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Haskell: a purely functional programming language

http://www.haskell.org/

Downloads Community Documentation

Declarative, statically typed code.
X-Haske
\am = filterPrime [2..]
where filterPrime (p:xs) =

p : filterPrime [x | x <- xs, x ‘mod* p /= 0]

An advanced, purely functional programming language

Try it! Got 5 minutes?

Type Haskell expressions in here. Type (help to start the tutorial.

A Or try typing these out and see what happens (click to insert):

23 * 36 or reverse "hello" or foldr (:) [] [1,2,3] or do line <- getLine;
putStrLn line or readFile "/welcome"

These 10 actions are supported in this sandbox.




ghci>
ghci>
ghci>

ghci>
ghci]

pal ::

ghci>
True

1t ::
ghci>
False
1t ::

ghci>
ghci>

ghci>
ghci]

pals ::

ghci>

Exercises

-— Write a Haskell function pal that checks if a list is palindrome
—— A list is palindrome if it 1is the same when read from left to right
-— and from right to left.
let pal xs = (xs == reverse Xxs)
Eq a => [a] — Bool
pal "civic"
Bool
pal "hello"
Bool
—— Using pal, write a Haskell function that takes a list of lists
-— returns the list of palindrome lists in it.
let pals = filter pal

Eq a => [[al] —> [[all

pals ["civic" , "anna" , "hello" , "bye" ]

["civic","anna"]

it ::

[[Char]]



Exercises

ghci> :t curry

curry :: ((a, b) =>c) = a —>b —> c

ghci> :t uncurry

uncurry :: (a => b —-> ¢c) —> (a, b) —> c

ghci> —- Write a Haskell function select that takes a list of integers and
ghci> —- returns the list of elements that are followed by immediate successors.

ghci> -- For example, select [1,2,5,7,3,4] returns [1,3].

ghci> let select xs = map fst . filter consecutives . zip xs $ tail xs
ghci] where consecutives = uncurry ((==) . succ)

ghci]

pal :: Eq a => [a] —> Bool

ghci> select [1,2,5,7,3,4]
[1,3]
it :: (Eq b, Enum b, Num b) => [b]



Exercises

ghci> —- Write a Haskell function points that takes a function

ghci> —— f :: b -> b and the extremes of an interval and

ghci> —- returns the list of points (x,f(x)) for all values in the interval.
ghci> let points f min max = [ (x, f x) | x <= [min .. max] ]

ghci]

points :: Enum t = (t => b) -t —> t —> [(t, b)]

ghci> points (*2) 1 5
[(1,1),(2,4),(3,9),(4,16),(5,25)

]
it :: (Num b, Enum b) => [(b, b)]



Exercises

ghci> —- Write some Haskell code to generate the list of all perfect numbers.
ghci> —- A positive natural number is called perfect if it is equal to
ghci> —- the sum of its proper positive divisors.

ghci> —— For example 6 =1 + 2 + 3 and 28 =1 + 2 + 4 + 7 + 14 are perfect.

ghci> let perfect n = (n ==) . sum . filter ((==0) . (mod n)) $ [1 .. n “div 2]
ghci]

perfect :: Integral b => b —> Bool

ghci> let perfects = filter perfect [1..]

ghci]

perfects :: Integral a => [a]

ghci> take 3 perfects
[6,28,496]
it :: Integral a => [a]



Exercises

ghci> let fib = 1:1:[ x+y | (x,y) <- zip fib $ tail fib]
ghci|

ghci>

ghci> take 10 fib
[1,1,2,3,5,8,13,21,34,55]



Badge exercise

A positive number n is called practical if
any number k£ with 1 < k£ < n can be obtained as sums of distinct divisors of n

1

2

1+2

4

1+4
244
1+2+4

the proper divisors of 8 are {1,2,4}

N O O i W N =
1 1 1 | | R { |

For example, the first practical numbers are: 1,2,4,6,8,12,16
1. Prove that 1 is the only odd practical number

2. Generate the list of all practical numbers in Haskell
Hint: a powerset function can be helpful
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HOFL pre-terms
(Higher Order Functional Language)



HOFL Syntax

n € 4
op € {+, —, X} if t = 0 then ¢y else t;

w |

r | n | togopty | if t then t; else t; ordinary ops

t

to,t1) | fst(t) | snd(t) pairing, projections
Ax. t | to ty abstraction, application
rec r.t recursion

/

let xt =1t In x

can contain x



< Exercise

rec f. \x. if x then 1 else x x (f (z — 1))

guess the meaning of the above pre-term

factorial



£ Exercise

rec rep. A\n. Af. Ax. if n then z
else f (rep (n —1) f x)

guess the meaning of the above pre-term

repn fr=7Ff"x



L Exercise

rec f. \y. if (z — y) then 0
A else if (x +y) then1 | 0
else f (y + 1)

guess the meaning of the above pre-term

greater or equal than O



L Exercise

Af.rec x. fx

guess the meaning of the above pre-term

fixpoint operator



Badge exercise

assuming true = 0
false = any n # 0

fill the dots (in HOFL)

or = An. A\m. -

and = An. dm. ---
not = Am. -
implies 2 A\n.Am. .-
iff S A Am. -



Pre-terms

t == x | n | toopty | if ¢t then t; else t;
(to, tl) ‘ fst (t) ‘ Snd(t)
AT. T ‘ t() tl
rec x.t

they are called pre-terms, why?

x4+ 1 Q Q 1+(0,5)
if z then z + 1 else z — 1 & Q2x .z
0, z.2) @ weneeda € 3)z. z+1
fst(0, \z. =) @ type system ) fst(3)
(Az.z2+1)3 @& € if x then \z. z else (z, z)

rec f. \z. x+ (f 0) @ € rec f. Mz. f+u



HOFL types



Types

t = x| n | togopty | if t then ¢, else t;
(to, tl) ‘ fst (t) ‘ Snd(t)
AT. T ‘ t() tl
rec r.t
which types? infinitely many combinations!
pairs functions
it it *x int it — wnt

int * (int — int)  (int x int) — int
int x (int x int)  (int — int) — int

(int — int) x (int — int) (int — int) — (int — (int * int))



Types Syntax

T = int | ToxT1 | T0 = T1 T set of all types

why not lists? for the same reason we avoid division
head and tail are not total functions

assume variables are typed  [de = {Ide,},ct

o lde — T

r denotes the type of x



Type judgements

reads “has type”

/

formulas: ¢t 7

types are assigned to pre-terms
using a set of inference rules
(structural induction of HOFL syntax)

20



Type system

to :int  t1:wnt t:wmt to:7 t1:7T
r:x n:int to op t1 : wnt if ¢t then ty else t; : 7
to:70 t1:T71 t:70*Tq t:79 %7y
(to,tl) . To *T1 fSt(t) . 70 Sﬂd(t) . T1
r:Tog t:Tq t1: 70— 71 o : 7o
AT.t:7179 —> T t1 tg: 1y

r.T t:7T
rec x.t: 71

21



Well-formed terms

t = x| n | togopty | if t then ¢, else t;
(to,tl) | fSt(t) ‘ Snd(t)
AT. T | t() tl
rec x.t
T = dnt | Tox7T | T0 > T T set of all types
apre-term t iswellformedif ! " T.t:!

l.e. If we can assign a type to it
also called well-typed or typeable

T, set of all well-formed terms of type

22



Type checking

23



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

fact: int! Int

24



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

f=int! int x:int If X then 1 else(x" (f(x# 1))) :int
f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int

26



Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

k=iInt x:int 1:int (x" (f(x# 1))) :int
f=int! int x:int If X then 1 else(x" (f(x# 1))) :int
f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

k= Int X int f(x# 1) :int
k=iInt x:int 1:int (x" (f(x# 1))) :int
f=int! int x:int If X then 1 else(x" (f(x# 1))) :int

f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

k=iInt f:int! Int X# 1:int

k= Int X int f(x# 1) :int
k=iInt x:int 1:int (x" (f(x# 1))) :int
f=int! int x:int If X then 1 else(x" (f(x# 1))) :int

f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

F=int! int x:int 1:int
k=iInt f:int! Int X# 1:int

k= Int X int f(x# 1) :int
k=iInt x:int 1:int (x" (f(x# 1))) :int
f=int! int x:int If X then 1 else(x" (f(x# 1))) :int

f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

K= Int

F=int! int x:int 1:int
k=iInt f:int! Int X# 1:int

k= Int X int f(x# 1) :int
k=iInt x:int 1:int (x" (f(x# 1))) :int
f=int! int x:int If X then 1 else(x" (f(x# 1))) :int

f:int! Int | X. If xthen 1 else(x" (f(x# 1)) :int! Int

fact: int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

fact®rec f .1 x.if xthenlelsex" ( f (x# 1))

Ll u
int! int 1Nt
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

fact€rec f .1 x.if xthenlelsex” ( f (x# 1))

Ll o
int! int Nt Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

fact€rec f .1 x.if xthenlelsex” ( f (x# 1))

L u . _
intl_int int int int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

fact®rec f .1 x.if xthenlelsex" ( f (x# 1))
Ll Ll Ll

Ll u . . .
intl_int int int int int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

fact®rec f .1 x.if xthenlelsex" ( f (x# 1))
Ll Ll Ll

Ll u . . .
int! int Nt Int Int Nt intl int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

fact®rec f .1 x.if xthenlelsex" ( f (x# 1))
Ll Ll Ll Ll

L - . . o
int! int INt INt INt INt int! int Nt
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! int.!x:int.If xthen lelsex" (f (x# 1))

more concisely

fact®rec f .1 x.if xthenlelsex" ( f (x# 1))
LI u’ o u Ll Ll W | ™

int! int Nt int int Int  int1 int Int int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

def : .
fact=rec f .l x.if xthenlelsex" ( f (x# 1))
Ll U U u u Ll u Ll
int! int Int Int INt Int int! int INnt Int

| S
INt
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

def - "
fact=rec f .l x.if xthenlelsex" ( f (x# 1))
- nt int ntint Lt in
i i IN IN i i
Int! Int Int! Int

INt
1
INt
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

def - "
fact=rec f .l x.if xthenlelsex" ( f (x# 1))
- nt int ntint Lt in
i i IN IN i i
Int! Int Int! Int —
IN
—1

INt
|
INt
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

def - "
fact=rec f .l x.if xthenlelsex" ( f (x# 1))
- nt int ntint Lt in
i i IN IN i i
Int! Int Int! Int
Int
—1
Int
—

INt
|
INt
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

def - "
fact=rec f .l x.if xthenlelsex" ( f (x# 1))
- nt int ntint Lt in
i i IN IN i i
Int! Int Int! Int
Int
—1
Int
—

INt
|
INt
I |
Int! Int
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Example

variables are tagged with (declared) types
we deduce the type of terms by structural recursion

fact! recf :int! Int.!x:int.if xthen lelsex" (f (x# 1))

more concisely

def : o : :
fact=rec f .l x.if xthenlelsex" ( f (x# 1)) int!Int

- nt int ntint Lt in
i i IN IN i i
Int! Int Int! Int

Int
 —
Int
 ———. |

INt
|
INt
I |
Int! Int
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Type inference
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Example

types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unification) define the principal type

t ©'rec p. " X. (X, (p (X+ 2)))

intuitively

tO0# (0,(t2) # (0,(2,(t4) # aa#a (0,(2,(4,...)))

sequence of all even numbers

we can type sequence of integers of fixed length
we have no type for sequences of any/infinite length

46



Example

types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unification) define the principal type

t ©'rec p. " X. (X, (p (X+ 2)))

Haskell

Prelude> let p x = (x, p (x+2))

<interactive>:E:5: error:
¥ Occurs check: cannot construct the infinite type: b ~ (t, b)
Expected type: t-> b
Actual type: t -> (t, b)
¥ Relevant bindings include
p :: t-> b (bound at <interactive>:E:5)

47



Example

types of variables are not given
type rules are used to derive type constraints (type equations)
whose solutions (via unification) define the principal type

t ©'rec p. " X. (X, (p (X+ 2)))

Haskell

Prelude> let p x = x : (p (x+2))

Prelude> take 10 $ p O

48



t=rec p." X (X,(p(x+2)) :! $ p=

_Example

t €'rec p. " x. (x,(p (x+ 2)))

"X (X (p(x+ 2)) !
1o, ke, (X(P(XTH2)) o
$ i, Xl (P(X+2)) g
$y=1, (P(X+2) 114

$ p:lg" Iy (X+2):!5

$ peig 1, (0 2)11s

= 15 = int $ —ine X1int, 2 :int
$Ik:int!
l5 1, = 15 = Int
1o =1y

fail! (occur check
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Example

t €'rec p." x. (%, (p (x+ 2)))
more concisely

t=recp. " X.(x,( p (x+a)))

INt
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Example

t €'rec p." x. (%, (p (x+ 2)))
more concisely

t=recp. " x.(x,( P (x+2))

int Int
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Example

t €'rec p." x. (%, (p (x+ 2)))
more concisely

t=recp. " x.(x.,( p (xX+ 2)))

|nt nt |nt |nt
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_Example

t €'rec p. " x. (x,(p (x+ 2)))

more concisely

t=recp. " x.(x.( p (x+ 2)))
|nt |nt |nt |nt
| —

INt
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_Example

t €'rec p. " x. (x,(p (x+ 2)))

more concisely

t=recp. " X.(X,( P (X+ 2)))
|nt |nt |nt 4 |nt |nt

INt
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_Example

t €'rec p. " x. (x,(p (x+ 2)))

more concisely

t=recp. " x.(x.C p (xX+3))
int!"lg4 |nt |nt |nt l |nt |nt

INt
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_Example

t €'rec p. " x. (x,(p (x+ 2)))

more concisely

t=recp " (x( p (x+ 2)))
int!"lg4 |nt |nt |nt 4 |nt |nt
INt
1

L4
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_Example

t €'rec p. " x. (x,(p (x+ 2)))

more concisely

t=recp. " x.(X,( P (X+ 2)))
int!"lg4 |nt |nt |nt 4 |nt |nt
ITI

ITI
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_Example

t €'rec p. " x. (x,(p (x+ 2)))

more concisely

t=recp. " x.(x.C p (xX+3))

int" | Int |nt | |nt |nt
" 4 |nt 4

Int! |
1

(int" (int!!4))=(int" 14)# !4=(int!!,)

fail (occur check)
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£ Exercise

rec rep. A\n. Af. Ax. if n then z
else f (rep (n —1) f x)

infer the type of the above term
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L Exercise

rec f. \y. if (z — y) then 0
A else if (x +y) then1 | 0
else f (y + 1)

infer the type of the above term
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L Exercise

Af.rec x. fx

infer the type of the above term
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L Exercise

Ag . Af. Ax. g(f x)

infer the type of the above term
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L Exercise

Af . Ax. Ay. f(x,y)

infer the type of the above term
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L Exercise

rec f. Ax. if x then f x else x

infer the type of the above term

64



Capture-avoiding substitutions
(again)
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Free variables

fv(n) £ fu(fst(t)) & fv(t)
fv(x) ' 1x fv(snd(t)) &' fv(t)
fv(to opty) &' fu(to) $ fu(ty) (" x. t) E v\ x}

fu(if t then to elsety)) £ iv(t) $fv(to) $Fv(ts)  W((tote)) £ fv(to) $ fv(ty)

v((to, 1)) = fv(to) $ fv(ty) fv(rec x. t) E fv()\{ X}

66



Substitutions

n['/ =
[t ]def t If y= X
Xy ifyEx

o[t/ ] optaft/ ] withop” {+,#,%)
(if t”then ty elsety)[!/ ] = ftff/ «] then to[l/ 4] elsety[t/ 4]
(to, t)[1/ 5] E (tolt/ <], talt/ 1)
fst(tf[/ ] < fst(t’f/ )
snd(t9/ ] &' snd(t’f/ 4])
(tot)['/x] &' o[t/x_ ta['/ )
Oyt =z (UM ) forzt fv(ly. th&Tv(t) &{x}
(rec y. t9'/ ] €' rec z (4 [/ )  for z7 fu(rec y. th & fv(t) &{X}

(to opty)['/

IIQ' IIQ' IIQ

|Q.

|Q.

@
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Types are respected

TH. Xo :'o

oty Lt Pl

proof details omitted:
by structural induction of the stronger assertion below

Pt:0)=Vk,i,b. (k: b AT:D)=>1/]:7

base case:f =n
therefore 7 = int

we have n[f/k] = n and thus obviously n : int
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Types are respected

TH. Xo :'!o

th 1, L0 | t['o/y,]:!

proof details omitted:
by structural induction of the stronger assertion below

Pt:o)=Vk,t,r. (k:%r A T:F) :>t[f/k] T
inductive case: t = (¢, 1))

therefore T = 7, * 7, where t,; : 7y and 1, : 7,

we have {7/, ] = (4;[" /1, 6"/, 1)

by inductive hypothesis #,['/, ] : 7, and t,[/, ] : 7
therefore (t; [/, 1, 617 /L 1) i 7, %7, = 7
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Types are respected

TH. Xo :'o

toite Uttt k]!

proof details omitted:
by structural induction of the stronger assertion below

Pt:o)=Vk,t,r. (k:%r A T:F) :>t[f/k] T
inductive case: t = Ay .t

therefore 7 = T, = 7' wheret' : 7’

we have 1['/,] = 1z. (t’[Z’f/y,k])
by inductive hypothesis ¢[*' Ll T

therefore Az. (1[%'/,,]) 17, > 7' =1
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Exercise
Check if the HOFL pre-term is typeable

Ax. Ay. /l‘z. iff then (x )‘}) else (y x)

int int T

1= 10 1= 10

T =(1 > 1) > 13
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Exercise

Check if the HOFL pre-term is typeable
rec last. Ax . If snd(x) then fst(x) else (last snd(x))

T ¥ int T ¥ int T ¥ int

int T

int - 1

T *int
|

int

(t*int) > 1

int > t=(t*int) > 1
int = (7 * int)
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