcpJyR</latexit>

fst(3)

<latexit sha1_base64="Rzyg8GMYf7CQMdaZEWngxzGfhwI=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsCIIygoYySOQhJVZ0vqzDKeeH7tZIkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnT68zvPYDSIgzucBaB47NJIDzBGabSyKwOfYb3rpd4Guf1s5ORWbMaVg66TOyC1EiB9sj8Go5DHvsQIJdM64FtRegkTKHgEuaVYawhYnzKJjBIacB80E6SB5/T41gzDGkEigpJcxF+byTM13rmu+lkFlMvepn4nzeI0bt0EhFEMULAs0MoJOSHNFcibQToWChAZFlyoCKgnCmGCEpQxnkqxmlFlbQPe/H7ZdI9bdjNxvlts9a6Kpopk0NyROrEJhekRW5Im3QIJzF5Is/kxXg0Xo034/1ntGQUOwfkD4yPby5+l2U=</latexit>

rec f. �x. x+ (f 0)

<latexit sha1_base64="Sw4TXXkEegAlJheD1eXGFygdAvU=">AAACGnicbVC7TsNAEDzzxrwClDQnIhAIybJREJQIGkqQCEGKo2h9WcOJ80N3a5TICl/AJ/AVtFDRIVoaCv4FO6QAwlSjmR3t7gSpkoZc98MaG5+YnJqembXn5hcWlyrLKxcmybTAukhUoi8DMKhkjHWSpPAy1QhRoLAR3ByXfuMWtZFJfE69FFsRXMUylAKokNqVTT8Cug7CXKPo+zx0fNtXRbwDvOv43O7ubIV37na7UnUddwA+SrwhqbIhTtuVT7+TiCzCmIQCY5qem1IrB01SKOzbfmYwBXEDV9gsaAwRmlY++KfPNzIDlPAUNZeKD0T8mcghMqYXBcVkeb3565Xif14zo/Cglcs4zQhjUS4iqXCwyAgti6KQd6RGIigvRy5jLkADEWrJQYhCzIrm7KIP7+/3o+Ri1/Fqzt5ZrXp4NGxmhq2xdbbFPLbPDtkJO2V1Jtg9e2RP7Nl6sF6sV+vte3TMGmZW2S9Y718rQ587</latexit>
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Types

which types?

t ::= x | n | t0 op t1 | if t then t0 else t1
| (t0, t1) | fst(t) | snd(t)
| �x. t | t0 t1
| rec x. t

<latexit sha1_base64="5zJ2lziptJpqI6jsnfyfAsIAp/I="></latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ⇤ int

<latexit sha1_base64="hZOi9xweqKVHmq4N5Cjy/JnRJck=">AAACD3icbVC7TsNAEDyHVwgvA2WaExESoohsFARlBA1lkMhDSqzofNmEU84P3a2RoigFn8BX0EJFh2j5BAr+hbNxERK2mp3Z1e6MH0uh0XG+rMLK6tr6RnGztLW9s7tn7x+0dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C2x9fp3r7AZQWUXiHkxi8gI1CMRScoaH6drkXMLwXOBUhzugpnW/7dsWpOlnRZeDmoELyavTt794g4kkAIXLJtO66TozelCkUXMKs1Es0xIyP2Qi6BoYsAO1NMxMzepxohhGNQVEhaUbC/MaUBVpPAt9Mpj/qRS0l/9O6CQ4vPWMoThBCnh5CISE7pLkSJh2gA6EAkaWfAxUh5UwxRFCCMs4NmZi4SiYPd9H9MmidVd1a9fy2Vqlf5ckUSZkckRPikgtSJzekQZqEk0fyTF7Iq/VkvVnv1sfvaMHKdw7Jn7I+fwBHeJz8</latexit>

int ! int

<latexit sha1_base64="DTiwTWgWak8bPoAxeb2W3pGqL0Y=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV2JaBm0sYxgHpBdwuzkJg6ZfTBzVwghlZ/gV9hqZSe2foGF/+LsukVMvNXhnHu555wgkUKj43xZS8srq2vrpY3y5tb2zq69t9/Scao4NHksY9UJmAYpImiiQAmdRAELAwntYHSd6e0HUFrE0R2OE/BDNozEQHCGhurZR17I8F7gREQ4pR7GdJbo2RWn6uRDF4FbgAopptGzv71+zNMQIuSSad11nQT9CVMouIRp2Us1JIyP2BC6BkYsBO1P8hhTepJqZgwkoKiQNCdh9mLCQq3HYWA2M496XsvI/7RuioNL3wRKUoSIZ49QSMgfaa6E6QdoXyhAZJlzoCKinCmGCEpQxrkhU1NY2fThzqdfBK2zqlurnt/WKvWropkSOSTH5JS45ILUyQ1pkCbh5JE8kxfyaj1Zb9a79fG7umQVNwfkz1ifP1ugniU=</latexit>

pairs functions

int ⇤ (int ! int)

<latexit sha1_base64="z61vpwpv/kxCOapeKuMhxicqnq8=">AAACInicbVDJSgNBEO2JW4xb1KOXxiBED2FGInoMevEYwSyQCaGnU4lNeha6a4QQ8hd+gl/hVU/exJOg/2LPOIcsvtOrV1VUvedFUmi07S8rt7K6tr6R3yxsbe/s7hX3D5o6jBWHBg9lqNoe0yBFAA0UKKEdKWC+J6HljW6SfusRlBZhcI/jCLo+GwZiIDhDI/WKFddn+CBwIgKc0jNanqtdDOmscNorluyKnYIuEycjJZKh3iv+uP2Qxz4EyCXTuuPYEXYnTKHgEqYFN9YQMT5iQ+gYGjAfdHeS+prSk1gz80EEigpJUxFmNybM13rse2YyeVIv9hLxv14nxsFV1ziKYoSAJ4dQSEgPaa6ECQxoXyhAZMnnQEVAOVMMEZSgjHMjxibBgsnDWXS/TJrnFadaubirlmrXWTJ5ckSOSZk45JLUyC2pkwbh5Im8kFfyZj1b79aH9fk3mrOynUMyB+v7F+jIpLA=</latexit>

int ⇤ (int ⇤ int)

<latexit sha1_base64="g8xJOPHv1FukFUE0JCTtHDoI0CM=">AAACIHicbVDLSgNBEJyNrxhfqx69DAYhioRdiegx6MVjBPOAZAmzk04cMvtgplcIS37CT/ArvOrJm3hU8F/cXfcQE/tUXdVNd5UbSqHRsj6NwtLyyupacb20sbm1vWPu7rV0ECkOTR7IQHVcpkEKH5ooUEInVMA8V0LbHV+nevsBlBaBf4eTEByPjXwxFJxhQvXN057H8F5gLHyc0hNametn2+O+WbaqVlZ0Edg5KJO8Gn3zuzcIeOSBj1wyrbu2FaITM4WCS5iWepGGkPExG0E3gT7zQDtx5mpKjyLNMKAhKCokzUiY3YiZp/XEc5PJ9Ek9r6Xkf1o3wuGlkzgKIwSfp4dQSMgOaa5EEhfQgVCAyNLPgQqfcqYYIihBGecJGSX5lZI87Hn3i6B1VrVr1fPbWrl+lSdTJAfkkFSITS5IndyQBmkSTh7JM3khr8aT8Wa8Gx+/owUj39knf8r4+gHH16OH</latexit>

(int ⇤ int) ! int

<latexit sha1_base64="OAPtPIWW6kk7S5edSPZiI0TM8SE=">AAACInicbVDJSgNBEO2JW4xb1KOXxiBED2FGInoMevEYwSyQCaGnU4lNeha6a4QQ8hd+gl/hVU/exJOg/2LPOIcsvtOrV1VUvedFUmi07S8rt7K6tr6R3yxsbe/s7hX3D5o6jBWHBg9lqNoe0yBFAA0UKKEdKWC+J6HljW6SfusRlBZhcI/jCLo+GwZiIDhDI/WKlbLrM3wQOBEBTukZnS1PqYvhnNIrluyKnYIuEycjJZKh3iv+uP2Qxz4EyCXTuuPYEXYnTKHgEqYFN9YQMT5iQ+gYGjAfdHeS+prSk1gz80AEigpJUxFmNybM13rse2Yy+VEv9hLxv14nxsFV1xiKYoSAJ4dQSEgPaa6ECQxoXyhAZMnnQEVAOVMMEZSgjHMjxibBgsnDWXS/TJrnFadaubirlmrXWTJ5ckSOSZk45JLUyC2pkwbh5Im8kFfyZj1b79aH9fk3mrOynUMyB+v7F+GkpLA=</latexit>

(int ! int) ! int

<latexit sha1_base64="by3keklADJxEdnhZlQjy7crSpKM=">AAACJHicbVC7TgJBFJ3FF+ILtbSZSEywIbsGoyXRxhITeSRAyOxwwQmzs5uZuyaE8Bt+gl9hq5WdsbDQb3F23QLBW52cc2/uOcePpDDoup9ObmV1bX0jv1nY2t7Z3SvuHzRNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6Hlj68TvfUA2ohQ3eEkgl7ARkoMBWdoqX7RLXcDhvcCp0LhjHYxpPPE6RLTL5bcipsOXQZeBkokm3q/+NUdhDwOQCGXzJiO50bYmzKNgkuYFbqxgYjxMRtBx0LFAjC9aZpsRk9iw6yBCDQVkqYkzF9MWWDMJPDtZuLRLGoJ+Z/WiXF42bOBohhB8eQRCgnpI8O1sJUBHQgNiCxxDlQoyplmiKAFZZxbMrYdFmwf3mL6ZdA8q3jVyvlttVS7yprJkyNyTMrEIxekRm5InTQIJ4/kmbyQV+fJeXPenY/f1ZyT3RySP+N8/wAJ8aXZ</latexit>

(int ! int) ! (int ! (int ⇤ int))

<latexit sha1_base64="FXiUYUk9TopQnEZugCCh6uXigqk=">AAACSHicbZA7SwNBEMf34ivGV9TSZjEIiUW4k4iWQRvLCHlB7gh7m0lc3HuwOyeEkC/mR/AbWAi2WtmJnXtnijyc6s9vZpj//P1YCo22/Wrl1tY3Nrfy24Wd3b39g+LhUVtHieLQ4pGMVNdnGqQIoYUCJXRjBSzwJXT8x9u033kCpUUUNnEcgxewUSiGgjM0qF9slt2A4YPAiQhxSl2M6DyoZGR1ZpGcL+5U+sWSXbWzoqvCmYkSmVWjX3xzBxFPAgiRS6Z1z7Fj9CZMoeASpgU30RAz/shG0DMyZAFob5J9P6VniWbGUgyKCkkzCPMbExZoPQ58M5m61Mu9FP7X6yU4vPbMS3GCEPL0EAoJ2SHNlTCxAh0IBYgsdQ5UhJQzxRBBCco4NzAxORdMHs7y96uifVF1atXL+1qpfjNLJk9OyCkpE4dckTq5Iw3SIpw8k3fyQT6tF+vL+rZ+/kZz1mznmCxULvcLzjizGQ==</latexit>

(int ! int) ⇤ (int ! int)

<latexit sha1_base64="wrJORnwMek/DGDKjQ70WAM8UvCM=">AAACNXichVDLSgNBEJyNrxhfqx69DAYhegi7EtFj1IvHCOYB2SXMTjpxyOyDmV4hhHyPn+BXeFU85CZe/QVnYw6aCNapqO6mqypIpNDoOG9Wbml5ZXUtv17Y2Nza3rF39xo6ThWHOo9lrFoB0yBFBHUUKKGVKGBhIKEZDK6zefMBlBZxdIfDBPyQ9SPRE5yhkTr2ZckLGd4LHIkIx9TDmP4UjukJ/WejYxedsjMFXSTujBTJDLWOPfG6MU9DiJBLpnXbdRL0R0yh4BLGBS/VkDA+YH1oGxqxELQ/mkYd06NUM+MgAUWFpFMRfl6MWKj1MAzMZmZSz88y8a9ZO8XehW8SJSlCxLNHKCRMH2muhOkQaFcoQGSZc6AiopwphghKUMa5EVNTasH04c6nXySN07JbKZ/dVorVq1kzeXJADkmJuOScVMkNqZE64eSRPJMX8mo9WRPr3fr4Xs1Zs5t98gvW5xcQBKxk</latexit>

infinitely many combinations!
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Types Syntax
⌧ ::= int | ⌧0 ⇤ ⌧1 | ⌧0 ! ⌧1

<latexit sha1_base64="VYt55smhN2hCH3nWpeqTirp0GHw="></latexit>

T

<latexit sha1_base64="pz5k0nXLPD7ePsdjfALVumgudqk=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBSkKkxIrWl0045fzQ3RopsiK+ghYqOkTLt1DwL9jGBSRMNZrZ1c6OFylpyLY/rdLK6tr6RnmzsrW9s7tX3T/omjDWAjsiVKHueWBQyQA7JElhL9IIvqfwzpteZ/7dA2ojw6BNswhdHyaBHEsBlEr9gQ90L0Al7fmwWrPrdg6+TJyC1FiB1rD6NRiFIvYxIKHAmL5jR+QmoEkKhfPKIDYYgZjCBPspDcBH4yZ55Dk/iQ1QyCPUXCqei/h7IwHfmJnvpZNZRLPoZeJ/Xj+m8aWbyCCKCQORHSKpMD9khJZpF8hHUiMRZMmRy4AL0ECEWnIQIhXjtJxK2oez+P0y6Z7VnUb9/LZRa14VzZTZETtmp8xhF6zJbliLdZhgIXtiz+zFerRerTfr/We0ZBU7h+wPrI9vXPGV9w==</latexit>

set of all types

why not lists? for the same reason we avoid division
head and tail are not total functions

assume variables are typed Ide = {Ide⌧}⌧2T

<latexit sha1_base64="mXuOJ5pCBRIcemPql1fz84N+ssc=">AAACMHicbVDLSsRAEJz4Nr5WPXoZXARPSyKKHhREL3pT2F2FzRI6s60OTiZhpiNIyM/4CX6FVz3pQcSrX2ES9+CrLl1UddPdFaVKWvK8F2dkdGx8YnJq2p2ZnZtfaCwudW2SGYEdkajEnEdgUUmNHZKk8Dw1CHGk8Cy6Pqz8sxs0Via6Tbcp9mO41PJCCqBSChu7QQx0JSk/HmDB3T3uBvl3KQwIsqAI87pKXXsCVN4uCjdsNL2WV4P/Jf6QNNkQJ2HjNRgkIotRk1Bgbc/3UurnYEgKhYUbZBZTENdwib2SaojR9vP6y4KvZRYo4SkaLhWvRfw+kUNs7W0clZ3Vkfa3V4n/eb2MLnb6udRpRqhFtYikwnqRFUaW8SEfSINEUF2OXGouwAARGslBiFLMyjyrPPzf3/8l3Y2Wv9naOt1s7h8Mk5liK2yVrTOfbbN9dsROWIcJdsce2CN7cu6dZ+fNef9qHXGGM8vsB5yPTxOhqmw=</latexit>

b· : Ide ! T

<latexit sha1_base64="7uqkZ+czdm0UrmI3QGWvyq4SmOc=">AAACInicbVDLSgNBEJyN7/iKevQyGARPYVcUxVPQi94UEhWyIfTOtsmQ2QczvUpY9i/8BL/Cq568iSdB/8XdJAdNrFNR1U11lxcraci2P63SzOzc/MLiUnl5ZXVtvbKxeW2iRAtsikhF+tYDg0qG2CRJCm9jjRB4Cm+8/lnh39yjNjIKGzSIsR1AN5R3UgDlUqdScx+kjz2g1BV+RBk/4W4A1JOUXviYcZeikSBApY2sU6naNXsIPk2cMamyMS47lW/Xj0QSYEhCgTEtx46pnYImKRRmZTcxGIPoQxdbOQ0hQNNOh39lfDcxkOfHqLlUfCji740UAmMGgZdPFieaSa8Q//NaCd0dt1MZxglhKIogkgqHQUZomReG3JcaiaC4HLkMuQANRKglByFyMckbLOd9OJPfT5Pr/ZpzUDu8OqjWT8fNLLJttsP2mMOOWJ2ds0vWZII9smf2wl6tJ+vNerc+RqMla7yzxf7A+voB5PKkrA==</latexit>

bx

<latexit sha1_base64="AviJYnual7eWmP8BShYad9cjG9U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYfkWNH6sklOOT90twYiK+IraKGiQ7R8CwX/gh1SQMJUo5ld7ez4sZKGbPvTKiwtr6yuFddLG5tb2zvl3b2miRItsCEiFem2DwaVDLFBkhS2Y40Q+Apb/ugq91t3qI2Mwlsax+gFMAhlXwqgTHI797KHQ6D0YdItV+yqPQVfJM6MVNgM9W75q9OLRBJgSEKBMa5jx+SloEkKhZNSJzEYgxjBAN2MhhCg8dJp5Ak/SgxQxGPUXCo+FfH3RgqBMePAzyYDoKGZ93LxP89NqH/hpTKME8JQ5IdIKpweMkLLrAvkPamRCPLkyGXIBWggQi05CJGJSVZOKevDmf9+kTRPqs5p9ezmtFK7nDVTZAfskB0zh52zGrtmddZggkXsiT2zF+vRerXerPef0YI129lnf2B9fAOoLpYn</latexit>

denotes the type of x

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>
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Type judgements

formulas: t : ⌧

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

reads “has type”

types are assigned to pre-terms
using a set of inference rules
(structural induction of HOFL syntax)
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Type system

x : bx

<latexit sha1_base64="zyh46oCIz2aovat+EuUUe4GQLx8=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUU2CgJRIWgog0QgUhJF68smOeX80N0agizzCXwFLVR0iJZ/oOBfsEMKSJhqNLOr3RkvUtKQ43xaM7Nz8wuLhaXi8srq2rq9sXltwlgLrIlQhbrugUElA6yRJIX1SCP4nsIbb3Ce+ze3qI0Mgyu6j7DlQy+QXSmAMqltbze7GkSSFpPhSfNOdrAPlAzTtNi2S07ZGYFPE3dMSmyMatv+anZCEfsYkFBgTMN1ImoloEkKhWmxGRuMQAygh42MBuCjaSWjBCnfiw1QyCPUXCo+EvH3RgK+Mfe+l036QH0z6eXif14jpu5xK5FBFBMGIj9EUuHokBFaZtUg70iNRJB/jlwGXIAGItSSgxCZGGdd5X24k+mnyfVB2a2UDy8rpdOzcTMFtsN22T5z2RE7ZResympMsAf2xJ7Zi/VovVpv1vvP6Iw13tlif2B9fAOlVJuI</latexit>

n : int

<latexit sha1_base64="iDZtLMBJ6B5p1rsjJV7fp3Lejq0=">AAACDXicbVC7TsNAEDzzDOZloEI0JyIkqshGQSAqBA1lkMhDSqJofWzgxPls3a2RkGXxCXwFLVR0iJZvoOBfsEMKIEw1mtnV7kyYKGnJ9z+cqemZ2bn5yoK7uLS8suqtrbdsnBqBTRGr2HRCsKikxiZJUthJDEIUKmyHN6el375FY2WsL+guwX4EV1oOpQAqpIG32RsaEFnuZvqoFwFdS8qkpjx3B17Vr/kj8EkSjEmVjdEYeJ+9y1ikEWoSCqztBn5C/QwMSaEwd3upxQTEDVxht6AaIrT9bBQh5zupBYp5goZLxUci/tzIILL2LgqLyfJL+9crxf+8bkrDw34RKUkJtSgPkVQ4OmSFkUU3yC+lQSIoP0cuNRdggAiN5CBEIaZFWWUfwd/0k6S1Vwvqtf3zevX4ZNxMhW2xbbbLAnbAjtkZa7AmE+yePbIn9uw8OC/Oq/P2PTrljHc22C847195F5v8</latexit>

t0 op t1 :

<latexit sha1_base64="anL4IOnPtTbTT3250TfmtTUpA6I="></latexit>

t0 : int t1 : int

t0 op t1 : int

<latexit sha1_base64="oYo0dGk+kSYaUf0OCahqDb/f0MM=">AAACR3icbVC7TsNAEDyHd3gFKGlOREhUkY2CQFQRNJRBkBApjqz1ZQOnnB/crZGQ5Q/jE/gECkQLFR2ixDYpeGSr0cysdmf8WElDtv1kVWZm5+YXFpeqyyura+u1jc2uiRItsCMiFemeDwaVDLFDkhT2Yo0Q+Aqv/PFpoV/doTYyCi/pPsZBANehHEkBlFNe7cIdaRApefaxGwDdSEplSJl7m8CQk+f8YrNqYXR5yZlRGsWZO8Xk1ep2wy6H/wfOBNTZZNpe7dkdRiIJMCShwJi+Y8c0SEGTFAqzqpsYjEGM4Rr7OQwhQDNIy/AZ300MUMRj1FwqXpL4cyOFwJj7wM+d5dt/tYKcpvUTGh0N8khxQhiK4hBJheUhI7TMW0U+lBqJoPgcuQy5AA1EqCUHIXIyyWsu+nD+pv8PuvsNp9k4OG/WWyeTZhbZNtthe8xhh6zFzlibdZhgD+yFvbI369F6tz6sz29rxZrsbLFfU7G+AETws3Y=</latexit>

t : int t0 : ⌧ t1 : ⌧

if t then t0 else t1 : ⌧

<latexit sha1_base64="+XP4iDjshR0NdC7i8ier+AZnChU="></latexit>

if t then t0 else t1 : ⌧

<latexit sha1_base64="qdRckQDGbMJCIvsz7QP0oQVyiRc="></latexit>

(t0, t1) :

<latexit sha1_base64="9Sm7ZOc4Qqcl01pmRbqLcQGNxPA="></latexit>

t0 : ⌧0 t1 : ⌧1
(t0, t1) : ⌧0 ⇤ ⌧1

<latexit sha1_base64="uri2mwdv/lflQoPVQZOHe7ICcNA=">AAACMHicbVDLSgNBEJz1bXxFPXoZDIKKhF1RFPEgevGoYFTIhqV30tEhsw9negRZ8jN+gl/hVU96EPHqV7gbV/BVp5qqanq6wlRJQ6777AwMDg2PjI6NVyYmp6ZnqrNzpyaxWmBDJCrR5yEYVDLGBklSeJ5qhChUeBZ2Dwr/7Bq1kUl8QjcptiK4iGVHCqBcCqq7fkeDyChwd3wCG7j+lYU2p8D7fHu9Sracu2u5slJGVr+coFpz624f/C/xSlJjJY6C6ovfToSNMCahwJim56bUykCTFAp7Fd8aTEF04QKbOY0hQtPK+lf2+JI1QAlPUXOpeF/E7xMZRMbcRGGejIAuzW+vEP/zmpY6261MxqkljEWxiKTC/iIjtMzrQ96WGomg+DlyGXMBGohQSw5C5KLN+yz68H5f/5ecrte9jfrm8UZtb79sZowtsEW2zDy2xfbYITtiDSbYLbtnD+zRuXOenFfn7TM64JQz8+wHnPcPC1Sn7A==</latexit>

snd(t) :

<latexit sha1_base64="Uyeh8HjBZG60QHapp96WjWIU8gk="></latexit>

t : ⌧0 ⇤ ⌧1
snd(t) : ⌧1

<latexit sha1_base64="PzQ4usFpK4HCcnuDLHvwyv5hsc8=">AAACJHicbVBNS8NAEN34WetX1aOXxSJUDyWRiuJJ9OKxgtVCU8pkO9XFzSbsToQS+jf8Cf4Kr3ryJh486G8xiRX8epd5vDfDzLwgVtKS6746E5NT0zOzpbny/MLi0nJlZfXcRokR2BKRikw7AItKamyRJIXt2CCEgcKL4Po49y9u0FgZ6TMaxtgN4VLLgRRAmdSruP7AgEjpwCdIeu52UbxROfVDoKtgkFrdH9Vo6+DL6FWqbt0twP8Sb0yqbIxmr/Lm9yORhKhJKLC247kxdVMwJIXCUdlPLMYgruESOxnVEKLtpsVnI76ZWKCIx2i4VLwQ8ftECqG1wzDIOvN77W8vF//zOgkN9rup1HFCqEW+iKTCYpEVRmaRIe9Lg0SQX45cai7AABEayUGITEyyDPM8vN/f/yXnO3WvUd89bVQPj8bJlNg622A15rE9dshOWJO1mGC37J49sEfnznlynp2Xz9YJZzyzxn7Aef8ACCmklw==</latexit>

t : ⌧0 ⇤ ⌧1
fst(t) : ⌧0

<latexit sha1_base64="1PypAEtsKWGdAPaLO53bNLHayqk=">AAACJHicbVC7TsNAEDyHd3gFKGlOREiBIrIRCESFoKEMEkmQ4ihaH2s45fzQ3RoJWf4NPoGvoIWKDlFQwLdgGxe8ptnRzK52d7xYSUO2/WbVJianpmdm5+rzC4tLy42V1Z6JEi2wKyIV6QsPDCoZYpckKbyINULgKex745PC79+gNjIKz+k2xmEAV6H0pQDKpVHDdn0NIqVDlyAZ2dtlcbJ66gZA156f+oayFm1VflYfNZp22y7B/xKnIk1WoTNqvLuXkUgCDEkoMGbg2DENU9AkhcKs7iYGYxBjuMJBTkMI0AzT8rOMbyYGKOIxai4VL0X8PpFCYMxt4OWdxb3mt1eI/3mDhPyDYSrDOCEMRbGIpMJykRFa5pEhv5QaiaC4HLkMuQANRKglByFyMckzLPJwfn//l/R22s5ue+9st3l0XCUzy9bZBmsxh+2zI3bKOqzLBLtjD+yRPVn31rP1Yr1+tdasamaN/YD18QkTY6Se</latexit>

fst(t) :

<latexit sha1_base64="NFbJGfUJBRBB5QZJz7dwTWVHVjY="></latexit>

�x. t :

<latexit sha1_base64="WFXGH9YEbyETUxUK0s9D4ERTB1w="></latexit>

x : ⌧0 t : ⌧1
�x. t : ⌧0 ! ⌧1

<latexit sha1_base64="pEbFN+nopEW3ptk3HA57Z0D5Ch4=">AAACMnicbVDJSgNBFOxxjXGLevTSGARPYUYUxYOIXjxGMImQCeFN50Ubexa7X0tkyN/4CX6FV70oeBCvfoQzWcCtTtVVb+lXQaKkIdd9cSYmp6ZnZgtzxfmFxaXl0spq3cRWC6yJWMX6IgCDSkZYI0kKLxKNEAYKG8H1Se43blEbGUfndJdgK4TLSHalAMqkdunQ72oQae/AJ7Bt17+x0OE0fHn9YuqrbFYHeK/ij2XXp3jst0tlt+IOwP8Sb0TKbIRqu/Tmd2JhQ4xIKDCm6bkJtVLQJIXCftG3BhMQ13CJzYxGEKJppYM7+3zTGqCYJ6i5VHwg4veOFEJj7sIgqwyBrsxvLxf/85qWuvutVEaJJYxEvoikwsEiI7TMAkTekRqJIP85chlxARqIUEsOQmSizRLN8/B+X/+X1Lcr3k5l92ynfHQ8SqbA1tkG22Ie22NH7JRVWY0Jds8e2RN7dh6cV+fd+RiWTjijnjX2A87nF5fDqek=</latexit>

t1 : ⌧0 ! ⌧1 t0 : ⌧0
t1 t0 : ⌧1

<latexit sha1_base64="RJNRXc7/0+UlX3VGSx/YvwVMq9w=">AAACMHicbVDLSsRAEJz4dn2tevQyuAielkQURTyIXjwquCpsltCZ7dXBycOZHmEJ68f4CX6FVz3pQcSrX2ESg/iqU1FVTXdXmCppyHWfnaHhkdGx8YnJ2tT0zOxcfX7hxCRWC2yJRCX6LASDSsbYIkkKz1KNEIUKT8PL/cI/vUZtZBIfUz/FTgTnsexJAZRLQX3H72kQGQXetk9gA9enpCSef2WhyylwK2NQK1I3X4I3qAX1htt0S/C/xKtIg1U4DOovfjcRNsKYhAJj2p6bUicDTVIoHNR8azAFcQnn2M5pDBGaTlZ+OeAr1gAlPEXNpeKliN8nMoiM6UdhnoyALsxvrxD/89qWeludTMapJYxFsYikwnKREVrm9SHvSo1EUFyOXMZcgAYi1JKDELlo8z6LPrzf3/8lJ2tNb725cbTe2N2rmplgS2yZrTKPbbJddsAOWYsJdsvu2QN7dO6cJ+fVefuMDjnVzCL7Aef9A9gEqQI=</latexit>

t1 t0 :

<latexit sha1_base64="A8paqORD9c9Lz+1p6FW8EjUoJyg="></latexit>

rec x. t :

<latexit sha1_base64="T0a7sOMYQEinhIMTc7IecAtoB+A="></latexit>

x : ⌧ t : ⌧

rec x. t : ⌧

<latexit sha1_base64="DeMLO13dD4rPiSyru/zAWU0BBVo=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIKnsCuK4kn04lHBPCAbQu+kEwdnH870iLLkS/wEv8Krnryp4MkfcXcNool1Kqq66eoKEiUNue6bMzE5NT0zOzdfWlhcWl4pr67VTWy1wJqIVaybARhUMsIaSVLYTDRCGChsBFcnud+4QW1kHF3QXYLtEPqR7EkBlEmd8p7f0yDS20OfwPrXFrqcCj4opX4IdBn0Uo1i4PPbqv9jdcoVt+oW4OPEG5IKG+KsU/7wu7GwIUYkFBjT8tyE2ilokkLhoORbgwmIK+hjK6MRhGjaafHegG9ZAxTzBDWXihci/t5IITTmLgyyyTyxGfVy8T+vZal30E5llFjCSOSHSCosDhmhZdYb8q7USAR5cuQy4gI0EKGWHITIRJsVmffhjX4/Tuo7VW+3une+Wzk6HjYzxzbYJttmHttnR+yUnbEaE+yePbIn9uw8OC/Oq/P+PTrhDHfW2R84n1+0BqcL</latexit>
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Well-formed terms
t ::= x | n | t0 op t1 | if t then t0 else t1

| (t0, t1) | fst(t) | snd(t)
| �x. t | t0 t1
| rec x. t

<latexit sha1_base64="5zJ2lziptJpqI6jsnfyfAsIAp/I="></latexit>

⌧ ::= int | ⌧0 ⇤ ⌧1 | ⌧0 ! ⌧1

<latexit sha1_base64="VYt55smhN2hCH3nWpeqTirp0GHw="></latexit>

T

<latexit sha1_base64="pz5k0nXLPD7ePsdjfALVumgudqk=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBSkKkxIrWl0045fzQ3RopsiK+ghYqOkTLt1DwL9jGBSRMNZrZ1c6OFylpyLY/rdLK6tr6RnmzsrW9s7tX3T/omjDWAjsiVKHueWBQyQA7JElhL9IIvqfwzpteZ/7dA2ojw6BNswhdHyaBHEsBlEr9gQ90L0Al7fmwWrPrdg6+TJyC1FiB1rD6NRiFIvYxIKHAmL5jR+QmoEkKhfPKIDYYgZjCBPspDcBH4yZ55Dk/iQ1QyCPUXCqei/h7IwHfmJnvpZNZRLPoZeJ/Xj+m8aWbyCCKCQORHSKpMD9khJZpF8hHUiMRZMmRy4AL0ECEWnIQIhXjtJxK2oez+P0y6Z7VnUb9/LZRa14VzZTZETtmp8xhF6zJbliLdZhgIXtiz+zFerRerTfr/We0ZBU7h+wPrI9vXPGV9w==</latexit>

set of all types

is well formed ift

<latexit sha1_base64="fXtz7CQOkgSntEgkCrTWgHxl+x0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AaC5ZGF</latexit>

! ! " T . t : !

<latexit sha1_base64="cE1S+tEc4vHP3lXz+D5gRPzUDVo=">AAACF3icbVC7TsNAEDyHd3gFKGlOREhUkY2CQFQIGsogJRApjtD62MCJ89m6WyMiKx/AJ/AVtFDRIVpKCv6Fc0gBCVuNZmY1uxOlSlry/U+vNDU9Mzs3v1BeXFpeWa2srZ/bJDMCWyJRiWlHYFFJjS2SpLCdGoQ4UngR3Z4U+sUdGisT3aR+it0YrrXsSQHkqMtKNcR7l2J5SJCFUocx0I0AlTcHtZDTYUE7l1/zh8MnQTACVTaaxmXlK7xKRBajJqHA2k7gp9TNwZAUCgflMLOYgriFa+w4qCFG282Hzwz4dmaBEp6i4VLxIYm/N3KIre3HkXMWt9pxrSD/0zoZ9Q66udRpRqhFEURS4TDICiNdS8ivpEEiKC5HLjUXYIAIjeQghCMzV1vZ9RGMfz8JzndrQb22d1avHh2Pmplnm2yL7bCA7bMjdsoarMUEe2BP7Jm9eI/eq/fmvf9YS95oZ4P9Ge/jGxpqoAs=</latexit>

i.e. if we can assign a type to it

a pre-term

also called well-typed or typeable

T!

<latexit sha1_base64="F1Qb396Txfp6uwFEIAZxNQhfHxg=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRByktKrGh92YQj54fu1kjByj/QQkWHaPkbCv4FO7iAhKlGM7va2fEiJQ3Z9qdVWFldW98obpa2tnd298r7B20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGTZpG6PowDuRICqBUajcHfYJ4UK7YVXsOvkycnFRYjsag/NUfhiL2MSChwJieY0fkJqBJCoWzUj82GIGYwBh7KQ3AR+Mm87QzfhIboJBHqLlUfC7i740EfGOmvpdO+kB3ZtHLxP+8XkyjSzeRQRQTBiI7RFLh/JARWqY1IB9KjUSQJUcuAy5AAxFqyUGIVIzTXkppH87i98ukfVZ1atXz21qlfpU3U2RH7JidModdsDq7YQ3WYoLdsyf2zF6sR+vVerPef0YLVr5zyP7A+vgGNUiTnA==</latexit>
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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7.1.2 Typability and Typechecking

As we said in the last section we will give semantics only to well-formed terms,
namely terms which have a type in our type system. Therefore we need an algorithm
to decide whether a term is well-formed. In this section we will present two different
solutions to the typability problem, introduced by Church and by Curry, respectively.

7.1.2.1 Church Type Theory

In Church type theory we explicitly associate a type with each variable and deduce
the type of each term by structural recursion (i.e., by using the inference rules in a
bottom-up fashion).

In this case, we sometimes directly annotate the bounded variables with their type,
for example! x : int. x+ x or rec f : int ! int. ! x : int. f x.

Example 7.1(Factorial with Church types).Let x : int and f : int ! int in the pre-
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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Example
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Example
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As we said in the last section we will give semantics only to well-formed terms,
namely terms which have a type in our type system. Therefore we need an algorithm
to decide whether a term is well-formed. In this section we will present two different
solutions to the typability problem, introduced by Church and by Curry, respectively.

7.1.2.1 Church Type Theory

In Church type theory we explicitly associate a type with each variable and deduce
the type of each term by structural recursion (i.e., by using the inference rules in a
bottom-up fashion).

In this case, we sometimes directly annotate the bounded variables with their type,
for example! x : int. x+ x or rec f : int ! int. ! x : int. f x.

Example 7.1(Factorial with Church types).Let x : int and f : int ! int in the pre-
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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bottom-up fashion).

In this case, we sometimes directly annotate the bounded variables with their type,
for example! x : int. x+ x or rec f : int ! int. ! x : int. f x.
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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solutions to the typability problem, introduced by Church and by Curry, respectively.

7.1.2.1 Church Type Theory

In Church type theory we explicitly associate a type with each variable and deduce
the type of each term by structural recursion (i.e., by using the inference rules in a
bottom-up fashion).

In this case, we sometimes directly annotate the bounded variables with their type,
for example! x : int. x+ x or rec f : int ! int. ! x : int. f x.

Example 7.1(Factorial with Church types).Let x : int and f : int ! int in the pre-
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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160 7 Operational Semantics of HOFL
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7.1.2.1 Church Type Theory
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the type of each term by structural recursion (i.e., by using the inference rules in a
bottom-up fashion).

In this case, we sometimes directly annotate the bounded variables with their type,
for example! x : int. x+ x or rec f : int ! int. ! x : int. f x.
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term

fact def= rec f . ! x. if x then 1 else(x" ( f (x# 1)))

So we can typefact and all its subterms as below:

!f = int ! int

f : int ! int

!x = int

x : int

!x = int

x : int 1 : int

!x = int

x : int

!f = int ! int

f : int ! int

!x = int

x : int 1 : int

x# 1 : int

f (x# 1) : int

(x" ( f (x# 1))) : int

if x then 1 else(x" ( f (x# 1))) : int

! x. if x then 1 else(x" ( f (x# 1))) : int ! int

fact : int ! int

More concisely, we write

fact def= rec f
int! int

. ! x
int

. if x
int

then 1
int

elsex
int

" ( f
int! int

( x
int

# 1
int

int

int

))

int

int

int! int

: int ! int

more concisely



4242

Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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7.1.2.1 Church Type Theory
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bottom-up fashion).

In this case, we sometimes directly annotate the bounded variables with their type,
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Example
variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact ! rec f : int ! int . ! x : int . if x then 1 else x " (f (x # 1))
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In this case, we sometimes directly annotate the bounded variables with their type,
for example! x : int. x+ x or rec f : int ! int. ! x : int. f x.
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Example
types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unification) define the principal type

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.
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Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

intuitively

sequence of all even numbers

we can type sequence of integers of fixed length
we have no type for sequences of any/infinite length
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Example
types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unification) define the principal type

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.
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Haskell

Prelude> let p x = (x, p (x+2))

<interactive>:É:5: error:
    ¥ Occurs check: cannot construct the infinite type: b ~ (t, b)
      Expected type: t -> b
        Actual type: t -> (t, b)
    ¥ Relevant bindings include
        p :: t -> b (bound at <interactive>:É:5)
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Example
types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unification) define the principal type

7.1 Syntax of HOFL 163
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right-hand side.
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Haskell
Prelude> let p x = x : (p (x+2))
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4949

Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

!x = ! 1

!x = ! 3

!x = int

"
#

$
! 1 = ! 3 = int

<latexit sha1_base64="UIS8UTLlIP1mTnto1zN22zGk3pU="></latexit>

!p = ! = ! 1 ! ! 2

!p = ! 5 ! ! 4

"
! 1 = ! 5 = int
! 2 = ! 4

<latexit sha1_base64="XmTLvlQ765eIm4HEZ+2YqTwPrIU="></latexit>

! 2 = ! 4

! 2 = ! 3 ! ! 4

!
fail! (occur check)

<latexit sha1_base64="YP/VnI8tXV80pdLguz2joagwSfM="></latexit>

, 2 : int

<latexit sha1_base64="gYPNv2ezOM5e6O4D7bnBjcejmck=">AAACBXicbVC7TsNAEDzzDOHlQElzIkKiQJEdBYGoImgog0QeUmxF58smnHJ+6G4NiqzUfAUtVHSIlu+g4F+wjQtImGo0s6udHS+SQqNlfRpLyyura+uljfLm1vbOrlnZ6+gwVhzaPJSh6nlMgxQBtFGghF6kgPmehK43ucr87j0oLcLgFqcRuD4bB2IkOMNUGpiVE4fWLxyf4Z3ARAQ4G5hVq2bloIvELkiVFGgNzC9nGPLYhwC5ZFr3bStCN2EKBZcwKzuxhojxCRtDP6UB80G7SR59Ro9izTCkESgqJM1F+L2RMF/rqe+lk1lGPe9l4n9eP8bRuZs+FMUIAc8OoZCQH9JcibQToEOhAJFlyYGKgHKmGCIoQRnnqRinJZXTPuz57xdJp16zG7XTm0a1eVk0UyIH5JAcE5uckSa5Ji3SJpw8kCfyTF6MR+PVeDPef0aXjGJnn/yB8fENdsmYHA==</latexit>

!

<latexit sha1_base64="oZS/gtb4NPcJQsS5hgv/ulBGSTE=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESEhishGQVBG0FAmEnlIiRWdL5twyvls3e0hRVa+gBYqOkTLB1HwL9jGBSRMNZrZ1c5OEEth0HU/nZXVtfWNzdJWeXtnd2+/cnDYMZHVHNo8kpHuBcyAFAraKFBCL9bAwkBCN5jeZn73EbQRkbrHWQx+yCZKjAVnmEqt82Gl6tbcHHSZeAWpkgLNYeVrMIq4DUEhl8yYvufG6CdMo+AS5uWBNRAzPmUT6KdUsRCMn+RB5/TUGoYRjUFTIWkuwu+NhIXGzMIgnQwZPphFLxP/8/oWx9d+IlRsERTPDqGQkB8yXIu0AaAjoQGRZcmBCkU50wwRtKCM81S0aSXltA9v8ftl0rmoefXaZatebdwUzZTIMTkhZ8QjV6RB7kiTtAknQJ7IM3lxrPPqvDnvP6MrTrFzRP7A+fgGD4+ROw==</latexit>
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Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
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right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely
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int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:
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Example

7.1 Syntax of HOFL 163

execution strategies yield a complexity linear or quasi-linear in the size of the original
system of equations.

Example 7.4.Let us now apply the algorithm to the Example 7.3. We have the type
equation

! 2 = ( ! 2 ! int) " int

1. We cannot apply step 1 of the algorithm, because the equation does not express a
trivial equality.

2. We cannot apply step 2 either, because the left-hand side of the equation consists
of a variable and not of an operator applied to some subterms, as required.

3. Step 3 can be applied and it fails, because the type variable! 2 appears in the
right-hand side.

Here we show another interesting term which is not typable.

Example 7.5(Non-typable terms).Let us deÞne a pre-termt which, when applied to
the argument 0, should deÞne the list of all even numbers:

t def= rec p. " x. (x, (p (x+ 2)))

Intuitively, the applicationt 0 takes the value0 and places it in the Þrst position of a
pair whose second component is the termt itself applied to0+ 2 = 2, so recursively
t 0 should represent the inÞnite list of all even numbers:

t 0 # (0, (t 2)) # (0, (2, (t 4))) # ááá# (0, (2, (4, . . .)))

Let us show that this term is not typable:

t = rec p. " x. (x, (p (x+ 2))) : ! $ !p= ! " x. (x, (p (x+ 2))) : !

$ ! = ! 1" ! 2, !x= ! 1
(x, (p (x+ 2))) : ! 2

$ ! 2= ! 3! ! 4
x : ! 3, (p (x+ 2)) : ! 4

$ !x= ! 3
(p (x+ 2)) : ! 4

$ p : ! 5 " ! 4, (x+ 2) : ! 5

$ !p= ! 5" ! 4
(x+ 2) : ! 5

$ ! 5= int x : int

$ !x= int !

So we have

!x= ! 1 = ! 3 = ! 5 = int ! 2 = ( ! 3! ! 4) = ( int ! ! 4) ! = ( ! 1 " ! 2) = ( int " (int ! ! 4))

From which

!p = ! = ( int " (int ! ! 4)) and !p = ( ! 5 " ! 4) = ( int " ! 4)

Thus it must be the case that

more concisely

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:

fail (occur check)
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Exercise

infer the type of the above term

<latexit sha1_base64="LI8qeO/6lFZPvjohENy9HZnwUp8="></latexit>

rec rep. �n. �f. �x. if n then x
else f (rep (n� 1) f x)
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Exercise
<latexit sha1_base64="jt9qRoLGwjXfPYYxKutlV1DCWyo="></latexit>

�x.

0

@

0

@
rec f. �y. if (x� y) then 0

else if (x+ y) then 1
else f (y + 1)

1

A 0

1

A

infer the type of the above term
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Exercise

λf . rec x . f x

infer the type of the above term
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Exercise

λg . λf . λx . g( f x)

infer the type of the above term
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Exercise

λf . λx . λy . f(x, y)

infer the type of the above term
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Exercise

rec f . λx . if x then f x else x

infer the type of the above term



Capture-avoiding substitutions
(again)
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Free variables

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:

164 7 Operational Semantics of HOFL

int ! ! 4 = ! 4

which is absurd, because it is not possible to unify! 4 with a composite term con-
taining an occurrence of! 4. The above argument is represented more concisely
below:

t = rec p. " x
int

. ( x
int

, ( p
int" ! 4

( x
int

+ 2
int

)

int

)

! 4

)

int! ! 4

(int" (int! ! 4)) = ( int" ! 4) # ! 4=( int! ! 4)

So we have no solutions, and the term is not a well-formed term.

7.2 Operational Semantics of HOFL

In Section 6.1 we have deÞned the concepts of free variables and substitution for the
" -calculus. Now we deÞne the same concepts in the case of HOFL, which will be
necessary to deÞne its operational semantics.

DeÞnition 7.4(Free variables).We deÞne the set of free variables of HOFL terms
by structural recursion, as follows:

fv(n) def= !

fv(x) def= { x}

fv(t0 opt1) def= fv(t0) $ fv(t1)

fv(if t then t0 elset1) def= fv(t) $ fv(t0) $ fv(t1)

fv((t0,t1)) def= fv(t0) $ fv(t1)

fv(fst(t)) def= fv(t)

fv(snd(t)) def= fv(t)

fv(" x. t) def= fv(t)\{ x}

fv((t0 t1)) def= fv(t0) $ fv(t1)

fv(rec x. t) def= fv(t)\{ x}

Finally as we did for" -calculus we deÞne the substitution operator in HOFL.

DeÞnition 7.5(Capture-avoiding substitution).Capture avoiding substitution[t / x]
of x with t is deÞned by structural recursion over HOFL terms as follows:



6767
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n[t / x] = n

y[t / x]
def=

!
t if y = x
y if y != x

(t0 opt1)[t / x]
def= t0[t / x] opt1[t / x] with op" { + ,# ,$ }

(if t%then t0 elset1)[t / x]
def= if t%[t / x] then t0[t / x] elset1[t / x]

(t0,t1)[t / x]
def= ( t0[t / x], t1[t / x])

fst(t%)[t / x]
def= fst(t%[t / x])

snd(t%)[t / x]
def= snd(t%[t / x])

(t0 t1)[t / x]
def= ( t0[t / x] t1[t / x])

(! y. t%)[t / x]
def= ! z. ( t%[z/ y][t / x] ) for z /" fv(! y. t%) & fv(t) & { x}

(rec y. t%)[t / x]
def= rec z. (t%[z/ y][t / x]) for z /" fv(rec y. t%) & fv(t) & { x}

Note that in the last two rules we perform" -conversion[z/ y] of the bound variable
ywith a fresh identiÞerzbefore the substitution. This ensures that the free occurrences
of y in t, if any, are not bound accidentally after the substitution. As discussed
in Section 6.1, the substitution is well deÞned if we consider the terms up to" -
conversion (i.e., up to the renaming of bound variables). Obviously, we would like
to extend these concepts to typed terms. So we are interested in understanding how
substitution and" -conversion interact with typing. We have the following results.

Theorem 7.1(Substitution respects types).Let x,t : # and t%: #%. Then, we have

t%[t / x] : #%

Proof. The proof is in two steps. First we prove by rule induction the stronger
predicate (for any termt%and type#%)

P(t%: #%) def= ' x,t : #. ' n " N. ' x1,z1 : #1, ...,xn,zn : #n. t%[z1/ x1,ááá,zn / xn,t / x] : #%

Second, the main statement of the theorem follows as the special case wheren = 0.
The stronger assertion is needed for handling the cases of functions (i.e.,t%= ! y. t%%

for somey andt%%) and recursive expressions (i.e.,t%= rec y. t%%for somey andt%%),
which are the only non-trivial cases (because of the way in which capture-avoiding
substitution is deÞned). The reader is left to Þll in the missing details of the proof as
an exercise. ()

We are now ready to present the operational semantics of HOFL. Unlike IMP, the
operational semantics of HOFL is a simple manipulation of terms. This means that
the operational semantics of HOFL deÞnes a method to calculate thecanonical form
of a given term of HOFL. In particular, we focus onclosed termsonly, i.e., terms
t with no free variables (fv(t) = ! ). Canonical forms are particular closed terms,
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Types are respected

base case: 
therefore 
we have  and thus obviously 

t = n
τ = int
n[t̃ /!x ] = n n : int

t0 : ! 0

<latexit sha1_base64="wIZlmVaDEcgMMAM3hNKeaYfYQvM=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGo7Ei2lhiIh8RLmRuGXDD3t5ld86EEPwVtlrZGVv/i4X/xQOvUPBVL+/NZN68IFbSkut+Orml5ZXVtfx6YWNza3unuLvXsFFiBNZFpCLTCsCikhrrJElhKzYIYaCwGQyvpn7zAY2Vkb6lUYx+CAMt+1IApdIddd2LDkHSdbvFklt2Z+CLxMtIiWWodYtfnV4kkhA1CQXWtj03Jn8MhqRQOCl0EosxiCEMsJ1SDSFafzxLPOFHiQWKeIyGS8VnIv7eGENo7SgM0skQ6N7Oe1PxP6+dUP/cH0sdJ4RaTA+RVDg7ZIWRaRXIe9IgEUyTI5eaCzBAhEZyECIVk7SbQtqHN//9ImmclL1K+fSmUqpeZs3k2QE7ZMfMY2esyq5ZjdWZYJo9sWf24jw6r86b8/4zmnOynX32B87HN4mQlN0=</latexit>

t : !

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

!

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

proof details omitted:
by structural induction of the stronger assertion below

x0 : ! 0

<latexit sha1_base64="jFUoYQxaw8lIv69gpKgqq+iW4Wo=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQUMZJPIQiWWtL5twyvls3a0RURS+ghYqOkTLv1DwLzghBSRMNZrZ1c5OmChpyXU/ndzC4tLySn61sLa+sblV3N6p2zg1AmsiVrFphmBRSY01kqSwmRiEKFTYCPuXY79xj8bKWN/QIEE/gp6WXSmAMun2IXDP2wRp4AbFklt2J+DzxJuSEpuiGhS/2p1YpBFqEgqsbXluQv4QDEmhcFRopxYTEH3oYSujGiK0/nCSeMQPUgsU8wQNl4pPRPy9MYTI2kEUZpMR0J2d9cbif14rpe6ZP5Q6SQm1GB8iqXByyAojsyqQd6RBIhgnRy41F2CACI3kIEQmplk3hawPb/b7eVI/KnvH5ZPr41LlYtpMnu2xfXbIPHbKKuyKVVmNCabZE3tmL86j8+q8Oe8/ozlnurPL/sD5+AaP8JTh</latexit>

t [t 0 / x 0 ] : !

<latexit sha1_base64="cNWLscfhrhMGE+ZPRRVK3x0MqVc=">AAACCXicbVC7TsNAEDyHVwivAKKiOREhUQUbBYGoImgog0QeUmKs9WUTTjk/dLdGRFa+gK+ghYoO0fIVFPwLTkgBgWl2NLOr3R0/VtKQbX9Yubn5hcWl/HJhZXVtfaO4udUwUaIF1kWkIt3ywaCSIdZJksJWrBECX2HTH1yM/eYdaiOj8JqGMboB9EPZkwIok7ziDrVvUvLs0aGX3mfFPesQJF6xZJftCfhf4kxJiU1R84qfnW4kkgBDEgqMaTt2TG4KmqRQOCp0EoMxiAH0sZ3REAI0bjo5f8T3EwMU8Rg1l4pPRPw5kUJgzDDws84A6NbMemPxP6+dUO/UTWUYJ4ShGC8iqXCyyAgts1yQd6VGIhhfjlyGXIAGItSSgxCZmGRBFbI8nNnv/5LGUdmplI+vKqXq+TSZPNtle+yAOeyEVdklq7E6Eyxlj+yJPVsP1ov1ar19t+as6cw2+wXr/QvfEZn8</latexit>

TH.

 = P(t : τ) ∀ !x, t̃, !τ . (!x : !τ ∧ t̃ : !τ ) ⇒ t[t̃ /!x ] : τ
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Types are respected
t0 : ! 0

<latexit sha1_base64="wIZlmVaDEcgMMAM3hNKeaYfYQvM=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGo7Ei2lhiIh8RLmRuGXDD3t5ld86EEPwVtlrZGVv/i4X/xQOvUPBVL+/NZN68IFbSkut+Orml5ZXVtfx6YWNza3unuLvXsFFiBNZFpCLTCsCikhrrJElhKzYIYaCwGQyvpn7zAY2Vkb6lUYx+CAMt+1IApdIddd2LDkHSdbvFklt2Z+CLxMtIiWWodYtfnV4kkhA1CQXWtj03Jn8MhqRQOCl0EosxiCEMsJ1SDSFafzxLPOFHiQWKeIyGS8VnIv7eGENo7SgM0skQ6N7Oe1PxP6+dUP/cH0sdJ4RaTA+RVDg7ZIWRaRXIe9IgEUyTI5eaCzBAhEZyECIVk7SbQtqHN//9ImmclL1K+fSmUqpeZs3k2QE7ZMfMY2esyq5ZjdWZYJo9sWf24jw6r86b8/4zmnOynX32B87HN4mQlN0=</latexit>

t : !

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

!

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

proof details omitted:
by structural induction of the stronger assertion below

x0 : ! 0

<latexit sha1_base64="jFUoYQxaw8lIv69gpKgqq+iW4Wo=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQUMZJPIQiWWtL5twyvls3a0RURS+ghYqOkTLv1DwLzghBSRMNZrZ1c5OmChpyXU/ndzC4tLySn61sLa+sblV3N6p2zg1AmsiVrFphmBRSY01kqSwmRiEKFTYCPuXY79xj8bKWN/QIEE/gp6WXSmAMun2IXDP2wRp4AbFklt2J+DzxJuSEpuiGhS/2p1YpBFqEgqsbXluQv4QDEmhcFRopxYTEH3oYSujGiK0/nCSeMQPUgsU8wQNl4pPRPy9MYTI2kEUZpMR0J2d9cbif14rpe6ZP5Q6SQm1GB8iqXByyAojsyqQd6RBIhgnRy41F2CACI3kIEQmplk3hawPb/b7eVI/KnvH5ZPr41LlYtpMnu2xfXbIPHbKKuyKVVmNCabZE3tmL86j8+q8Oe8/ozlnurPL/sD5+AaP8JTh</latexit>

t [t 0 / x 0 ] : !

<latexit sha1_base64="cNWLscfhrhMGE+ZPRRVK3x0MqVc=">AAACCXicbVC7TsNAEDyHVwivAKKiOREhUQUbBYGoImgog0QeUmKs9WUTTjk/dLdGRFa+gK+ghYoO0fIVFPwLTkgBgWl2NLOr3R0/VtKQbX9Yubn5hcWl/HJhZXVtfaO4udUwUaIF1kWkIt3ywaCSIdZJksJWrBECX2HTH1yM/eYdaiOj8JqGMboB9EPZkwIok7ziDrVvUvLs0aGX3mfFPesQJF6xZJftCfhf4kxJiU1R84qfnW4kkgBDEgqMaTt2TG4KmqRQOCp0EoMxiAH0sZ3REAI0bjo5f8T3EwMU8Rg1l4pPRPw5kUJgzDDws84A6NbMemPxP6+dUO/UTWUYJ4ShGC8iqXCyyAgts1yQd6VGIhhfjlyGXIAGItSSgxCZmGRBFbI8nNnv/5LGUdmplI+vKqXq+TSZPNtle+yAOeyEVdklq7E6Eyxlj+yJPVsP1ov1ar19t+as6cw2+wXr/QvfEZn8</latexit>

TH.

 = P(t : τ) ∀ !x, t̃, !τ . (!x : !τ ∧ t̃ : !τ ) ⇒ t[t̃ /!x ] : τ
inductive case: 
therefore  where  and 
we have 
by inductive hypothesis  and 
therefore  

t = (t1, t2)
τ = τ1 * τ2 t1 : τ1 t2 : τ2
t[t̃ /!x ] = (t1[t̃ /!x ], t2[t̃ /!x ])

t1[t̃ /!x ] : τ1 t2[t̃ /!x ] : τ2
(t1[t̃ /!x ], t2[t̃ /!x ]) : τ1 * τ2 = τ
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Types are respected
t0 : ! 0

<latexit sha1_base64="wIZlmVaDEcgMMAM3hNKeaYfYQvM=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGo7Ei2lhiIh8RLmRuGXDD3t5ld86EEPwVtlrZGVv/i4X/xQOvUPBVL+/NZN68IFbSkut+Orml5ZXVtfx6YWNza3unuLvXsFFiBNZFpCLTCsCikhrrJElhKzYIYaCwGQyvpn7zAY2Vkb6lUYx+CAMt+1IApdIddd2LDkHSdbvFklt2Z+CLxMtIiWWodYtfnV4kkhA1CQXWtj03Jn8MhqRQOCl0EosxiCEMsJ1SDSFafzxLPOFHiQWKeIyGS8VnIv7eGENo7SgM0skQ6N7Oe1PxP6+dUP/cH0sdJ4RaTA+RVDg7ZIWRaRXIe9IgEUyTI5eaCzBAhEZyECIVk7SbQtqHN//9ImmclL1K+fSmUqpeZs3k2QE7ZMfMY2esyq5ZjdWZYJo9sWf24jw6r86b8/4zmnOynX32B87HN4mQlN0=</latexit>

t : !

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

!

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

proof details omitted:
by structural induction of the stronger assertion below

x0 : ! 0

<latexit sha1_base64="jFUoYQxaw8lIv69gpKgqq+iW4Wo=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQUMZJPIQiWWtL5twyvls3a0RURS+ghYqOkTLv1DwLzghBSRMNZrZ1c5OmChpyXU/ndzC4tLySn61sLa+sblV3N6p2zg1AmsiVrFphmBRSY01kqSwmRiEKFTYCPuXY79xj8bKWN/QIEE/gp6WXSmAMun2IXDP2wRp4AbFklt2J+DzxJuSEpuiGhS/2p1YpBFqEgqsbXluQv4QDEmhcFRopxYTEH3oYSujGiK0/nCSeMQPUgsU8wQNl4pPRPy9MYTI2kEUZpMR0J2d9cbif14rpe6ZP5Q6SQm1GB8iqXByyAojsyqQd6RBIhgnRy41F2CACI3kIEQmplk3hawPb/b7eVI/KnvH5ZPr41LlYtpMnu2xfXbIPHbKKuyKVVmNCabZE3tmL86j8+q8Oe8/ozlnurPL/sD5+AaP8JTh</latexit>

t [t 0 / x 0 ] : !

<latexit sha1_base64="cNWLscfhrhMGE+ZPRRVK3x0MqVc=">AAACCXicbVC7TsNAEDyHVwivAKKiOREhUQUbBYGoImgog0QeUmKs9WUTTjk/dLdGRFa+gK+ghYoO0fIVFPwLTkgBgWl2NLOr3R0/VtKQbX9Yubn5hcWl/HJhZXVtfaO4udUwUaIF1kWkIt3ywaCSIdZJksJWrBECX2HTH1yM/eYdaiOj8JqGMboB9EPZkwIok7ziDrVvUvLs0aGX3mfFPesQJF6xZJftCfhf4kxJiU1R84qfnW4kkgBDEgqMaTt2TG4KmqRQOCp0EoMxiAH0sZ3REAI0bjo5f8T3EwMU8Rg1l4pPRPw5kUJgzDDws84A6NbMemPxP6+dUO/UTWUYJ4ShGC8iqXCyyAgts1yQd6VGIhhfjlyGXIAGItSSgxCZmGRBFbI8nNnv/5LGUdmplI+vKqXq+TSZPNtle+yAOeyEVdklq7E6Eyxlj+yJPVsP1ov1ar19t+as6cw2+wXr/QvfEZn8</latexit>

TH.

 = P(t : τ) ∀ !x, t̃, !τ . (!x : !τ ∧ t̃ : !τ ) ⇒ t[t̃ /!x ] : τ
inductive case: 
therefore  where 

we have 

by inductive hypothesis 

therefore 

t = λy . t′￼

τ = τy → τ′￼ t′￼ : τ′￼

t[t̃ /!x ] = λz . (t′￼[z,t̃ /y,!x ])
t′￼[z,t̃ /y,!x ] : τ′￼

λz . (t′￼[z,t̃ /y,!x ]) : τy → τ′￼ = τ
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Exercise
Check if the HOFL pre-term is typeable

λx . λy . λz . 𝗂𝖿 z 𝗍𝗁𝖾𝗇 (x y) 𝖾𝗅𝗌𝖾 (y x)

intint

τ1 = (τ1 → τ2) → τ3

τ1 → τ2

τ1

τ1 → τ2
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Exercise
Check if the HOFL pre-term is typeable


𝗋𝖾𝖼 last . λx . 𝗂𝖿 𝗌𝗇𝖽(x) 𝗍𝗁𝖾𝗇 𝖿𝗌𝗍(x) 𝖾𝗅𝗌𝖾 (last 𝗌𝗇𝖽(x))

int → τ

τ * intτ * int τ * int τ * int
intτint

τ
int → τ

τ

(τ * int) → τ

 = int → τ (τ * int) → τ

 = int (τ * int)


