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Monotone functions



Monotone function

(D,Cp) PO (E,Egr) PO f:D— E

f is monotone if Vdi,ds € D. dy Ep dy = f(dy) Cg f(ds)

Monotone = Order preserving

7

{d;}ien achainin D
= {f(d;)}ieny achainin E

f monotone

When D =F wesay f: D — D is afunction on D



Monotonicity illustrated

| |

C% ----------------------------------- *f(?Q)
achain | e a chain
i * f(dy) (by monotonicity)
do-=""" T * f(d())
D E



Example

fln)=n+1

(NU {oo}, <) F(00) = 00 (N U {o0}, <)
/( monotone . - >\\
P T x
________________________ A




Skill levels

A

intermediate
does many things

A

advanced
multitasking

R

‘d novice
does one thing
beginner
does nothing




< Exercise

(NU {00}, <) g (NU {00}, <)
//(<T monotone? & | D\\
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+ Exercise

- f(n) =n/2 o
(NU {oo}, <) F(00) = o (NU{oo}, <)
/( monotone? & >\\
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+ Exercise
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+ Exercise

n) =2
(NU {oo}, <) szioi _ 4 (NU {oo}, <)
OO corereeeer I o
/ monotone? & \\
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+ Exercise
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t Exercise

(p(N),C) f(S)={meN|dneSm<n} (pN)C)

monotone? &



t Exercise

(p(N),©)  f(S)={meN[VneSn<m} (pN)C)

monotone? €3



Composition

TH. Any composition of monotone functions is monotone
(D7 :D) PO
(F,Cr) PO

f: D — E monotone h=qgof:D—F
—
g : ' — F' monotone monotone

proof. we need to prove Vz,y € D. x Cp y = h(z) Er h(y)

take tLpy
we want to prove h(x) Cg h(y)
then f(z) Cg f(y) because f is monotone

then ¢(f(z)) Cr 9(f(y)) because g is monotone

hz)  hy)

| 4



Continuous functions



Continuous function

(D,Cp) cPO (F,Cg) CPO f:D — E monotone

f is continuous if V{d;}ien. f <|_| di) = LI f(d;)

chain iEN ;€N
Iimitin  limit In
D E

Continuous = limit preserving



Continuity |llus’rm’red
lub I_Idi ------------------------------ gl (I—Id’) (by monotonicity)

T a chain
* f(d1)  (by monotonicity)

| T

""""""""""""""""""" * f(do)



Con’rmun’ry illustrated
o Ll (Ud@)

ieN .
: ‘ f(d;) Cg f ( di)
. §eN ieN

T T follows from

oy e T R monotonicity

f / (%) (and CPO)
achain | e

0%1 > f (?1)

do—"" T * f(do)



Con’rmun’ry illustrated

lub Zl_l di T (I_l d@)

EN N
-
|_| f(d;)
iEN
: : Ei}f(dz') g f
QL ________________________________ T continuity
S » f(da)
a chain g e T T
Tl .... = f(dy)
do T |
 f(do)

(



Example

- f(n) =
Jm=ne
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+ Exercise

(NU {00}, <) g (NU {00}, <)
/ continuous? & >\\
3
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Example

(NU {co}, <) fn) =n/2 (NU {00}, <)

= f(00) = o -
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Example

monotone function, not continuous

0 ifreN
N @) =91 e = oo
1N

f(l_ldz') = f(o0) =

fldi) =0

2
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t Exercise

(p(N),C) f(S)={meN|dneSm<n} (pN)C)

continuous? &

24



t Exercise

S it S finite

N otherwise

O

continuous? €3
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Lemma

_ , CPO
(szD) P _
no infinite chains f:D>E f
’ =
(E,Cg) PO monotone continuous

proof. Take a chain {d;}ien
{di}ienisfinite = 3k eN. | |d=dyx
U 1€N
[F(d)}ien is finite = | f(di) = f(dr) =] (|_| di)

1eN 1eN
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Composition

TH. Any composition of continuous functions is continuous

D,C

EE _D))gig f: D — E continuous jh:gof:D%F

(F7 fE) cpo 9 EF continuous continuous
7:F

proof. take a chain {d;}ien
we need to prove (

Um)Umm

hQJ@)g<fOJm))gOJﬂm0—{Jﬂﬂ%D
= | | n(di)

€N
27



Kleene’s fixpoint theorem

28



Repeated application

f:D—D

£0(d) = d
f*(d) = f (f "(d))



Lemma

n
(D,!') PO  f:D — D monotone ! U )bnn
IS a chain

proof. we needtoprove !'n" N.f"(#)$ "™ (#)
by mathematical induction P(n) ! f"(! )" " (1)

PO)! fo(1 )" f1(!) FOt)y=1" f1(1)

In" N.P(n)# P(n+1) take ageneric n

assume P(n)! f"(1 )" £ (1)

we want to prove P(n+1) ! f"* @)y §0 (1)
(! )" fnl ()

L y= FENQ)) T FENTI( ) = £ ()

30



Towards Kleene's theo.

when (D, ! ) IS a CPO, {f n(d)}n! N
N o . not necessarily
then {f" (! )}n: N is achain 2 chain

It must have a limit

Kleene’s fix point theorem states that
if f is continuous, then the limit of the above chain
is the least fixpoint of f

31



Pre-fixpoints
(D, 1) PO f: D — D monotone

fixpoint p! D f(p)=1p

pre-fixpoint p! D f(p)! p

Clearly any fixpoint is also a pre-fixpoint

32



Kleene's theorem

(D,!')CPO, f:D — D continuous

et bx(f)! (1)

n! N
1. Px(f) is a fix point of f

f (bx(f)) = bx(f)

2. PXx(f) is the least pre-fixpoint of f
1d" D.f(d)# d$ bx(f)# d

if d is a pre-fixpoint then PX(f ) is smaller than d

33



Kleene's theorem: 1

1. f(Px(f)) = bx(f)

proof. ) .
f(Px(f))=f fn( ) bydefof Px
n! N
=  f({f"(")) by continuity
n! N
= M) by def of f"
n! N
= f"() by prefix independence of limits
n! N

= bx(f) by def of PxX

34



Kleene's theorem: 2

2. 'd" D.f(d)#d$ bx(f)# d
pProof.

we prove that any pre-fixpoint is an upper bound of the chain
{F7(! )} N

by definition PX(f) is the lub of the same chain
and thus smaller than any other upper bound

35



Kleene's theorem: 2

2. 'd" D.f(d# d$ bx(f)# d
take any d! D suchthat f(d)! d

weprove 'n" N.f"(#)$ d (d is an upper bound)
P(n)! f"(1)" by mathematical induction
PO)! f°%0 )" d O(I = d

In" N.P(n)# P(n+1) take a generic
assume P(n)! f"(')" d

we want to prove P(n+1) ! f"" ()" d
fr(r) " d

(by def) (monot.)! (pre-fixpoint)

Fr()= f(f (! )) r(d)! d



Example

n=2an (NU {0}, <) Il =0 CPO
f(n)=2 an monotone? ok
f(h)=" continuous? ok
f9%0)=0

f1(0)=f(0)=2 4 =0

fixpoint reached!
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Example

n=n+1 (NU{oc}, <) l =0 CPO

f(n)=n+1 monotone? ok
F()=" continuous? ok

f9%0)=0
f10)=f(0)=0+1=1

f20)= f(f10)=f(1)=1+1=2
f3(0)= f(f4(0)=f(2)=2+1=3

f"0)= n=! fixpoint
n! N n! N
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Example

X = X1 {1} (! (N),!) | = CPO,
B monotone? ok
FOX) = Xy continuous? ok
fO(1) =1
fFfM)y=f@)=1" {1} =1

fixpoint reached!
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Example

X = N\ X (! (N),!) |

CPO,

monotone? NO

F(X)= N\ X
the larger X the smaller f (X)

fO(1) =1
fL(1)=f()= N\! =N
f2()=f(f+() = f(N)= N\ N=

not a chain!
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Example

X = X 1| {1} (' (N),!) | =" CPO
B monotone? ok
PO =X ontinuous? ok
fO(1)=1
Fr)=f()=1" {1} ={1

FeO) =)= {1 ={1" {1} ={1

fixpoint reached!
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