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Consistency of expressions
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Consistency?
<latexit sha1_base64="NPuv0j+N//lGT/NTyGGm1mYRd2I="></latexit>

?,

<latexit sha1_base64="f1VpEpe/hN5hFFZup3cnmP4Bd2o="></latexit>

8a,�, n

<latexit sha1_base64="IyOng2nDPLYqQmWxzia4soZo4Ts="></latexit>

P (a)
M
= 8�. ha,�i �! AJaK�

<latexit sha1_base64="drm1mgWLLC91wRCEk8PruSobMjk="></latexit>

8a 2 Aexp. P (a) ?

structural induction!
<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

8a. P (a)

<latexit sha1_base64="I4eb12+rp/jxIiJ/cN1uASXMgHY="></latexit>

ha,�i �! n
<latexit sha1_base64="KxE0M7MqKEYs1dD4HUm79pwVlNM="></latexit>

AJaK� = n
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Base cases
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="KnAOb3X0pcMw6W1FYK1EW0ny9rc="></latexit>

take x 2 Ide

<latexit sha1_base64="IwymRT6Zf8kpjgqJCO1xzkmd/uQ="></latexit>

= �(x)
<latexit sha1_base64="4sNJgQZli9bFMHr3i+SscV/khWU=">AAACz3icbVFNb9NAEF2brxI+msIJuKxIkYqEIrtIwAWpwIVjKpG2UjaKxuuJu+p6bWbX+ZDligMXfiJ/gV/BOvGBtszp7ZsZvZ33klIr66LodxDeun3n7r2d+70HDx893u3vPTmxRUUSx7LQBZ0lYFErg2OnnMazkhDyRONpcvGl7Z8ukKwqzDe3LnGaQ2bUXElwnpr1f9bCzvkSuUFMuSt4ScUC+f7oYPVapDjH71zMCwKtub Aqy2F42RMaTKaRr95sKUHbt9CFyUhl5w6IiiUXObhzCbr+1AitEwJ5gY6vBFGHt+v7zaw/iIbRpvhNEHdgwLoazfaCtyItZJWjcVKDtZM4Kt20BnJKamx6orJYeg3IcOKhgRzttN7Y1fBXlYX2UiSuNN+Q+O9GDbm16zzxk+0F9nqvJf/Xm1Ru/mFaK1NWDo1shZzyvrRCVpLyOSBPFaFz0P4cuTJcAoFzSIqDlJ6sfDBXBK3LgdaU+qMMLmWR52DSeptNU288JtS1SCqlU4+4WHgbSHWZ+DSJ1x+bpul5m+Prpt4EJ4fD+N0wOj4cHH3uDN9hL9hLdsBi9p4dsa9sxMZMsj9BP3gWPA+Pw2V4Gf7YjoZBt/OUXanw11/AIeMy</latexit>

we need to prove P (x)
M
= 8�. hx,�i �! AJxK�

<latexit sha1_base64="5ujLXYSX+uOkeRca75BMZUFUvUA=">AAACfXicbZDPbtNAEMY35l8J/1I4chmRVuKAIjtIlAtSBReORSJtpTiKxuuJWWV3bXZnW0WW34On4QqvwNPAOuRAW+b06ZvZ/WZ+RaOV5zT9NUhu3b5z997e/eGDh48ePxntPz31dXCSZrLWtTsv0JNWlmasWNN54whNoemsWH/o+2cX5Lyq7WfeNLQwWFm1UhI5WsvRtM39ChjXZAGhIktOSTjIvaoMHsAlgayt1KEkKDbggq ZuORqnk3RbcFNkOzEWuzpZ7g9e52UtgyHLUqP38yxteNGiYyXjh8M8eGpQrrGieZQWDflFuz2ug8PgkWtoyIHSsDXp3xctGu83poiTBvmLv97rzf/15oFXbxetsk1gsrIPYqVpG+SlU5EaQakcMWO/OYGyINEhc2QEKGU0Q8R4JdCzQbdxZTzK0qWsjUFbtnlJK/ratXm/hSPd5kVQuowK8ouIwSm0VczO65gK7buu64YRc3Yd6k1xOp1kbybpp+n4+P0O+J54Ll6IlyITR+JYfBQnYiak+Ca+ix/i5+B3cpi8SiZ/R5PB7s0zcaWSoz/yRMSK</latexit>

taken a generic � we conclude by rule <latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="jHNmLnrIIuyCjUbfh3Y5XtyrhLc="></latexit>

take n 2 Z
<latexit sha1_base64="VATBGU0qgd3j7uMlgsS/yyAGUns=">AAACz3icbVFNb9NAEF2brxI+msIJuKxIkYqEIqdIwAWpwIVjKpG2UjaKxuuJu+ru2syuE0WWKw5c+In8BX4F68QH2jKnt29m9HbeS0utnE+S31F86/adu/d27vcePHz0eLe/9+TEFRVJnMhCF3SWgkOtLE688hrPSkIwqcbT9OJL2z9dIjlV2G9+XeLMQG7VQknwgZr3f9bCLfgKuUXMuC94ScUS+f74wL4WGS7wOxeLgkBrLp zKDQwve0KDzXVYebOlBG3fQhc2J5WfeyAqVlwY8OcSdP2pEVqnBPICPbeCqMPb9f1m3h8kw2RT/CYYdWDAuhrP96K3IitkZdB6qcG56Sgp/awG8kpqbHqiclgGDchxGqAFg25Wb+xq+KvKQXspEleab0j8d6MG49zapGGyvcBd77Xk/3rTyi8+zGply8qjla2QV8GXVshJUiEH5Jki9B7anyNXlksg8B5JcZAykFUI5oqg8wZoTVk4yuJKFsaAzeptNk298ZhQ1yKtlM4C4mIZbCDVZRLSJF5/bJqmF2weXTf1Jjg5HI7eDZPjw8HR587wHfaCvWQHbMTesyP2lY3ZhEn2J+pHz6Ln8XG8ii/jH9vROOp2nrIrFf/6C3+F4xQ=</latexit>

we need to prove P (n)
M
= 8�. hn,�i �! AJnK� <latexit sha1_base64="4bUT+foV8E3xVVlfj/ysPjmdizk="></latexit>= n

<latexit sha1_base64="5ujLXYSX+uOkeRca75BMZUFUvUA=">AAACfXicbZDPbtNAEMY35l8J/1I4chmRVuKAIjtIlAtSBReORSJtpTiKxuuJWWV3bXZnW0WW34On4QqvwNPAOuRAW+b06ZvZ/WZ+RaOV5zT9NUhu3b5z997e/eGDh48ePxntPz31dXCSZrLWtTsv0JNWlmasWNN54whNoemsWH/o+2cX5Lyq7WfeNLQwWFm1UhI5WsvRtM39ChjXZAGhIktOSTjIvaoMHsAlgayt1KEkKDbggq ZuORqnk3RbcFNkOzEWuzpZ7g9e52UtgyHLUqP38yxteNGiYyXjh8M8eGpQrrGieZQWDflFuz2ug8PgkWtoyIHSsDXp3xctGu83poiTBvmLv97rzf/15oFXbxetsk1gsrIPYqVpG+SlU5EaQakcMWO/OYGyINEhc2QEKGU0Q8R4JdCzQbdxZTzK0qWsjUFbtnlJK/ratXm/hSPd5kVQuowK8ouIwSm0VczO65gK7buu64YRc3Yd6k1xOp1kbybpp+n4+P0O+J54Ll6IlyITR+JYfBQnYiak+Ca+ix/i5+B3cpi8SiZ/R5PB7s0zcaWSoz/yRMSK</latexit>

taken a generic � we conclude by rule <latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n
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Inductive case
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1

<latexit sha1_base64="1emhb1oX3IonMMfviNabNeGHOro=">AAACznicbVFNb9NAEF27fJTw0bRcQFxWpEhFQpFTJOCCVODCMUikrZSNovF64q66uzaz60SRZThw4S/yE/gXrBMfaMuc3r6Z2TfzJi21cj5Jfkfxzq3bd+7u3uvdf/Dw0V5//+DUFRVJnMhCF3SegkOtLE688hrPS0Iwqcaz9PJTmz9bIjlV2K9+XeLMQG7VQknwgZr3f9bCLfgKOThXGeSH4yOYq5ciwwV+42JREGjNhVO5ge H3ntBgcx2q5+rVlhS0ZYQubE4qv/BAVKy4MOAvJOj6QyO0TgnkJfq2TxB1r+0Hh828P0iGySb4TTDqwIB1MZ7vR69FVsgwr/VSh8mno6T0sxrIK6mx6YnKYRk0IMdpgBYMulm9cavhLyoHvuAlEleab0j8t6MG49zapKGy3cFdz7Xk/3LTyi/ezWply8qjla2QV8GZVshJUuEMyDNF6D20kyNXlksg8B5JcZAykFW4yxVB5w3QmrKwlMWVLIwBm9Xb+zT1xmVCXYu0UjoLiItlsIFUd5UiqPL6fdM0vWDz6LqpN8Hp8XD0Zph8OR6cfOwM32XP2HN2xEbsLTthn9mYTZhkf6K96En0NB7Hy7iJf2xL46jrecyuRPzrL+tn4t4=</latexit>

we assume P (ai)
M
= 8�. hai,�i �! AJaiK�

<latexit sha1_base64="N2J6PZgz27bdq0uHThi3U/fwYLc="></latexit>

we need to prove P (a0 op a1)
M
= 8�. ha0 op a1,�i �! AJa0 op a1K�

<latexit sha1_base64="BkhoQasFUO5XrDAMsSPBaE1tQ8E="></latexit>

= AJa0K� opAJa1K�
<latexit sha1_base64="qStW+YsiWLKzJnU1quMM10/EeJw="></latexit>

take a generic �
<latexit sha1_base64="6dBrP6jgylPRhWfK0KAYnYCE5CQ=">AAACiHicbZBNb9NAEIY35quErxaOXFZESByiyAZE20Olqlw4Fom0lbJRNF5P3FX3w+yOW0WWfw2/hiuc+DesXR9oy5xevTOjmffJK60CpemfUXLv/oOHj7Yej588ffb8xfbOy5Pgai9xLp12/iyHgFpZnJMijWeVRzC5xtP84nPXP71EH5Sz32hT4dJAadVaSaBorbYPhAZbauSwSsVUGKDzsG5c1YoprLKpCKo0IPz1jNDOll 6V5wTeuyse9yfpLO2L3xXZICZsqOPVzuiDKJysDVqSGkJYZGlFywY8KamxHYs6YAXyAkpcRGnBYFg2fc6Wv60DkOMVeq407038d6MBE8LG5HGyD3K715n/6y1qWu8tG2WrmtDK7hCpmLc7FKRXESDyQnkkgu5z5MpyCR6I0CsOUkazjkRvHAxkwG98EUNZvJLOGLBFIwpc4/e26VF71I3Ia6WLqLi4jBi8Gli7eJU3B23bjiPm7DbUu+Lk/Sz7NEu/fpwcHg3At9hr9oa9YxnbZYfsCztmcybZD/aT/WK/k3GSJrvJ/vVoMhp2XrEblRz9BQsMyRM=</latexit>

ha0 op a1,�i �! n
<latexit sha1_base64="oIu2qjSsWs0j1Hq66XsqExS+dR8=">AAACynichVHLbtQwFHXCq0x5THms2FiMkFiMRgkgYFOpgg0LFkVi2krjUXTj3Emt+hFsp6ORFbHhJ/kA/gMnnUUfSNzV0bnn+vieWzZSOJ9lv5P01u07d+/t3B/tPnj46PF478mRM63lOOdGGntSgkMpNM698BJPGougSonH5dnnvn98jtYJo7/7TYNLBbUWK8HBR6oY/2R6DdaadRH0vi4yNmUK/KnwwTQdm+oi7yiToGuJFI psypyoFTB7wTBpdG1FfeqHN2h8YHpJnv9XnhfjSTbLhqI3Qb4FE7Ktw2Ivecsqw1uF2nMJzi3yrPHLANYLLrEbsdZhA/wMalxEqEGhW4YhqY6+ah14Qxu0VEg6kHh5IoBybqPKqOxjcNd7Pfmv3qL1q4/LIHTTetS8N/IibtwbOW5FPAHSSlj0HvqfIxWacrDgPVpBgfNItvEmVwydV2A3topLaVxzoxToKrAKV/ijC8OhLMrAylbIKiLKzmMMVmzTNtGVhv2u60Yx5vx6qDfB0ZtZ/n6WfXs3Ofi0DXyHvCAvyWuSkw/kgHwhh2ROOPmT7CbPkufp19SmmzRcSNNkO/OUXKn011+uXeEC</latexit>

-n=n0 op n1 ha0,�i �! n0, ha1,�i �! n1
<latexit sha1_base64="gEBlXWzcVO9btXpQV/zUsKt6HEY="></latexit>

by inductive hypotheses, ni = AJaiK�
<latexit sha1_base64="VSP4MUxJQTPmtXRd9pNiHH25Opk="></latexit>

and thus n = n0 op n1 = AJa0K� opAJa1K�
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Recursive definitions
for divergence

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}

<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�
<latexit sha1_base64="grsBCl/3FXeeFUkRU1/eBVQ0pGY="></latexit>

�[AJaK�/x]
<latexit sha1_base64="MeKJpanCsiYB+lL2qmjF4W4Bi8M="></latexit>

CJc1K(CJc0K�) almost…

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY=">AAAD8HicrVJNb9QwEPUmfJSUjxaOXCxWVJxWCSBArSpV9MKxSGxbab1aTZzJrrW2E2ynZRXlf3BDSJz4R/wbnHQpbEtVCTGn8RvPe+PnSUsprIvjH70gvHHz1u21O9H63Xv3H2xsPjy0RWU4DnkhC3OcgkUpNA6dcBKPS4OgUolH6Xy/rR+doLGi0B/cosSxgqkWueDgPDTZ7H1jKU6FrsEYWDS14bKJmAI34yDr/YZJmRrgc3 S0Q9O8tnNRNsyYc9yKqQIabbEMc/xIt2jE2BUcn7Z34R9b+STe4ZPk+u6rCH7NL/KG0ZSdn90MtUc8/28MpcUO+w96pzMhcVUyK1pyeg036mz5LZONfjyIu6CXk2SZ9MkyDvy/vmBZwSuF2nEJ1o6SuHRjT+cE99NErLJYemmY4sinGhTacd3tU0OfVhZcQUs0VEjagfhnRw3K2oVK/c32QfZirQX/VhtVLn8zroUuK4eat0LOe9MJWW6EX1SkmTDoHLSTIxWacjDgHBpBgXMPVn5zVwStU2AWJvOP0njKC6XAG3fmY1N3lhuUNUsrITOfUXbibTAC9NRrs8Kr0nq3aZrI25xcNPVycvh8kLwaxO9f9vfeLg1fI4/JE/KMJOQ12SPvyAEZEh6sB0mwHeyEJvwcfgm/nl0NesueR2Qlwu8/AeN5SSs=</latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=

<latexit sha1_base64="UxfuYkv/tadd/wFF0/Z3dYK26zE="></latexit>⇢
CJc0K� if BJbK�
CJc1K� otherwise

<latexit sha1_base64="Z9PKtNtvXyw6YC6+gty4DoCD5tk="></latexit>⇢
� if ¬BJbK�
CJwhile b do cK(CJcK�) otherwise

almost…
not well-founded recursion!

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}
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Recursive definitions
for divergence

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}

<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�
<latexit sha1_base64="grsBCl/3FXeeFUkRU1/eBVQ0pGY="></latexit>

�[AJaK�/x]
<latexit sha1_base64="MeKJpanCsiYB+lL2qmjF4W4Bi8M="></latexit>

CJc1K(CJc0K�)

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY=">AAAD8HicrVJNb9QwEPUmfJSUjxaOXCxWVJxWCSBArSpV9MKxSGxbab1aTZzJrrW2E2ynZRXlf3BDSJz4R/wbnHQpbEtVCTGn8RvPe+PnSUsprIvjH70gvHHz1u21O9H63Xv3H2xsPjy0RWU4DnkhC3OcgkUpNA6dcBKPS4OgUolH6Xy/rR+doLGi0B/cosSxgqkWueDgPDTZ7H1jKU6FrsEYWDS14bKJmAI34yDr/YZJmRrgc3 S0Q9O8tnNRNsyYc9yKqQIabbEMc/xIt2jE2BUcn7Z34R9b+STe4ZPk+u6rCH7NL/KG0ZSdn90MtUc8/28MpcUO+w96pzMhcVUyK1pyeg036mz5LZONfjyIu6CXk2SZ9MkyDvy/vmBZwSuF2nEJ1o6SuHRjT+cE99NErLJYemmY4sinGhTacd3tU0OfVhZcQUs0VEjagfhnRw3K2oVK/c32QfZirQX/VhtVLn8zroUuK4eat0LOe9MJWW6EX1SkmTDoHLSTIxWacjDgHBpBgXMPVn5zVwStU2AWJvOP0njKC6XAG3fmY1N3lhuUNUsrITOfUXbibTAC9NRrs8Kr0nq3aZrI25xcNPVycvh8kLwaxO9f9vfeLg1fI4/JE/KMJOQ12SPvyAEZEh6sB0mwHeyEJvwcfgm/nl0NesueR2Qlwu8/AeN5SSs=</latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=

<latexit sha1_base64="UxfuYkv/tadd/wFF0/Z3dYK26zE="></latexit>⇢
CJc0K� if BJbK�
CJc1K� otherwise

<latexit sha1_base64="Z9PKtNtvXyw6YC6+gty4DoCD5tk="></latexit>⇢
� if ¬BJbK�
CJwhile b do cK(CJcK�) otherwise

not well-founded recursion!
how do we know one solution exists? how do we know it is unique?

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}
<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}
<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}
<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}*

*

*

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso=">AAACqHicbZDLbhMxFIad4VbCLYUlG4sICbGIZigChIRUkQ0bpCCRpigeRceek2DVl8H2FEXWPB1PwSOwhRfAmc6CppzV7/8c+z/+eK2kD3n+c5Bdu37j5q2D28M7d+/dfzA6fHjibeMEzoVV1p1y8KikwXmQQeFp7RA0V7jgZ9Ndf3GOzktrPodtjaWGjZFrKSAkazUqmYbwVYCK05YpxR2IMwxMVDYw5/ojfUu7Mb+OU6tbyo K9MDiPH/ePTDQ1i4ynB9rVaJxP8q7oVVH0Ykz6mq0OB0essqLRaIJQ4P2yyOtQRnBBCoXtkDUe67QUbHCZpAGNvowdh5Y+bTykXWp0VCramfjvjQja+63mabL7zn5vZ/6vt2zC+k0ZpambgEbsgoJU2AV54WQCjLSSDkOA3eZIpaECHISATlIQIplNIn4p0AcNbuuq9CmD34XVGkwVWYVr/NbGDqhDlUg2UlVJUXaeMDgJZpOymU2pNL5r23aYMBf7UK+KkxeT4tUk//RyfPy+B35AHpMn5BkpyGtyTD6QGZkTQX6QX+Q3+ZM9z2bZIvtyMZoN+juPyKXK+F+NOddw</latexit>

CJ·K : Com ! M ! M [ {?}*

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY="></latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}=
<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}
<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso=">AAACqHicbZDLbhMxFIad4VbCLYUlG4sICbGIZigChIRUkQ0bpCCRpigeRceek2DVl8H2FEXWPB1PwSOwhRfAmc6CppzV7/8c+z/+eK2kD3n+c5Bdu37j5q2D28M7d+/dfzA6fHjibeMEzoVV1p1y8KikwXmQQeFp7RA0V7jgZ9Ndf3GOzktrPodtjaWGjZFrKSAkazUqmYbwVYCK05YpxR2IMwxMVDYw5/ojfUu7Mb+OU6tbyo K9MDiPH/ePTDQ1i4ynB9rVaJxP8q7oVVH0Ykz6mq0OB0essqLRaIJQ4P2yyOtQRnBBCoXtkDUe67QUbHCZpAGNvowdh5Y+bTykXWp0VCramfjvjQja+63mabL7zn5vZ/6vt2zC+k0ZpambgEbsgoJU2AV54WQCjLSSDkOA3eZIpaECHISATlIQIplNIn4p0AcNbuuq9CmD34XVGkwVWYVr/NbGDqhDlUg2UlVJUXaeMDgJZpOymU2pNL5r23aYMBf7UK+KkxeT4tUk//RyfPy+B35AHpMn5BkpyGtyTD6QGZkTQX6QX+Q3+ZM9z2bZIvtyMZoN+juPyKXK+F+NOddw</latexit>

CJ·K : Com ! M ! M [ {?}*

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY="></latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
==<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�

<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY="></latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=
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The general problem
<latexit sha1_base64="zMaPLTYIkoRbXc2UOeX16LKVVwI="></latexit>

f : D ! D

<latexit sha1_base64="YXnL3Tw38XxC9LGU5lTotGpgG6E="></latexit>

a fixed point of f is d 2 D such that d = f(d)

<latexit sha1_base64="O20vmE5uQfWD4zWb58AG3StQvrU="></latexit>

let Ff
M
= {d 2 D | d = f(d)} ✓ D

<latexit sha1_base64="JS9bzjeiBGqXYhArqdPoiujlp8Q=">AAADRnicbVJNb9NAEF27fBTzlcKRy4gEqUioSooECAlRgYQ4Fom0leIoWq/Hyaj22tldNwTLZ67wr/gL/AluiAMXxm6oaNM9Pb35eDNvNipSsq7f/+H5G1euXru+eSO4eev2nbudrXsHNi+NwqHK09wcRdJiShqHjlyKR4VBmUUpHkbHb5v44QkaS7n+6JYFjjM51ZSQko6pSedPqHPSMWoXVKFNwM0MIsxLtE3cvgzCCKekK3 KY0Wesg7BBUHKJgcWM1AxmyyJ3M7RoofdukoQa5xCeSKOZJT3tvT6tCSi5PP4ElNSwQOAtUDmQwBskaAzGwEzGs0EvzCRnuyqhT/V28hhC0sDNzppLHf9ro/KsKB2u1TS5qOOzVepJp9vf6bcP1sFgBbpi9fYnW97TMM5V2YykUmntaNAv3LiSxpFKG3NKi4VUx3KKI4ZaZmjHVXulGh6VVrocCjaOUmhJ/L+ikpm1yyzizGZwezHWkJfFRqVLXowr0s3WWjVCjlJshawyxOdHiMmgc7KZHIG9U9JI59AQSKWYLPk/nBO0LpNmaWJeSuOCPc3Y4iqM+TLzumqtNZhWYVRSGjNqT+oMST1l7TBnVahe1XUdsM2Di6aug4PdncGznf6H3e7em5Xhm+KBeCi2xUA8F3vivdgXQ6E86X3xvnrf/O/+T/+X//s01fdWNffFubch/gL1fQ9b</latexit>

three questions:

• under which hypotheses Ff 6= ??

• if Ff 6= ?, can we select a preferred element fix (f) 2 Ff?

• and can we compute fix (f)?

Does a solution exists?

Is there a "best" solution?

Can we compute the "best" solution?

This is the set of all fixed points
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Example
<latexit sha1_base64="o/vy2s65ouYDjonEB6k7uhRYZoQ="></latexit>

D = N
<latexit sha1_base64="vx/ii1Zq2vXhZxGuegQkWPc/1mg="></latexit>

f(n)
M
= n+ 1

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
<latexit sha1_base64="RjZifFFiANz0iFgkSINJuvGnYbQ="></latexit>

f(n)
M
= n/2

<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff

<latexit sha1_base64="wZaQhF+kARt9BTVKdUr01Ady7dY="></latexit>

{0}
<latexit sha1_base64="SmzygscBFmxFTxmp2Yu5hgIqq/I="></latexit>

{2, 4}
<latexit sha1_base64="qCsHYCAo5GDQyuDNUtsej1q+Pvo="></latexit>

f(n)
M
= n2 � 5n+ 8

<latexit sha1_base64="0hwm7qMzQBKT8IWVsAf4S1XcagY="></latexit>

f(n)
M
= n%5

<latexit sha1_base64="IEcd7WqjpLJ3+H2wMq5cBmkSWC4="></latexit>

{0, 1, 2, 3, 4}
<latexit sha1_base64="n9eS/epxiTB6ls7NZQjHazvrPuI="></latexit>

f(n)
M
=

X

i2div(n)

i

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}

<latexit sha1_base64="nV+fRXexSdoq0514pOiKiApBwmc="></latexit>

{6, 28, 496, ...} perfect numbers

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0

<latexit sha1_base64="x949BaKzVJUKrm+Sns+jhF/9jiY="></latexit>

2

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0

<latexit sha1_base64="rie1Yv3fakOCZ4EBF9DqoWng6Sw="></latexit>

6

<latexit sha1_base64="8MW98PcbcCWkNYO2CdQVAmBpuWs="></latexit>

{n | n = f(n)}
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Example
<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff
<latexit sha1_base64="UqaeS460mo9ZGNkKglUIazGA470="></latexit>

D = }(N)
<latexit sha1_base64="8782vGUcBug7ZCQ4lqLTR+L0z2U="></latexit>

f(S)
M
= S \ {1}

<latexit sha1_base64="CQqLbEC46Nno7nMhZqZVhNucj8Y="></latexit>

{? , {1} }

<latexit sha1_base64="iSEtHD2z6x3gwj+osSmWBORcMo4="></latexit>

f(S)
M
= N \ S <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="gGavZXtEvd84HDNNwLxkTYhK0fQ="></latexit>

f(S)
M
= S [ {1}

<latexit sha1_base64="pDvST57kpAbHe+DXsykQxg+Z5pU="></latexit>

{T | 1 2 T}

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="fqmMQxYeKhcOqkOMCx3/9Kb45Rk="></latexit>

{1}

<latexit sha1_base64="gLW4pajymkEGZif92HXQr642AHI="></latexit>

f(S)
M
= {n | 9m 2 S, n  m}

<latexit sha1_base64="3QXByOqH+HqIDLyfFQvWn9gARWo="></latexit>

{[0, k] | k 2 N} [ {?,N} <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="GuLVOkVKVyURI4c3Jd57Ok8kNzw="></latexit>

{S | S = f(S)}
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Ingredients

a partial order (to compare elements)

order preserving functions

iterative approximations

a base case

a limit solution

limit preserving functions



Partial orders

13
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Partially ordered set 
(Poset or just PO)

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

v ✓ P ⇥ P

<latexit sha1_base64="tBxmIR6pDiiqC5T7sWBCRIM+EiQ=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhV2JaBm0sVzBPCAbwuzkJg6ZfWTmrhCWfICf4FfYamUntpYW/ouTdQVNPNXhnHO59x4/lkKjbX9YhaXlldW14nppY3Nre6e8u9fUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3Q581t3oLSIwhucxNAN2DAUA8EZGqlXrqSeHuvE14AwnlLvh9LU9VAEoKk7NSm7amegi8TJSYXkcHvlT68f8SSAELlkWnccO8ZuyhQKLmFa8hINMeMjNoSOoSEze7pp9syUHiWaYURjUFRImonweyJlgdaTwDfJgOGtnvdm4n9eJ8HBeTcVYZwghHy2CIWEbJHmSpiWgPaFAkQ2uxyoCClniiGCEpRxbsTE1FYyfTjz3y+S5knVqVVPr2uV+kXeTJEckENyTBxyRurkirikQTi5J4/kiTxbD9aL9Wq9fUcLVj6zT/7Aev8Czl2geA==</latexit>

8p 2 P.

<latexit sha1_base64="gQpQd5FN38alnEBl1TjQNvQg1u8=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTE6nJnMFoSbSwxESQBQuaWATfsfWR3zoRcKP0VtlrZGVt/iIX/xeWkUPBVL+/NZN68IFHSkOd9OoWV1bX1jeJmaWt7Z7dc2dtvmTjVApsiVrFuB2BQyQibJElhO9EIYaDwLhhfzfy7B9RGxtEtTRLshTCK5FAKICv1K+XuMNagFE+6MuINt1+peq6Xgy8Tf06qbI5Gv/LVHcQiDTEiocCYju8l1MtAkxQKp6VuajABMYYRdiyNIETTy/LgU36cGqCYJ6i5VDwX8fdGBqExkzCwkyHQvVn0ZuJ/Xiel4UUvk1GSEkZidoikwvyQEVraRpAPpEYimCVHbp8XoIEIteQghBVTW1HJ9uEvfr9MWqeuX3PPbmrV+uW8mSI7ZEfshPnsnNXZNWuwJhMsZU/smb04j86r8+a8/4wWnPnOAfsD5+Mbn6SXCw==</latexit>

p v p

<latexit sha1_base64="RVnL9Ox6Cl+e/lE9k+/nAILlbGc=">AAACA3icbVC7TgJBFJ3FF+KDVUubicTEiuwajZZEG0tM5JEAIbPDBSfMzg4zd0zIhtKvsNXKztj6IRb+iwtSKHiqk3PuzT33RFoKi0Hw6eVWVtfWN/Kbha3tnd2iv7dft4kzHGo8kYlpRsyCFApqKFBCUxtgcSShEQ2vp37jAYwVibrDsYZOzAZK9AVnmEldv6hp246siywgjKju+qWgHMxAl0k4JyUyR7Xrf7V7CXcxKOSSWdsKA42dlBkUXMKk0HYWNONDNoBWRhWLwXbSWfAJPXaWYUI1GCoknYnweyNlsbXjOMomY4b3dtGbiv95LYf9y04qlHYIik8PoZAwO2S5EVkjQHvCACKbJgcqFOXMMEQwgjLOM9FlFRWyPsLF75dJ/bQcnpXPb89Klat5M3lySI7ICQnJBamQG1IlNcKJI0/kmbx4j96r9+a9/4zmvPnOAfkD7+MbfvyXmg==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

p v q ^ q v p ) p = q

<latexit sha1_base64="5hoGV1+jO35hIxiz4z2Nq+QiW/E="></latexit>

p v q ^ q v r ) p v r

<latexit sha1_base64="ISIWNkC0Qftl0d7sziIM2Y+klfA="></latexit>

8p, q, r 2 P.

<latexit sha1_base64="vJQDhNXCB838fuO0qYZ8O7wmw98=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxQMiuweiR6MUjJvJIWEJ6hwYnzD6c6TUhhA/wK7zqyZvx6md48F9c1j0oWKdKVXe6urxISUO2/WnlVlbX1jfym4Wt7Z3dveL+QcuEsRbYFKEKdccDg0oG2CRJCjuRRvA9hW1vfDX32w+ojQyDW5pE2PNhFMihFECJ1C+W3GGoQSkeVe4r2pUBb1T7xbJdtVPwZeJkpMwyNPrFL3cQitjHgIQCY7qOHVFvCpqkUDgruLHBCMQYRthNaAA+mt40DT/jx7EBCnmEmkvFUxF/b0zBN2bie8mkD3RnFr25+J/XjWl40ZvKIIoJAzE/RFJhesgILZNWkA+kRiKYJ0eePC9AAxFqyUGIRIyTmgpJH87i98ukdVp1atWzm1q5fpk1k2eH7IidMIedszq7Zg3WZIJN2BN7Zi/Wo/VqvVnvP6M5K9spsT+wPr4BNh6Ybg==</latexit>

reflexive

antisymmetric

transitive

p v q

<latexit sha1_base64="H3kh/OCgq7PDBYMFpdOfYQ7JmJo=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUmOh82YRTzmfnbg8pitLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ2glgKg6776RSWlldW14rrpY3Nre2d8u5e00RWc2jwSEa6HTADUihooEAJ7VgDCwMJrWB0lfqtB9BGROoWJzH4IRsqMRCcYSLdxV0zNjYwgDCm41654lbdDHSReDmpkBz1Xvmr24+4DUEhl8yYjufG6E+ZRsElzEpdayBmfMSG0EmoYiEYf5qlntEjaxhGNAZNhaSZCL83piw0ZhIGyWTI8N7Me6n4n9exOLjwp0LFFkHx9BAKCdkhw7VI6gDaFxoQWZocqFCUM80QQQvKOE9Em/RTSvrw5r9fJM2TqndaPbs5rdQu82aK5IAckmPikXNSI9ekThqEE02eyDN5cR6dV+fNef8ZLTj5zj75A+fjG655l0A=</latexit>

means that p and q are comparable
and that p is less than (or equal to) q

p @ q

<latexit sha1_base64="bvKISxJ2Cz+755VlLv77hXo5N30=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOduXuzVSZEXiK2ihokO0/AoF/4JtXEDCVKOZXe3s+EoKg7b9aZVWVtfWN8qbla3tnd296v5Bx0Sx5tDmkYx0z2cGpAihjQIl9JQGFvgSuv7kOvO7D6CNiMI7nCnwAjYOxUhwhqnkKtdMTewbQDodVGt23c5Bl4lTkBop0BpUv9xhxOMAQuSSGdN3bIVewjQKLmFecWMDivEJG0M/pSELwHhJnnlOT2LDMKIKNBWS5iL83khYYMws8NPJgOG9WfQy8T+vH+Po0ktEqGKEkGeHUEjIDxmuRVoG0KHQgMiy5EBFSDnTDBG0oIzzVIzTdippH87i98ukc1Z3GvXz20ateVU0UyZH5JicEodckCa5IS3SJpwo8kSeyYv1aL1ab9b7z2jJKnYOyR9YH98MN5ZW</latexit>

p v q ^ p 6= q

<latexit sha1_base64="y0pPCxf+d3eTDmsngegDVWOeXhc=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoCMoIGsogkYcUR9H5sgmnnM+XuzUoilLzCXwFLVR0iJaagn/BDikgMNVoZle7M6GWwqLnfTi5hcWl5ZX8amFtfWNzy93eqds4MRxqPJaxaYbMghQKaihQQlMbYFEooREOLjK/cQvGilhd40hDO2J9JXqCM0yljruvAzu0SWgBYUiHNKDBHXT7EFBNA5VJHbfolbwp6F/iz0iRzFDtuJ9BN+ZJBAq5ZNa2fE9je8wMCi5hUggSC5rxAetDK6WKRWDb42mUCT1MLMOYajBUSDoV4efGmEXWjqIwnYwY3th5LxP/81oJ9s7aY6F0gqB4dgiFhOkhy41IOwLaFQYQWfY5UKEoZ4YhghGUcZ6KSVpaIe3Dn0//l9SPS365dHJVLlbOZ83kyR45IEfEJ6ekQi5JldQIJ/fkkTyRZ+fBeXFenbfv0Zwz29klv+C8fwFM3Z5w</latexit>

means

a set

a binary relation

p

q
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Total orders
(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

total

a PO where any two elements are comparable

PO

p v q _ q v p

<latexit sha1_base64="8pEPZsrimfVRjAbwya3XtPj9umg=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkoCMoIGsogkYcUW9H5sgmnnO3L3TpSZOUP+AS+ghYqOkRLQ8G/YIcUIWGq0cyudmd8JYVB2/6yciura+sb+c3C1vbO7l5x/6BholhzqPNIRrrlMwNShFBHgRJaSgMLfAlNf3CT+c0RaCOi8B7HCryA9UPRE5xhKnWKp8o1QxP7BhCGdEhd6o4A3IzN6apTLNllewq6TJwZKZEZap3it9uNeBxAiFwyY9qOrdBLmEbBJUwKbmxAMT5gfWinNGQBGC+Z5pnQk9gwjKgCTYWkUxHmNxIWGDMO/HQyYPhgFr1M/M9rx9i78hIRqhgh5NkhFBKmhwzXIi0KaFdoQGTZ50BFSDnTDBG0oIzzVIzT5gppH85i+mXSOC87lfLFXaVUvZ41kydH5JicEYdckiq5JTVSJ5w8kmfyQl6tJ+vNerc+fkdz1mznkPyB9fkDyvCg4g==</latexit>

●

●

●

●

…

Hasse diagram notation
(omit: reflexive arcs,
          transitive arcs) 
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Discrete orders
(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

discrete

each element is comparable only to itself

PO

p v q , p = q

<latexit sha1_base64="zWpRcuWUuskW8pw7kzysTRLGRhg=">AAACF3icbVC7TgJBFJ3FF+ILtbSZSEysyK7RaGNCtLGwwEQeCRByd7jAhNndYeauhhA+wE/wK2y1sjO2lhb+iwtSKHiqk3POzb33+FpJS6776aQWFpeWV9KrmbX1jc2t7PZO2UaxEVgSkYpM1QeLSoZYIkkKq9ogBL7Cit+7HPuVOzRWRuEtDTQ2AuiEsi0FUCI1sznN67ZvY98iYZ/3ef0a22Rkp0tgTHTP9Xk/Sbl5dwI+T7wpybEpis3sV70ViTjAkIQCa2ueq6kxBENSKBxl6rFFDaIHHawlNIQAbWM4eWbED2ILFHGNhkvFJyL+nhhCYO0g8JNkANS1s95Y/M+rxdQ+awxlqGPCUIwXkVQ4WWSFkUlLyFvSIBGML0cuQy7AABEayUGIRIyT2jJJH97s9/OkfJT3jvMnN8e5wsW0mTTbY/vskHnslBXYFSuyEhPsgT2xZ/biPDqvzpvz/hNNOdOZXfYHzsc36qmf8Q==</latexit>

● ● ● ● …
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Flat orders
(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

flat

each element is comparable only to itself
and with a distinguished (smaller) element

PO

p v q , p = q _ p = ?

<latexit sha1_base64="6JqArrO4z/2pFWA0TacO2l8fjdo="></latexit>

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

● ● ● ● …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>
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Exercise
(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjz zwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

PO? Total? Discrete? Flat?
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Exercise
(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQ Ahcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgC YpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

6✓

<latexit sha1_base64="3OfmfIT7+2GPfxtl0ylnSiNjA3Y=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+duzVSZKXgK2ihokO0fAoF/4JtXEDCVKOZXe3s+JEUBm370yqtrK6tb5Q3K1vbO7t71f2DjgljzaHNQxnqns8MSKGgjQIl9CINLPAldP3JdeZ3H0AbEao7nEXgBWysxEhwhqnkuSpE18S+AYTpoFqz63YOukycgtRIgdag+uUOQx4HoJBLZkzfsSP0EqZRcAnzihsbiBifsDH0U6pYAMZL8tBzehIbhiGNQFMhaS7C742EBcbMAj+dDBjem0UvE//z+jGOLr1EqChGUDw7hEJCfshwLdI2gA6FBkSWJQcqFOVMM0TQgjLOUzFO66mkfTiL3y+TzlndadTPbxu15lXRTJkckWNyShxyQZrkhrRIm3AyJU/kmbxYj9ar9Wa9/4yWrGLnkPyB9fENLCuW/g==</latexit>

6◆

<latexit sha1_base64="HpcgQBXOpjXn9ZiQC0BhTrGKOdg=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+duzVSZKXgK2ihokO0fAoF/4JtXEDCVKOZXe3s+JEUBm370yqtrK6tb5Q3K1vbO7t71f2DjgljzaHNQxnqns8MSKGgjQIl9CINLPAldP3JdeZ3H0AbEao7nEXgBWysxEhwhqnkuSpE18SRAYTpoFqz63YOukycgtRIgdag+uUOQx4HoJBLZkzfsSP0EqZRcAnzihsbiBifsDH0U6pYAMZL8tBzehIbhiGNQFMhaS7C742EBcbMAj+dDBjem0UvE//z+jGOLr1EqChGUDw7hEJCfshwLdI2gA6FBkSWJQcqFOVMM0TQgjLOUzFO66mkfTiL3y+TzlndadTPbxu15lXRTJkckWNyShxyQZrkhrRIm3AyJU/kmbxYj9ar9Wa9/4yWrGLnkPyB9fENQkOXDA==</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

6✓

<latexit sha1_base64="3OfmfIT7+2GPfxtl0ylnSiNjA3Y=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+duzVSZKXgK2ihokO0fAoF/4JtXEDCVKOZXe3s+JEUBm370yqtrK6tb5Q3K1vbO7t71f2DjgljzaHNQxnqns8MSKGgjQIl9CINLPAldP3JdeZ3H0AbEao7nEXgBWysxEhwhqnkuSpE18S+AYTpoFqz63YOukycgtRIgdag+uUOQx4HoJBLZkzfsSP0EqZRcAnzihsbiBifsDH0U6pYAMZL8tBzehIbhiGNQFMhaS7C742EBcbMAj+dDBjem0UvE//z+jGOLr1EqChGUDw7hEJCfshwLdI2gA6FBkSWJQcqFOVMM0TQgjLOUzFO66mkfTiL3y+TzlndadTPbxu15lXRTJkckWNyShxyQZrkhrRIm3AyJU/kmbxYj9ar9Wa9/4yWrGLnkPyB9fENLCuW/g==</latexit>

6◆

<latexit sha1_base64="HpcgQBXOpjXn9ZiQC0BhTrGKOdg=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+duzVSZKXgK2ihokO0fAoF/4JtXEDCVKOZXe3s+JEUBm370yqtrK6tb5Q3K1vbO7t71f2DjgljzaHNQxnqns8MSKGgjQIl9CINLPAldP3JdeZ3H0AbEao7nEXgBWysxEhwhqnkuSpE18SRAYTpoFqz63YOukycgtRIgdag+uUOQx4HoJBLZkzfsSP0EqZRcAnzihsbiBifsDH0U6pYAMZL8tBzehIbhiGNQFMhaS7C742EBcbMAj+dDBjem0UvE//z+jGOLr1EqChGUDw7hEJCfshwLdI2gA6FBkSWJQcqFOVMM0TQgjLOUzFO66mkfTiL3y+TzlndadTPbxu15lXRTJkckWNyShxyQZrkhrRIm3AyJU/kmbxYj9ar9Wa9/4yWrGLnkPyB9fENQkOXDA==</latexit>

PO? Total? Discrete? Flat?
<latexit sha1_base64="qedEExFarfLFvyFM3UftIGG0V/k="></latexit>

|S| < 2
<latexit sha1_base64="qedEExFarfLFvyFM3UftIGG0V/k="></latexit>

|S| < 2
<latexit sha1_base64="ep+Ng9sHUhmpX8MTULGu/M/wIZI="></latexit>

example: S = {a, b, c} ℘(∅) = {∅}
℘({a}) = {∅, {a}}

<latexit sha1_base64="IsREBh4GK3qJvTFdd1/zSgnrwKY=">AAAB/3icbVA9TwJBEN3DL8Qv1NJmIzGxInfGoI0J0cYSo3wkcCFzywAb9vbO3TkSQij8FbZa2Rlbf4qF/8UDKRR91ct7M5k3L4iVtOS6H05maXlldS27ntvY3Nreye/u1WyUGIFVEanINAKwqKTGKklS2IgNQhgorAeDq6lfH6KxMtJ3NIrRD6GnZVcKoFTyby9aQzA6or7UvXa+4BbdGfhf4s1Jgc1Raec/W51IJCFqEgqsbXpuTP4YDEmhcJJrJRZjEAPoYTOlGkK0/ngWesKPEgsU8RgNl4rPRPy5MYbQ2lEYpJMhUN8uelPxP6+ZUPfcH0sdJ4RaTA+RVDg7ZIWRaRvIO9IgEUyTI5eaCzBAhEZyECIVk7SeXNqHt/j9X1I7KXqlYunmtFC+nDeTZQfskB0zj52xMrtmFVZlgt2zR/bEnp0H58V5dd6+RzPOfGef/YLz/gW4VJa4</latexit>

S = ?

<latexit sha1_base64="LNBGlilt0onvGY5pN/lgWHcvsrg=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxInfGoCXRxhIT+UjgQuaWATbs7V1250gIIf4KW63sjK2/xcL/4oFXKPiql/dmMm9eECtpyXU/ndza+sbmVn67sLO7t39QPDxq2CgxAusiUpFpBWBRSY11kqSwFRuEMFDYDEa3c785RmNlpB9oEqMfwkDLvhRAqdTujMHoiIZSD7rFklt2F+CrxMtIiWWodYtfnV4kkhA1CQXWtj03Jn8KhqRQOCt0EosxiBEMsJ1SDSFaf7qIPONniQWKeIyGS8UXIv7emEJo7SQM0skQaGiXvbn4n9dOqH/tT6WOE0It5odIKlwcssLItAvkPWmQCObJkUvNBRggQiM5CJGKSVpOIe3DW/5+lTQuyl6lXLm/LFVvsmby7ISdsnPmsStWZXesxupMsIg9sWf24jw6r86b8/4zmnOynWP2B87HN4dKlhQ=</latexit>?
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Exercise

0 1 2 3 …

PO? Total? Discrete? Flat?(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJ BLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>
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Exercise
PO? Total? Discrete? Flat?

0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8=">AAACLnicbVDLSgNBEJz1bXxFPXoZDEIiIexKRPEkevEkCiYKmRhmJx0dMju7zPQKYdl/8RP8Cq96EjyIVz/D3ZhDjNapqKqmu8uPlLTouu/O1PTM7Nz8wmJhaXllda24vtG0YWwENESoQnPjcwtKamigRAU3kQEe+Aqu/f5p7l8/gLEy1Fc4iKAd8Dste1JwzKRO8ajMAo73vp+cp0zEEUuYHyJLqywp56yqKyyQXaqZ1GPJ9H a30imW3Jo7BP1LvBEpkREuOsUP1g1FHIBGobi1Lc+NsJ1wg1IoSAssthBx0ed30Mqo5gHYdjL8MaU7seUY0ggMlYoORRifSHhg7SDws2R+pp30cvE/rxVj77CdSB3FCFrki1AqGC6ywsisPKBdaQCR55cDlZoKbjgiGEm5EJkYZ20Wsj68ye//kuZezavX9i/rpeOTUTMLZItskzLxyAE5JmfkgjSIII/kmbyQV+fJeXM+nM+f6JQzmtkkv+B8fQPP66kp</latexit>
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Exercise
PO? Total? Discrete? Flat?(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

0

1

2

3

…

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>
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Exercise
PO? Total? Discrete? Flat?

<latexit sha1_base64="BPpIHlO2VLRmGNPlOx5TJyN5AKk=">AAACA3icbVC7SgNBFJ2NrxgfWbW0GQxCBAm7ImphEbSxkgjmAUkIs5ObOGR2dpm5K4QlpV9hq5Wd2PohFv6Lu+sWGj3V4Zx7ueceL5TCoON8WIWFxaXlleJqaW19Y7Nsb223TBBpDk0eyEB3PGZACgVNFCihE2pgvieh7U0uU799D9qIQN3iNIS+z8ZKjARnmEgDu1zt+QzvPC++nh3S84OBXXFqTgb6l7g5qZAcjYH92RsGPPJBIZfMmK7rhNiPmUbBJcxKvchAyPiEjaGbUMV8MP04Cz6j+5FhGNAQNBWSZiL83IiZb8zU95LJNKWZ91LxP68b4eisHwsVRgiKp4dQSMgOGa5F0gjQodCAyNLkQIWinGmGCFpQxnkiRklFpaQPd/77v6R1VHNPas7NcaV+kTdTJLtkj1SJS05JnVyRBmkSTiLySJ7Is/VgvViv1tv3aMHKd3bIL1jvXxkjlrQ=</latexit>

(N, <)

<latexit sha1_base64="UNrOMRP5DeQjaBt6Lqe4gtsiaPY=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSkFBkIwSUETSUQSIPEVvR+bIJp5wf3K0RkZWer6CFig7R8hsU/Au2SQEJU41mdrWz40VSaLSsT6OwsLi0vFJcLa2tb2xumdvllg5jxaHJQxmqjsc0SBFAEwVK6EQKmO9JaHuji8xv34PSIgyucRyB67NhIAaCM0ylnlmuOj7DW89LbiaH1JFwd9AzK1bNykHniT0lFTJFo2d+Of2Qxz4EyCXTumtbEboJUyi4hEnJiTVEjI/YELopDZgP2k3y7BO6H2uGIY1AUSFpLsLvjYT5Wo99L53MgupZLxP/87oxDs7cRARRjBDw7BAKCfkhzZVISwHaFwoQWZYcqAgoZ4ohghKUcZ6KcdpSKe3Dnv1+nrSOavZJzbo6rtTPp80UyS7ZI1Vik1NSJ5ekQZqEkwfyRJ7Ji/FovBpvxvvPaMGY7uyQPzA+vgHU1phA</latexit>

(Z,)

<latexit sha1_base64="SWKEQNSn1tEZ3vIhcBWYLl/2564=">AAACHHicbVDLTgJBEJzFF+IL9ehlIjHBBMmuMeqR6MUjJvKILCGzQ4MTZmfXmV4TsuEX/AS/wquevBmvJh78F3eBg4J16UpVd7q7vFAKg7b9ZWUWFpeWV7KrubX1jc2t/PZO3QSR5lDjgQx002MGpFBQQ4ESmqEG5nsSGt7gMvUbD6CNCNQNDkNo+6yvRE9whonUyReLrs/wzvPi25HLo9CNj1yhejgsTYo7KlFXwv1hJ1+wy/YYdJ44U1IgU1Q7+W+3G/DIB4VcMmNajh1iO2YaBZcwyrmRgZDxAetDK6GK+WDa8fijET2IDMOAhqCpkHQswu+JmPnGDH0v6UzPN7NeKv7ntSLsnbdjocIIQfF0EQoJ40WGa5FEBbQrNCCy9HKgQlHONEMELSjjPBGjJLtckocz+/08qR+XndOyfX1SqFxMk8mSPbJPisQhZ6RCrkiV1Agnj+SZvJBX68l6s96tj0lrxprO7JI/sD5/AJbIodU=</latexit>

(Z [ {�1,1},)

<latexit sha1_base64="If5WJQZgVF/FnoFv+442GUitAKQ=">AAACB3icbVDLSgNBEJyNrxhf0Ry9DAYhgoRdEfUY9OIxYl6QXULvpBOHzD6Y6RXCkg/wK7zqyZt49TM8+C9uYg4arVNR1UV3lx8raci2P6zc0vLK6lp+vbCxubW9U9zda5ko0QKbIlKR7vhgUMkQmyRJYSfWCIGvsO2PrqZ++x61kVHYoHGMXgDDUA6kAMqkXrFUafRS91YOA5gcczfLiqNesWxX7Rn4X+LMSZnNUe8VP91+JJIAQxIKjOk6dkxeCpqkUDgpuInBGMQIhtjNaAgBGi+dHT/hh4kBiniMmkvFZyL+TKQQGDMO/GwyALozi95U/M/rJjS48FIZxglhKKaLSCqcLTJCy6wV5H2pkQimlyOXIReggQi15CBEJiZZTYWsD2fx+7+kdVJ1zqr2zWm5djlvJs/22QGrMIedsxq7ZnXWZIKN2SN7Ys/Wg/VivVpv36M5a54psV+w3r8AaLyYjg==</latexit>

(T⌃,�)

<latexit sha1_base64="0oE5lv+Vb5TMOsGWqyqw2LDZoWk=">AAACBnicbVC7TsNAEDyHVwivEEqaExFSkFBkIwSUETRUKEjkIcVRdL5swinns7lbIyIrPV9BCxUdouU3KPgXbJMCEqYazexqZ8cLpTBo259WbmFxaXklv1pYW9/Y3Cpul5omiDSHBg9koNseMyCFggYKlNAONTDfk9DyRhep37oHbUSgbnAcQtdnQyUGgjNMpF6xVHF9hreeF19NDqmr4O6gVyzbVTsDnSfOlJTJFPVe8cvtBzzyQSGXzJiOY4fYjZlGwSVMCm5kIGR8xIbQSahiPphunGWf0P3IMAxoCJoKSTMRfm/EzDdm7HvJZBrUzHqp+J/XiXBw1o2FCiMExdNDKCRkhwzXIikFaF9oQGRpcqBCUc40QwQtKOM8EaOkpULShzP7/TxpHlWdk6p9fVyunU+byZNdskcqxCGnpEYuSZ00CCcP5Ik8kxfr0Xq13qz3n9GcNd3ZIX9gfXwDxOaYNg==</latexit>

(N, 6=)
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Subset of a PO
let

TH.

PO(P,vP )

<latexit sha1_base64="zBptKJltC34lJbqi39bHAM4sQBA=">AAACBXicbVC7TsNAEDzzDOHlQElzIkIKEopsFARlBA2lkchDSqzofNmEU86P3K1BUZSar6CFig7R8h0U/Au2cQEJU41mdrWz40VSaLSsT2NpeWV1bb2wUdzc2t7ZNUt7TR3GikODhzJUbY9pkCKABgqU0I4UMN+T0PJGV6nfugelRRjc4iQC12fDQAwEZ5hIPbNUcU66eqxjTwPCuOcc98yyVbUy0EVi56RMcjg986vbD3nsQ4BcMq07thWhO2UKBZcwK3ZjDRHjIzaETkID5oN2p1n0GT2KNcOQRqCokDQT4ffGlPlaT3wvmfQZ3ul5LxX/8zoxDi7cqQiiGCHg6SEUErJDmiuRdAK0LxQgsjQ5UBFQzhRDBCUo4zwR46SkYtKHPf/9ImmeVu1a9eymVq5f5s0UyAE5JBVik3NSJ9fEIQ3CyQN5Is/kxXg0Xo034/1ndMnId/bJHxgf32A3mAo=</latexit>

Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

vQ , vP \ (Q⇥Q)

<latexit sha1_base64="QHrI9LLqf0x/xWdpgGt0lmhMz6A="></latexit>

is a PO(Q,vQ)

<latexit sha1_base64="5vxnUm91SoEnnB3Lrazi82Ly+6k=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSaGMJiTwSIGR2uOCE2dll5q6GEGq/wlYrO2Prd1j4L+7iFgqe6uSce3PPPV4ohUHH+bQyK6tr6xvZzdzW9s7unp3fb5gg0hzqPJCBbnnMgBQK6ihQQivUwHxPQtMbXSd+8x60EYG6xUkIXZ8NlRgIzjCWena+WDvtmLGJPAMI417tpGcXnJIzB10mbkoKJEW1Z391+gGPfFDIJTOm7TohdqdMo+ASZrlOZCBkfMSG0I6pYj6Y7nQefUaPI8MwoCFoKiSdi/B7Y8p8Yya+F0/6DO/MopeI/3ntCAeX3alQYYSgeHIIhYT5IcO1iDsB2hcaEFmSHKhQlDPNEEELyjiPxSguKRf34S5+v0waZyW3XDqvlQuVq7SZLDkkR6RIXHJBKuSGVEmdcPJAnsgzebEerVfrzXr/Gc1Y6c4B+QPr4xtjZZgM</latexit>

TH.   if (P,vP )

<latexit sha1_base64="zBptKJltC34lJbqi39bHAM4sQBA=">AAACBXicbVC7TsNAEDzzDOHlQElzIkIKEopsFARlBA2lkchDSqzofNmEU86P3K1BUZSar6CFig7R8h0U/Au2cQEJU41mdrWz40VSaLSsT2NpeWV1bb2wUdzc2t7ZNUt7TR3GikODhzJUbY9pkCKABgqU0I4UMN+T0PJGV6nfugelRRjc4iQC12fDQAwEZ5hIPbNUcU66eqxjTwPCuOcc98yyVbUy0EVi56RMcjg986vbD3nsQ4BcMq07thWhO2UKBZcwK3ZjDRHjIzaETkID5oN2p1n0GT2KNcOQRqCokDQT4ffGlPlaT3wvmfQZ3ul5LxX/8zoxDi7cqQiiGCHg6SEUErJDmiuRdAK0LxQgsjQ5UBFQzhRDBCUo4zwR46SkYtKHPf/9ImmeVu1a9eymVq5f5s0UyAE5JBVik3NSJ9fEIQ3CyQN5Is/kxXg0Xo034/1ndMnId/bJHxgf32A3mAo=</latexit>

is total, then (Q,vQ)

<latexit sha1_base64="5vxnUm91SoEnnB3Lrazi82Ly+6k=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSaGMJiTwSIGR2uOCE2dll5q6GEGq/wlYrO2Prd1j4L+7iFgqe6uSce3PPPV4ohUHH+bQyK6tr6xvZzdzW9s7unp3fb5gg0hzqPJCBbnnMgBQK6ihQQivUwHxPQtMbXSd+8x60EYG6xUkIXZ8NlRgIzjCWena+WDvtmLGJPAMI417tpGcXnJIzB10mbkoKJEW1Z391+gGPfFDIJTOm7TohdqdMo+ASZrlOZCBkfMSG0I6pYj6Y7nQefUaPI8MwoCFoKiSdi/B7Y8p8Yya+F0/6DO/MopeI/3ntCAeX3alQYYSgeHIIhYT5IcO1iDsB2hcaEFmSHKhQlDPNEEELyjiPxSguKRf34S5+v0waZyW3XDqvlQuVq7SZLDkkR6RIXHJBKuSGVEmdcPJAnsgzebEerVfrzXr/Gc1Y6c4B+QPr4xtjZZgM</latexit>

is total

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

vP

<latexit sha1_base64="9m4x2Sc3EfdeHjkAg0rjhEsWBmk=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxdeq3H0AbEak7nMbgh2ykxFBwhonk98zE2MAAwqTf6JcrbtXNQJeJl5MKyZHkv3qDiNsQFHLJjOl6boz+jGkUXMK81LMGYsbHbATdhCoWgvFn2dFzemINw4jGoKmQNBPh98SMhcZMwyBJhgzvzaKXiv95XYvDS38mVGwRFE8XoZCQLTJci6QNoAOhAZGllwMVinKmGSJoQRnniWiTekpJH97i98ukdVb1atXz21qlfpU3UyRH5JicEo9ckDq5IQ3SJJxMyBN5Ji/Oo/PqvDnvP9GCk88ckj9wPr4BBDOW5A==</latexit>

vQ

<latexit sha1_base64="CqrUzYm5aldwdtx3iZFOfl/pO7U=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzu9rZCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxTeq3H0AbEak7nMbgh2ykxFBwhonk98zE2MAAwqTf6JcrbtXNQJeJl5MKyVHvl796g4jbEBRyyYzpem6M/oxpFFzCvNSzBmLGx2wE3YQqFoLxZ1noOT2xhmFEY9BUSJqJ8HtjxkJjpmGQTIYM782il4r/eV2Lwyt/JlRsERRPD6GQkB0yXIukDaADoQGRpcmBCkU50wwRtKCM80S0ST2lpA9v8ftl0jqreufVi8Z5pXadN1MkR+SYnBKPXJIauSV10iScTMgTeSYvzqPz6rw57z+jBSffOSR/4Hx8AwXCluU=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>
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PO w.f.v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

�

<latexit sha1_base64="kkWMf8z3D+vsCuHSCOMLtkTkBrg=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkxIrOl0045Xy27tZIkZVvoIWKDtHyORT8C2fjAgJTjWZmtbsTJlIYdN0Pp7Kyura+Ud2sbW3v7O7V9w+6Jk41B5/HMtb9kBmQQoGPAiX0Ew0sCiX0wtl17vceQBsRqzucJxBEbKrERHCGVvKHNsxH9YbbdAvQv8QrSYOU6Izqn8NxzNMIFHLJjBl4boJBxjQKLmFRG6YGEsZnbAoDSxWLwARZceyCnqSGYUwT0FRIWojwcyJjkTHzKLTJiOG9WfZy8T9vkOLkMsiESlIExfNFKCQUiwzXwrYAdCw0ILL8cqBCUc40QwQtKOPciqmtpWb78Ja//0u6Z02v1Ty/bTXaV2UzVXJEjskp8cgFaZMb0iE+4USQR/JEnp258+K8Om/f0YpTzhySX3DevwCNcZM/</latexit>

reflexive not reflexive (otherwise cycle!)

antisymmetric antisymmetric (otherwise cycle!)
p � q ^ q � p

<latexit sha1_base64="++46s4JWiy03r95SReyeLRJQz6s=">AAACDHicbVC7TgMxEPSFVwivAA0SjUWERBXdoSAoI2gog0QeUnKKfM4mWPHdGXsPFEXhE/gKWqjoEC3/QMG/4DtSQMI2np3Z0XonUFIYdN1PJ7ewuLS8kl8trK1vbG4Vt3caJk40hzqPZaxbATMgRQR1FCihpTSwMJDQDIYXqd68A21EHF3jSIEfskEk+oIztFS3uKdoxxo4ve3cQ28A9s1a1S2W3LKbFZ0H3hSUyLRq3eJXpxfzJIQIuWTGtD1XoT9mGgWXMCl0EgOK8SEbQNvCiIVg/HF2wYQeJoZhTBVoKiTNSPjtGLPQmFEY2MmQ4Y2Z1VLyP62dYP/MH4tIJQgRTxehkJAtMlwLGw3QntCAyNKfAxUR5UwzRNCCMs4tmdisCjYPb/b6edA4LnuV8slVpVQ9nyaTJ/vkgBwRj5ySKrkkNVInnDyQJ/JMXpxH59V5c95/RnPO1LNL/pTz8Q2ULpre</latexit>

is always false

transitive can be transitive (        w.f.)

�⇤

<latexit sha1_base64="OKLvJ6hpnr9gXzcDC09wtcJf1cg=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESEhishGQVBG0FAGiTykxETnyyaccj5bd2ukyMpH0EJFh2j5Ggr+hbNxAQlTjWZmtbsTxFIYdN1PZ2l5ZXVtvbRR3tza3tmt7O23TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0yuM7/zCNqISN3hNAY/ZGMlRoIztFKnb8P8/nRQqbo1NwddJF5BqqRAc1D56g8jnoSgkEtmTM9zY/RTplFwCbNyPzEQMz5hY+hZqlgIxk/zc2f0ODEMIxqDpkLSXITfEykLjZmGgU2GDB/MvJeJ/3m9BEeXfipUnCAoni1CISFfZLgWtgegQ6EBkWWXAxWKcqYZImhBGedWTGwxZduHN//9Immf1bx67fy2Xm1cFc2UyCE5IifEIxekQW5Ik7QIJxPyRJ7Ji5M6r86b8/4TXXKKmQPyB87HN6/Sk9s=</latexit>

has infinite descending chains
(if nonempty)

no infinite descending chain

�+

<latexit sha1_base64="U5a7pSQDPXHWgs19Ef5d8q1lnyg=">AAAB+XicbVDLSsNAFJ34rPVVdelmsAiCUBKp6LLoxmUF+4A2lsn0tg6dTMLMjVBCP8KtrtyJW7/Ghf/iJGahrWd1OOdc7r0niKUw6LqfztLyyuraemmjvLm1vbNb2dtvmyjRHFo8kpHuBsyAFApaKFBCN9bAwkBCJ5hcZ37nEbQRkbrDaQx+yMZKjARnaKVO34b5/emgUnVrbg66SLyCVEmB5qDy1R9GPAlBIZfMmJ7nxuinTKPgEmblfmIgZnzCxtCzVLEQjJ/m587ocWIYRjQGTYWkuQi/J1IWGjMNA5sMGT6YeS8T//N6CY4u/VSoOEFQPFuEQkK+yHAtbA9Ah0IDIssuByoU5UwzRNCCMs6tmNhiyrYPb/77RdI+q3n12vltvdq4KpopkUNyRE6IRy5Ig9yQJmkRTibkiTyTFyd1Xp035/0nuuQUMwfkD5yPb7Fhk9w=</latexit>

is always a PO

can be w.f.@

<latexit sha1_base64="v6PFYwKL8CQj9W6vM7Uwjv0Tw9w=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkQdKrOh82YRT7mxzt4cUWfkKWqjoEC0fQ8G/YBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tIqs5tHgkI90NmAEpQmihQAndWANTgYROMLnK/M4jaCOi8BanMfiKjUMxEpxhKt31zYOxgQEcVGtu3c1BF4lXkBop0BxUv/rDiFsFIXLJjOl5box+wjQKLmFW6VsDMeMTNoZeSkOmwPhJHnhGj6xhGNEYNBWS5iL83kiYMmaqgnRSMbw3814m/uf1LI4u/ESEsUUIeXYIhYT8kOFapE0AHQoNiCxLDlSElDPNEEELyjhPRZtWU0n78Oa/XyTtk7p3Wj+7Oa01LotmyuSAHJJj4pFz0iDXpElahBNFnsgzeXFmzqvz5rz/jJacYmef/IHz8Q3/3JU3</latexit>



Element properties
(least, minimal, …)
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Least element

is a least element of 

TH. (uniqueness of least element)

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

` 2 Q

<latexit sha1_base64="6lcegEqlFwTk+eYANdwgxuYGfBE=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREJQbEXnyyaccmdbd2ukKMpX0EJFh2j5GAr+hbNxAQlTjWZ2tbMTJlIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jk41hw6PZax7ITMgRQQdFCihl2hgKpRwF06uM//uEbQRcXSL0wQCxcaRGAnO0Er3Pkjpi4i2B9WaW3dz0GXiFaRGCrQG1S9/GPNUQYRcMmP6nptgMGMaBZcwr/ipgYTxCRtD39KIKTDBLA88pyepYRjTBDQVkuYi/N6YMWXMVIV2UjF8MIteJv7n9VMcXQYzESUpQsSzQygk5IcM18I2AXQoNCCyLDlQ+ztnmiGCFpRxbsXUVlOxfXiL3y+T7lnda9TP241a86popkyOyDE5JR65IE1yQ1qkQzhR5Ik8kxdn7rw6b877z2jJKXYOyR84H98QJJSe</latexit>

`

<latexit sha1_base64="Ar6oyplKrwZW3LeFtfUQFJKopmQ=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOqjUoNqza7bOdgycQpSgwLNQfWrPwxF7GNAQnFjeo4dkZtwTVIonFf6scGIiykfYy+lAffRuEmedc5OYsMpZBFqJhXLRfy9kXDfmJnvpZM+p4lZ9DLxP68X0+jKTWQQxYSByA6RVJgfMkLLtARkQ6mRiGfJkcmACa45EWrJuBCpGKetVNI+nMXvl0n7rO6c1y/uzmuN66KZMhzBMZyCA5fQgFtoQgsETOAJnuHFerRerTfr/We0ZBU7h/AH1sc3vMuSyA==</latexit>

if 8q 2 Q. ` v q

<latexit sha1_base64="ShFIZbiii6p4On4OowTuwPwfUI8=">AAACG3icbVC7TgMxEPTxJrwClDQWEYIqukNBUEbQUBKJBKRcFO05G7Dwvew1UhTlE/gEvoIWKjpES0HBv+AcKXhNNZrZ1e5MlClpyPffvanpmdm5+YXF0tLyyupaeX2jZVKrBTZFqlJ9GYFBJRNskiSFl5lGiCOFF9HNydi/uEVtZJqc0yDDTgxXiexLAeSkbnk37KcalOJ5KBPeqIa5hR4P0SmhyY2NDBLmPO+WK37VL8D/kmBCKmyCs275I+ylwsaYkFBgTDvwM+oMQZMUCkel0BrMQNzAFbYdTSBG0xkWgUZ8xxqglGeouVS8EPH7xhBiYwZx5CZjoGvz2xuL/3ltS/2jzlAmmSVMxPgQSYXFISO0dE0h70mNRDD+HLkrRYAGItSSgxBOtK66kusj+J3+L2ntV4Na9aBRq9SPJ80ssC22zfZYwA5ZnZ2yM9Zkgt2xB/bInrx779l78V6/Rqe8yc4m+wHv7RM77KEa</latexit>

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

`1, `2

<latexit sha1_base64="euHWu+B2h38S+vV5GgaX7+49eCY=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRoMiOgqCMoKEMEnlIiRWtL5twyvnB3RopilLwFbRQ0SFaPoWCf8E2LiBhmh3N7Gp3x4uUNGTbn9bS8srq2npho7i5tb2zW9rbb5kw1gKbIlSh7nhgUMkAmyRJYSfSCL6nsO2Nr1K//YDayDC4pUmErg+jQA6lAEokt4dK9Z3TrFT7pbJdsTPwReLkpMxyNPqlr94gFLGPAQkFxnQdOyJ3CpqkUDgr9mKDEYgxjLCb0AB8NO40O3rGj2MDFPIINZeKZyL+npiCb8zE95JOH+jOzHup+J/XjWl44U5lEMWEgUgXkVSYLTJCyyQN5AOpkQjSy5HLgAvQQIRachAiEeMknmKShzP//SJpVStOrXJ2UyvXL/NkCuyQHbET5rBzVmfXrMGaTLB79sSe2Yv1aL1ab9b7T+uSlc8csD+wPr4BqBeWCA==</latexit>

least elements of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

implies `1 = `2

<latexit sha1_base64="QVo1niz2fVHgntavzIRCU2azo/o=">AAACAHicbVC7SgNREL3rM8ZX1NLmYhCswm6IaCMEbSwjmAcka5i9mcRL7j64d1YIIY1fYauVndj6Jxb+i7vrFpp4mjmcM8PMHC9S0pBtf1pLyyura+uFjeLm1vbObmlvv2XCWAtsilCFuuOBQSUDbJIkhZ1II/iewrY3vkr99gNqI8PgliYRuj6MAjmUAiiR7nqoVN/hF1mt9ktlu2Jn4IvEyUmZ5Wj0S1+9QShiHwMSCozpOnZE7hQ0SaFwVuzFBiMQYxhhN6EB+GjcaXb1jB/HBijkEWouFc9E/D0xBd+Yie8lnT7QvZn3UvE/rxvT8NydyiCKCQORLiKpMFtkhJZJHMgHUiMRpJcjlwEXoIEIteQgRCLGST7FJA9n/vtF0qpWnFrl9KZWrl/myRTYITtiJ8xhZ6zOrlmDNZlgmj2xZ/ZiPVqv1pv1/tO6ZOUzB+wPrI9vHPuWQw==</latexit>

`1

<latexit sha1_base64="RARTW5CPDD3ynsSHzBTv6f5TvP8=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKVphK7Px4EcScEpldp9VGrgDKo1u27nYIvEKUgNCjQH1a/+MBSxjwEJxY3pOXZEbsI1SaFwVunHBiMuJnyMvZQG3EfjJnnaGTuKDaeQRaiZVCwX8fdGwn1jpr6XTvqc7sy8l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmNSAbSo1EPEuOTAZMcM2JUEvGhUjFOO2lkvbhzH+/SNondee0fnZzWmtcFs2U4QAO4RgcOIcGXEMTWiDgHp7gGV6sR+vVerPef0ZLVrGzD39gfXwD6seTbA==</latexit>

least element of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

`1 v `2

<latexit sha1_base64="eG9xa89zdlU40sqq1R7L7KOfSPM=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUV2FARlBA1lkMhDii3rfNmEU86P3K2Roih8Al9BCxUdouUfKPgXbOMCEqYazexqd8aPpdBoWZ/G0vLK6tp6aaO8ubW9s2vu7bd1lCgOLR7JSHV9pkGKEFooUEI3VsACX0LHH11lfucelBZReIuTGNyADUMxEJxhKnnmoQNSerajxzrxNSCMaa7UPLNiVa0cdJHYBamQAk3P/HL6EU8CCJFLpnXPtmJ0p0yh4BJmZSfREDM+YkPopTRkAWh3mieY0ZNEM4xoDIoKSXMRfm9MWaD1JPDTyYDhnZ73MvE/r5fg4MKdijBOEEKeHUIhIT+kuRJpNUD7QgEiyz4HKkLKmWKIoARlnKdiknZVTvuw59MvknataterZzf1SuOyaKZEjsgxOSU2OScNck2apEU4eSBP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjGz9Ym0c=</latexit>

`2 v `1

<latexit sha1_base64="05E4nINzadh4Cb/RWZYSGCt3h3g=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUV2FARlBA1lkMhDii3rfNmEU86P3K2Roih8Al9BCxUdouUfKPgXbOMCEqYazexqd8aPpdBoWZ/G0vLK6tp6aaO8ubW9s2vu7bd1lCgOLR7JSHV9pkGKEFooUEI3VsACX0LHH11lfucelBZReIuTGNyADUMxEJxhKnnmoQNSejVHj3Xia0AY01yxPbNiVa0cdJHYBamQAk3P/HL6EU8CCJFLpnXPtmJ0p0yh4BJmZSfREDM+YkPopTRkAWh3mieY0ZNEM4xoDIoKSXMRfm9MWaD1JPDTyYDhnZ73MvE/r5fg4MKdijBOEEKeHUIhIT+kuRJpNUD7QgEiyz4HKkLKmWKIoARlnKdiknZVTvuw59MvknataterZzf1SuOyaKZEjsgxOSU2OScNck2apEU4eSBP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjGz9qm0c=</latexit>

`2

<latexit sha1_base64="kJLM3s/B+isDACbk1npCPJIyzzc=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrKjICgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAvOMYFJEw1mtnVzo4XKWnItj+twsrq2vpGcbO0tb2zu1feP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON7ma+50H1EaGwS1NI3R9Pg7kSApOqdTuo1KD2qBcsat2BrZMnJxUIEdzUP7qD0MR+xiQUNyYnmNH5CZckxQKZ6V+bDDiYsLH2EtpwH00bpKlnbGT2HAKWYSaScUyEX9vJNw3Zup76aTP6c4senPxP68X0+jCTWQQxYSBmB8iqTA7ZISWaQ3IhlIjEZ8nRyYDJrjmRKgl40KkYpz2Ukr7cBa/XybtWtWpV89u6pXGZd5MEY7gGE7BgXNowDU0oQUC7uEJnuHFerRerTfr/We0YOU7h/AH1sc37FaTbQ==</latexit>

least element of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

`1 = `2

<latexit sha1_base64="A8eps+bAQ6nYe5oYZp97agzhaXI=">AAACA3icbVC7SgNBFJ31GeMjq5Y2g0GwCrshoo0QtLGMYB6QLMvs5CYOmX0wc0cIIaVfYauVndj6IRb+i7vrFpp4qsM593LPPUEihUbH+bRWVtfWNzZLW+Xtnd29ir1/0NGxURzaPJax6gVMgxQRtFGghF6igIWBhG4wuc787gMoLeLoDqcJeCEbR2IkOMNU8u3KAKT0XXpJc1L37apTc3LQZeIWpEoKtHz7azCMuQkhQi6Z1n3XSdCbMYWCS5iXB0ZDwviEjaGf0oiFoL1ZHnxOT4xmGNMEFBWS5iL83pixUOtpGKSTIcN7vehl4n9e3+DowpuJKDEIEc8OoZCQH9JcibQRoEOhAJFlyYGKiHKmGCIoQRnnqWjSisppH+7i98ukU6+5jdrZbaPavCqaKZEjckxOiUvOSZPckBZpE04MeSLP5MV6tF6tN+v9Z3TFKnYOyR9YH9/wNJae</latexit>

by antisymmetry
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Bottom
the least element of PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

(if it exists) is called bottom and denoted

?P

<latexit sha1_base64="FUKnRgBLTmiaLO1N8oekLGRLyDE=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZWuztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKV+Z0H0EZE6hanMfghGysxEpyhldr9IMJBc1CtuXU3B10kXkFqpIDNf/WHEU9CUMglM6bnuTH6KdMouIRZpZ8YiBmfsDH0LFUsBOOn+bUzepQYhhGNQVMhaS7C74mUhcZMw8AmQ4Z3Zt7LxP+8XoKjCz8VKk4QFM8WoZCQLzJcC1sD0KHQgMiyy4EKRTnTDBG0oIxzKya2l4rtw5v/fpG0T+reaf3s5rTWuCyaKZMDckiOiUfOSYNckyZpEU7uyRN5Ji/Oo/PqvDnvP9GSU8zskz9wPr4BJ6yTkw==</latexit>

sometimes written

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

Examples

PO bottom?
<latexit sha1_base64="8FrB/Mij/gnu7Q1JfT5Pmhfbbz4="></latexit>

0

<latexit sha1_base64="Ld7lCz/iBDsqs89Pv4uwvvtrUl8="></latexit>?
<latexit sha1_base64="UNrOMRP5DeQjaBt6Lqe4gtsiaPY=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSkFBkIwSUETSUQSIPEVvR+bIJp5wf3K0RkZWer6CFig7R8hsU/Au2SQEJU41mdrWz40VSaLSsT6OwsLi0vFJcLa2tb2xumdvllg5jxaHJQxmqjsc0SBFAEwVK6EQKmO9JaHuji8xv34PSIgyucRyB67NhIAaCM0ylnlmuOj7DW89LbiaH1JFwd9AzK1bNykHniT0lFTJFo2d+Of2Qxz4EyCXTumtbEboJUyi4hEnJiTVEjI/YELopDZgP2k3y7BO6H2uGIY1AUSFpLsLvjYT5Wo99L53MgupZLxP/87oxDs7cRARRjBDw7BAKCfkhzZVISwHaFwoQWZYcqAgoZ4ohghKUcZ6KcdpSKe3Dnv1+nrSOavZJzbo6rtTPp80UyS7ZI1Vik1NSJ5ekQZqEkwfyRJ7Ji/FovBpvxvvPaMGY7uyQPzA+vgHU1phA</latexit>

(Z,)
<latexit sha1_base64="SWKEQNSn1tEZ3vIhcBWYLl/2564=">AAACHHicbVDLTgJBEJzFF+IL9ehlIjHBBMmuMeqR6MUjJvKILCGzQ4MTZmfXmV4TsuEX/AS/wquevBmvJh78F3eBg4J16UpVd7q7vFAKg7b9ZWUWFpeWV7KrubX1jc2t/PZO3QSR5lDjgQx002MGpFBQQ4ESmqEG5nsSGt7gMvUbD6CNCNQNDkNo+6yvRE9whonUyReLrs/wzvPi25HLo9CNj1yhejgsTYo7KlFXwv1hJ1+wy/YYdJ44U1IgU1Q7+W+3G/DIB4VcMmNajh1iO2YaBZcwyrmRgZDxAetDK6GK+WDa8fijET2IDMOAhqCpkHQswu+JmPnGDH0v6UzPN7NeKv7ntSLsnbdjocIIQfF0EQoJ40WGa5FEBbQrNCCy9HKgQlHONEMELSjjPBGjJLtckocz+/08qR+XndOyfX1SqFxMk8mSPbJPisQhZ6RCrkiV1Agnj+SZvJBX68l6s96tj0lrxprO7JI/sD5/AJbIodU=</latexit>

(Z [ {�1,1},) <latexit sha1_base64="WZuoYxW0sJoxzBcbmGanA1zH/rc=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGKFBG0FAGiTykxIrOl0045Xy27tZIkZWPoIWKDtHyNRT8C05wAQlTjWZ2tbMTxEpact1Pp7Cyura+UdwsbW3v7O6V9w9aNkqMwKaIVGQ6AbeopMYmSVLYiQ3yMFDYDsY3M7/9iMbKSN/TJEY/5CMth1JwyqT2WU/qIU365Ypbdedgy8TLSQVyNPrlr94gEkmImoTi1nY9NyY/5YakUDgt9RKLMRdjPsJuRjUP0frpPO6UnSSWU8RiNEwqNhfx90bKQ2snYZBNhpwe7KI3E//zugkNr/xU6jgh1GJ2iKTC+SErjMx6QDaQBon4LDkyqZnghhOhkYwLkYlJVkwp68Nb/H6ZtM6rXq1au7uo1K/zZopwBMdwCh5cQh1uoQFNEDCGJ3iGFyd1Xp035/1ntODkO4fwB87HN+kMlAM=</latexit>�1
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Minimal element

is a minimal element of 
PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

if

m 2 Q

<latexit sha1_base64="cpGlGTjUIwBeWcRpOhHkm8DWhQc=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyYcubOtuzVSsPIPtFDRIVr+hoJ/4RxcQMJUo5ld7ewEsRQGXffTKaysrq1vFDdLW9s7u3vl/YO2iRLNocUjGeluwAxIEUILBUroxhqYCiR0gsl15nceQBsRhbc4jcFXbByKkeAMrdRWfRHS5qBccavuHHSZeDmpkByNQfmrP4x4oiBELpkxPc+N0U+ZRsElzEr9xEDM+ISNoWdpyBQYP52nndGTxDCMaAyaCknnIvzeSJkyZqoCO6kY3plFLxP/83oJji79VIRxghDy7BAKCfNDhmthawA6FBoQWZYcqP2dM80QQQvKOLdiYnsp2T68xe+XSfus6tWq581apX6VN1MkR+SYnBKPXJA6uSEN0iKc3JMn8kxenEfn1Xlz3n9GC06+c0j+wPn4BsVMk1Q=</latexit>

8q 2 Q. q v m ) q = m

<latexit sha1_base64="y0LiZVUKVQaebmY2+j02DPnl4J0="></latexit>

(no smaller element can be found in     )
m

<latexit sha1_base64="e8mL/1QZM5BNdXDDpAU3JRQLUhA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccmdbd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQIoQOCpTQjzUwFUjoBbPbzO89gjYiCu9xHoOv2DQUE8EZplJbjao1t+7moKvEK0iNFGiNql/DccStghC5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKUhU2D8JA+6oGfWMIxoDJoKSXMRfm8kTBkzV0E6qRg+mGUvE//zBhYn134iwtgihDw7hEJCfshwLdIGgI6FBkSWJQcqQsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt3/JF+</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

least

minimal

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

minimal minimal
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Least vs minimal

least minimal

unique not necessarily unique

minimal
not necessarily least
can be least

8q 2 Q. ` v q

<latexit sha1_base64="ShFIZbiii6p4On4OowTuwPwfUI8=">AAACG3icbVC7TgMxEPTxJrwClDQWEYIqukNBUEbQUBKJBKRcFO05G7Dwvew1UhTlE/gEvoIWKjpES0HBv+AcKXhNNZrZ1e5MlClpyPffvanpmdm5+YXF0tLyyupaeX2jZVKrBTZFqlJ9GYFBJRNskiSFl5lGiCOFF9HNydi/uEVtZJqc0yDDTgxXiexLAeSkbnk37KcalOJ5KBPeqIa5hR4P0SmhyY2NDBLmPO+WK37VL8D/kmBCKmyCs275I+ylwsaYkFBgTDvwM+oMQZMUCkel0BrMQNzAFbYdTSBG0xkWgUZ8xxqglGeouVS8EPH7xhBiYwZx5CZjoGvz2xuL/3ltS/2jzlAmmSVMxPgQSYXFISO0dE0h70mNRDD+HLkrRYAGItSSgxBOtK66kusj+J3+L2ntV4Na9aBRq9SPJ80ssC22zfZYwA5ZnZ2yM9Zkgt2xB/bInrx779l78V6/Rqe8yc4m+wHv7RM77KEa</latexit>

8q 2 Q. q v m ) q = m

<latexit sha1_base64="y0LiZVUKVQaebmY2+j02DPnl4J0="></latexit>
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Reverse order
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

note:
TH. implies (P,w)

<latexit sha1_base64="h+TehfmrxHF2BK7hevA2Pp2dlBY=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZneHmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aeewIlhUHP+3QyK6tr6xvZzdzW9s5u3t3br5vYag41HstYNwNmQIoIaihQQlNpYGEgoREMr2d+4wG0EXF0h2MFnZANItEXnGEidd18sXraNiNjlQGE0UnXLXglLwVdJv6cFMgc1a771e7F3IYQIZfMmJbvKexMmEbBJUxzbWtAMT5kA2glNGIhmM4kDT6lx9YwjKkCTYWkqQi/NyYsNGYcBslkyPDeLHoz8T+vZbF/2ZmISFmEiM8OoZCQHjJci6QRoD2hAZHNkgMVEeVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwDD4mXVQ==</latexit>

PO w = v�1

<latexit sha1_base64="g+nRoGrO+gma/iUYdgtrMUA7RuA=">AAACFHicbVC7TsNAEDzzDOFloKQ5ESHRENkoCBqkCBrKIJGHFJvofNmEU86P3K2RIistn8BX0EJFh2jpKfgXbCcFJEw1O7Or3R0vkkKjZX0ZC4tLyyurhbXi+sbm1ra5s9vQYaw41HkoQ9XymAYpAqijQAmtSAHzPQlNb3CV+c0HUFqEwS2OInB91g9ET3CGqdQxqaOHOo40IAwdeuFMai+v75Jje9wxS1bZykHniT0lJTJFrWN+O92Qxz4EyCXTum1bEboJUyi4hHHRiTVEjA9YH9opDZgP2k3yT8b0MNYMQxqBokLSXITfEwnztR75XtrpM7zXs14m/ue1Y+ydu4kIohgh4NkiFBLyRZorkUYEtCsUILLscqAioJwphghKUMZ5KsZpZsU0D3v2+3nSOCnblfLpTaVUvZwmUyD75IAcEZuckSq5JjVSJ5w8kmfyQl6NJ+PNeDc+Jq0LxnRmj/yB8fkDuRyexw==</latexit>

proof. it is immediate to check that w

<latexit sha1_base64="hpMmgt3UWNbO8Egno4IptDEIc8A=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5qE2tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG7Wtli8=</latexit>

is reflexive
is antisymmetric
is transitive

greatest element: least element of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

w.r.t. (P,w)

<latexit sha1_base64="h+TehfmrxHF2BK7hevA2Pp2dlBY=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZneHmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aeewIlhUHP+3QyK6tr6xvZzdzW9s5u3t3br5vYag41HstYNwNmQIoIaihQQlNpYGEgoREMr2d+4wG0EXF0h2MFnZANItEXnGEidd18sXraNiNjlQGE0UnXLXglLwVdJv6cFMgc1a771e7F3IYQIZfMmJbvKexMmEbBJUxzbWtAMT5kA2glNGIhmM4kDT6lx9YwjKkCTYWkqQi/NyYsNGYcBslkyPDeLHoz8T+vZbF/2ZmISFmEiM8OoZCQHjJci6QRoD2hAZHNkgMVEeVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwDD4mXVQ==</latexit>

top element: greatest element of 

PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZ fMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

(if it exists)>

<latexit sha1_base64="VKI+8g3SR5fpFUEb0rdkxKp6kPY=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOZ9Pd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHqT+Z0HMFZE6h5nGvyQjZUYCc4wk/oY6UG15tbdHHSZeAWpkQLNQfWrP4x4HIJCLpm1Pc/V6CfMoOAS5pV+bEEzPmVj6KVUsRCsn+RZ5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZTuyil4n/eb0YR1d+IpSOERTPDqGQkB+y3Ii0BKBDYQCRZcmBCkU5MwwRjKCM81SM01YqaR/e4vfLpH1W987rF3fntcZ10UyZHJFjcko8ckka5JY0SYtwMiFP5Jm8OI/Oq/PmvP+Mlpxi55D8gfPxDd82kt4=</latexit>

maximal element: minimal element of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

w.r.t. (P,w)

<latexit sha1_base64="h+TehfmrxHF2BK7hevA2Pp2dlBY=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZneHmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aeewIlhUHP+3QyK6tr6xvZzdzW9s5u3t3br5vYag41HstYNwNmQIoIaihQQlNpYGEgoREMr2d+4wG0EXF0h2MFnZANItEXnGEidd18sXraNiNjlQGE0UnXLXglLwVdJv6cFMgc1a771e7F3IYQIZfMmJbvKexMmEbBJUxzbWtAMT5kA2glNGIhmM4kDT6lx9YwjKkCTYWkqQi/NyYsNGYcBslkyPDeLHoz8T+vZbF/2ZmISFmEiM8OoZCQHjJci6QRoD2hAZHNkgMVEeVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwDD4mXVQ==</latexit>

Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>
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Reversed powerset

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>
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Limit: idea

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

upper
bounds

lub



    may have many upper bounds
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Upper bound

is an upper bound of
PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

if
(all the elements of     are smaller than     )Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u 2 P

<latexit sha1_base64="TbJIX0D2puZO1BcUMZbUQnNCPA0=">AAAB+HicbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCiDRB5SckI+ZxNMfA/Za6Rwyj/QQkWHaPkbCv4F33EFJEw1mpnV7k6QSKHRdT+d0tLyyupaeb2ysbm1vVPd3evo2CgObR7LWPUCpkGKCNooUEIvUcDCQEI3mFxmfvcBlBZxdIPTBPyQjSMxEpyhlTpmICLauq3W3Lqbgy4SryA1UsDmvwbDmJsQIuSSad333AT9lCkUXMKsMjAaEsYnbAx9SyMWgvbT/NoZPTKaYUwTUFRImovweyJlodbTMLDJkOGdnvcy8T+vb3B07qciSgxCxLNFKCTkizRXwtYAdCgUILLscqD2d84UQwQlKOPcisb2UrF9ePPfL5LOSd1r1E+vG7XmRdFMmRyQQ3JMPHJGmuSKtEibcHJPnsgzeXEenVfnzXn/iZacYmaf/IHz8Q3QXZNb</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

8q 2 Q. q v u

<latexit sha1_base64="wK6ToKNsSXnVN6EsYKjo0c5t9hs=">AAACGHicbVC7TsNAEDzzJrwMlDQnAhJVZCMQlBE0lEQiASmOovVlE045v+72kFCUH+AT+ApaqOgQLR0F/4IdUkDCVKOZXe3OhKmShjzv05mZnZtfWFxaLq2srq1vuJtbDZNYLbAuEpXomxAMKhljnSQpvEk1QhQqvA7754V/fYfayCS+ovsUWxH0YtmVAiiX2u5e0E00KMWzQMa8VgkyCx2e8cBkxoYGCTNu227Zq3gj8Gnij0mZjXHZdr+CTiJshDEJBcY0fS+l1gA0SaFwWAqswRREH3rYzGkMEZrWYJRmyPetAUp4ippLxUci/t4YQGTMfRTmkxHQrZn0CvE/r2mpe9oayDi1hLEoDpFUODpkhJZ5Tcg7UiMRFJ8jzxsRoIEIteQgRC7avLdS3oc/mX6aNA4r/lHluHZUrp6Nm1liO2yXHTCfnbAqu2CXrM4Ee2BP7Jm9OI/Oq/PmvP+MzjjjnW32B87HN9v1n9g=</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u.b. of

not necessarily

inside Q
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Least upper bound
is the least upper bound (lub) of

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

if
1. it is an upper bound of
2. it is smaller than any other upper bound of

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

p 2 P

<latexit sha1_base64="cwJKJtqddKRv13p6jf3YdvOp084=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psdD5sglHzvbpbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZWuzuBksKg6346paXlldW18nplY3Nre6e6u9cxcaI5tHksY90LmAEpImijQAk9pYGFgYRuMLnM/O4DaCPi6AanCvyQjSMxEpyhlTpqICLauq3W3Lqbgy4SryA1UsDmvwbDmCchRMglM6bvuQr9lGkUXMKsMkgMKMYnbAx9SyMWgvHT/NoZPUoMw5gq0FRImovweyJloTHTMLDJkOGdmfcy8T+vn+Do3E9FpBKEiGeLUEjIFxmuha0B6FBoQGTZ5UDt75xphghaUMa5FRPbS8X24c1/v0g6J3WvUT+9btSaF0UzZXJADskx8cgZaZIr0iJtwsk9eSLP5MV5dF6dN+f9J1pyipl98gfOxzfIeZNW</latexit>

p

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u.b. of
p

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

not necessarily an element ofp

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

8q 2 Q. q v p

<latexit sha1_base64="JbtaqHgTz7412Xd4smCEXCCOR7M=">AAACF3icbVC7TgMxEPTxDOEVoKSxiJCoTncIBGUEDSVIBCLlIrTnbIIV3yP2GimK8gF8Al9BCxUdoqWk4F9wwhUQmGo8M6v1TpwraSgIPryZ2bn5hcXSUnl5ZXVtvbKxeWUyqwXWRaYy3YjBoJIp1kmSwkauEZJY4XXcOx3713eojczSSxrk2Eqgm8qOFEBOuqlUo06mQSnej2TKL/yob6HtHqZvbGyQsM9zlwr8YAL+l4QFqbIC5zeVz6idCZtgSkKBMc0wyKk1BE1SKByVI2swB9GDLjYdTSFB0xpOjhnxXWuAMp6j5lLxiYg/J4aQGDNIYpdMgG7NtDcW//OaljrHraFMc0uYivEikgoni4zQ0rWEvC01EsH458hdIQI0EKGWHIRwonW1lV0f4fT1f8nVvh8e+IcXB9XaSdFMiW2zHbbHQnbEauyMnbM6E+yePbIn9uw9eC/eq/f2HZ3xipkt9gve+xdzgZ+p</latexit>

8u 2 P. (8q 2 Q.q v u) ) p v u

<latexit sha1_base64="54TkK+kRDV+HmLVT9zSkn/8xpwo="></latexit>

p = lub Q

<latexit sha1_base64="BAqJt5g3FyGtBN7udIMTHAiI1KI=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVWQjEDRIETSUiUQeUmxF58smnHI+W3drpMjKB/AVtFDRIVo+g4J/wTYuIGGq0cyudnb8SAqDtv1plVZW19Y3ypuVre2d3b3q/kHXhLHm0OGhDHXfZwakUNBBgRL6kQYW+BJ6/vQm83sPoI0I1R3OIvACNlFiLDjDVBpWaxG9om7A8F5gImN/7tL2sFq3G3YOukycgtRJgdaw+uWOQh4HoJBLZszAsSP0EqZRcAnzihsbiBifsgkMUqpYAMZL8vBzehwbhiGNQFMhaS7C742EBcbMAj+dzGKaRS8T//MGMY4vvUSoKEZQPDuEQkJ+yHAt0laAjoQGRJYlByoU5UwzRNCCMs5TMU5rqqR9OIvfL5PuacM5a5y3z+rN66KZMjkkR+SEOOSCNMktaZEO4WRGnsgzebEerVfrzXr/GS1ZxU6N/IH18Q3IOZjO</latexit>

we write

intuitively, it is the least element
that represents all of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>
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Exercise
{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

a

<latexit sha1_base64="MQD0+q7W9JQlE6NmGsQrJdOcJ6w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXryyaccn7obo0UWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvgUElA+yQJIX9SCP4nsKeN7vN/N4jaiPD4J7mEbo+TAM5kQIoldowqtbsup2DrxKnIDVWoDWqfg3HoYh9DEgoMGbg2BG5CWiSQuGiMowNRiBmMMVBSgPw0bhJHnTBz2IDFPIINZeK5yL+3kjAN2bue+mkD/Rglr1M/M8bxDS5dhMZRDFhILJDJBXmh4zQMm0A+VhqJIIsOXIZcAEaiFBLDkKkYpxWUkn7cJa/XyXdi7rTqF+2G7XmTdFMmZ2wU3bOHHbFmuyOtViHCYbsiT2zFyu2Xq036/1ntGQVO8fsD6yPb2VIkXI=</latexit>

b

<latexit sha1_base64="l9PXQhr6Mef9YUqOLMmt0mny4BM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kdjKo1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xtm15Fz</latexit>

c

<latexit sha1_base64="8lkGYVqN80/JmHJElsNXhSjUF68=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6nNR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1oZpF0</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

g

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

i

<latexit sha1_base64="22L+Wf2bqTmgpp6TnvyAaaRwJwA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ktRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1xwJF6</latexit>

>

<latexit sha1_base64="VKI+8g3SR5fpFUEb0rdkxKp6kPY=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOZ9Pd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHqT+Z0HMFZE6h5nGvyQjZUYCc4wk/oY6UG15tbdHHSZeAWpkQLNQfWrP4x4HIJCLpm1Pc/V6CfMoOAS5pV+bEEzPmVj6KVUsRCsn+RZ5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZTuyil4n/eb0YR1d+IpSOERTPDqGQkB+y3Ii0BKBDYQCRZcmBCkU5MwwRjKCM81SM01YqaR/e4vfLpH1W987rF3fntcZ10UyZHJFjcko8ckka5JY0SYtwMiFP5Jm8OI/Oq/PmvP+Mlpxi55D8gfPxDd82kt4=</latexit>

Upper bounds of ?

lub? f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

<latexit sha1_base64="dgn3zupXlBUxI3gw95yFIu8BjT0=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRJGNEFBG0FAGiTyk2ETnyyY55Xy27tZIkZWGr6CFig7R8icU/Au2cQEJU41mdrWz40dSGLTtT2tpeWV1bb20Ud7c2t7Zreztt00Yaw4tHspQd31mQAoFLRQooRtpYIEvoeNPrjO/8wDaiFDd4TQCL2AjJYaCM0ylezcZ1sY1UXMxjNxZv1K163YOukicglRJgWa/8uUOQh4HoJBLZkzPsSP0EqZRcAmzshsbiBifsBH0UqpYAMZL8tQzehwbhiGNQFMhaS7C742EBcZMAz+dDBiOzbyXif95vRiHl14iVBQjKJ4dQiEhP2S4FmkdQAdCAyLLkgMVinKmGSJoQRnnqRin/ZTTPpz57xdJ+7TunNft27Nq46popkQOyRE5IQ65IA1yQ5qkRTjR5Ik8kxfr0Xq13qz3n9Elq9g5IH9gfXwDwZGWqg==</latexit>

{f, h, i,>}
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Exercise

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

a

<latexit sha1_base64="MQD0+q7W9JQlE6NmGsQrJdOcJ6w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXryyaccn7obo0UWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvgUElA+yQJIX9SCP4nsKeN7vN/N4jaiPD4J7mEbo+TAM5kQIoldowqtbsup2DrxKnIDVWoDWqfg3HoYh9DEgoMGbg2BG5CWiSQuGiMowNRiBmMMVBSgPw0bhJHnTBz2IDFPIINZeK5yL+3kjAN2bue+mkD/Rglr1M/M8bxDS5dhMZRDFhILJDJBXmh4zQMm0A+VhqJIIsOXIZcAEaiFBLDkKkYpxWUkn7cJa/XyXdi7rTqF+2G7XmTdFMmZ2wU3bOHHbFmuyOtViHCYbsiT2zFyu2Xq036/1ntGQVO8fsD6yPb2VIkXI=</latexit>

b

<latexit sha1_base64="l9PXQhr6Mef9YUqOLMmt0mny4BM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kdjKo1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xtm15Fz</latexit>

c

<latexit sha1_base64="8lkGYVqN80/JmHJElsNXhSjUF68=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6nNR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1oZpF0</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

g

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

i

<latexit sha1_base64="22L+Wf2bqTmgpp6TnvyAaaRwJwA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ktRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1xwJF6</latexit>

>

<latexit sha1_base64="VKI+8g3SR5fpFUEb0rdkxKp6kPY=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOZ9Pd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHqT+Z0HMFZE6h5nGvyQjZUYCc4wk/oY6UG15tbdHHSZeAWpkQLNQfWrP4x4HIJCLpm1Pc/V6CfMoOAS5pV+bEEzPmVj6KVUsRCsn+RZ5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZTuyil4n/eb0YR1d+IpSOERTPDqGQkB+y3Ii0BKBDYQCRZcmBCkU5MwwRjKCM81SM01YqaR/e4vfLpH1W987rF3fntcZ10UyZHJFjcko8ckka5JY0SYtwMiFP5Jm8OI/Oq/PmvP+Mlpxi55D8gfPxDd82kt4=</latexit>

Upper bounds of ?{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

lub? no lub!

<latexit sha1_base64="coOCn/8UfxlDI37YQSdY7/npcAc=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUoioi6LblxWsA9oQplMb9uhk2SYuRFKKPgVbnXlTtz6Ky78F5OYhbae1eGce7nnHl9JYdC2P63Syura+kZ5s7K1vbO7V90/6Jgo1hzaPJKR7vnMgBQhtFGghJ7SwAJfQtef3mR+9wG0EVF4jzMFXsDGoRgJzjCVXDeZ1EXdxUi580G1ZjfsHHSZOAWpkQKtQfXLHUY8DiBELpkxfcdW6CVMo+AS5hU3NqAYn7Ix9FMasgCMl+SZ5/QkNgwjqkBTIWkuwu+NhAXGzAI/nQwYTsyil4n/ef0YR1deIkIVI4Q8O4RCQn7IcC3SMoAOhQZEliUHKkLKmWaIoAVlnKdinLZTSftwFr9fJp2zhnPRsO/Oa83ropkyOSLH5JQ45JI0yS1pkTbhRJEn8kxerEfr1Xqz3n9GS1axc0j+wPr4BowglgQ=</latexit>

{h, i,>}
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Exercise
(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjz zwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

Q ✓ N

<latexit sha1_base64="5yIEYDsr6tm5VSPtPewyWGEpsx4=">AAACCXicbVC7TsNAEDyHVwgvA6KiOREhUUU2CoIygoYKJRJ5SLEVnS+bcMr5wd0aKbLyBXwFLVR0iJavoOBfsI0LSJhqNLOrnR0vkkKjZX0apaXlldW18nplY3Nre8fc3evoMFYc2jyUoep5TIMUAbRRoIRepID5noSuN7nK/O4DKC3C4BanEbg+GwdiJDjDVBqYBy1Hx54GhHvq+AzvPC+5mQ3MqlWzctBFYhekSgo0B+aXMwx57EOAXDKt+7YVoZswhYJLmFWcWEPE+ISNoZ/SgPmg3SSPP6PHsWYY0ggUFZLmIvzeSJiv9dT30sksoZ73MvE/rx/j6MJNRBDFCAHPDqGQkB/SXIm0F6BDoQCRZcmBioByphgiKEEZ56kYp0VV0j7s+e8XSee0ZtdrZ616tXFZNFMmh+SInBCbnJMGuSZN0iacJOSJPJMX49F4Nd6M95/RklHs7JM/MD6+AWjamlM=</latexit>

lub? lub Q = maxQ

<latexit sha1_base64="dP5HwvpzlPwH2Z4yWlVx9MrG4ws=">AAACDHicbVDLSsNAFJ3UV62vqBvBzWARXJVEKroRim5ctmAf0IQymd7WoZMHMzdiCfUT/Aq3unInbv0HF/6LScxCq2d1OOde7rnHi6TQaFkfRmlhcWl5pbxaWVvf2Nwyt3c6OowVhzYPZah6HtMgRQBtFCihFylgvieh600uM797C0qLMLjGaQSuz8aBGAnOMJUG5p7jM7wRmMjYmzm0Rc9pqtzR1sCsWjUrB/1L7IJUSYHmwPx0hiGPfQiQS6Z137YidBOmUHAJs4oTa4gYn7Ax9FMaMB+0m+QfzOhhrBmGNAJFhaS5CD83EuZrPfW9dDLLq+e9TPzP68c4OnMTEUQxQsCzQygk5Ic0VyKtBuhQKEBkWXKgIqCcKYYISlDGeSrGaVeVtA97/vu/pHNcs+u1k1a92rgomimTfXJAjohNTkmDXJEmaRNO7skjeSLPxoPxYrwab9+jJaPY2SW/YLx/AT5BmqM=</latexit>

if     finite
otherwise no lub
Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>



3939

Exercise
(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQ Ahcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgC YpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

Q ✓ }(S)

<latexit sha1_base64="6i4bqb6rCIDv6tjO/dzmj28DHIg=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjHBhuwajJZEG0uI8khYQmaHC06Y3R1n7qqE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57fCWFQcf5tDJLyyura9n13Mbm1vaOvZtvmCjWHOo8kpFu+cyAFCHUUaCEltLAAl9C0x9epH7zDrQRUXiNIwWdgA1C0RecYSJ17XyNeib2DSDcUu9eFa+OunbBKTlT0EXizkiBzFDt2l9eL+JxACFyyYxpu47CzphpFFzCJOfFBhTjQzaAdkJDFoDpjKfZJ/QwNgwjqkBTIelUhN8bYxYYMwr8ZDJgeGPmvVT8z2vH2D/rjEWoYoSQp4dQSJgeMlyLpBSgPaEBkaXJgYqQcqYZImhBGeeJGCct5ZI+3PnvF0njuOSWSye1cqFyPmsmS/bJASkSl5ySCrkkVVInnDyQJ/JMXqxH69V6s95/RjPWbGeP/IH18Q2yDJgs</latexit>

lub? lub Q =
[

T2Q

T

<latexit sha1_base64="VcD8GpR+ryHc3g4/ELikIK5AFtI=">AAACGHicbVC7SgNBFJ2NrxhfUUubwShYhV2JaCMEbSwTyAuyyzI7uYlDZh/M3BHCkh/wE/wKW63sxNbOwn9xN6bQ6KkO59zLvecEiRQabfvDKiwtr6yuFddLG5tb2zvl3b2Ojo3i0OaxjFUvYBqkiKCNAiX0EgUsDCR0g/F17nfvQGkRRy2cJOCFbBSJoeAMM8kvH7khw1uBqTTB1KVNekndQIy4Sfy05YqINqe05ZcrdtWegf4lzpxUyBwNv/zpDmJuQoiQS6Z137ET9FKmUHAJ05JrNCSMj9kI+hmNWAjaS2dppvTYaIYxTUBRIelMhJ8bKQu1noRBNpn/rhe9XPzP6xscXnipiBKDEPH8EAoJs0OaK5HVBHQgFCCy/HOgWXzOFEMEJSjjPBNN1lsp68NZTP+XdE6rTq161qxV6lfzZorkgBySE+KQc1InN6RB2oSTe/JInsiz9WC9WK/W2/dowZrv7JNfsN6/AI3Rn6E=</latexit>

lub {{a}, {b}} = {a, b}

<latexit sha1_base64="/cUtwoZeE69hMu8S1+l+W0bD3to=">AAACHHicbVA9SwNBEN3zM8avqKXNYhBSSLgTRRshaGOpYFTIhjC3TuLi3ge7c4Ic9xf8Cf4KW63sxFaw8L+4F1No9LHF2/dmmJkXplpZ8v0Pb2JyanpmtjJXnV9YXFquraye2yQzEtsy0Ym5DMGiVjG2SZHGy9QgRKHGi/DmqPQvbtFYlcRndJdiN4JBrPpKAjmpV2uICOhaUa6zsBBc5O6BKLZEHopCFPyg/G853qvV/aY/BP9LghGpsxFOerVPcZXILMKYpAZrO4GfUjcHQ0pqLKois5iCvIEBdhyNIULbzYcXFXwzs0AJT9FwpflQxJ8dOUTW3kWhqyz3t+NeKf7ndTLq73dzFacZYSzLQaQ0DgdZaZSLCvmVMkgE5ebIVcwlGCBCozhI6cTMZVd1eQTj1/8l59vNYKe5e7pTbx2OkqmwdbbBGixge6zFjtkJazPJ7tkje2LP3oP34r16b9+lE96oZ439gvf+BTxyoZ0=</latexit>



Complete partial orders
(CPO)

40
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Completeness: the idea
D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

a domain

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

a way to compare element

x v y

<latexit sha1_base64="LFZ8hsBoOXZAOxM0dgUhsfT6Vw0=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNgqCMoKEMEnlIiRWdL5twyvmRuz1EFKXkK2ihokO0fAgF/4JtXEDCVKOZXe3s+LEUGh3n0yqsrK6tbxQ3S1vbO7tle2+/pSOjODR5JCPV8ZkGKUJookAJnVgBC3wJbX98lfrte1BaROEtTmPwAjYKxVBwhonUt8sPtKcn2vgaECZ02rcrTtXJQJeJm5MKydHo21+9QcRNACFyybTuuk6M3owpFFzCvNQzGmLGx2wE3YSGLADtzbLgc3psNMOIxqCokDQT4ffGjAVaTwM/mQwY3ulFLxX/87oGhxfeTISxQQh5egiFhOyQ5kokjQAdCAWILE0OVISUM8UQQQnKOE9Ek1RUSvpwF79fJq3Tqlurnt3UKvXLvJkiOSRH5IS45JzUyTVpkCbhxJAn8kxerEfr1Xqz3n9GC1a+c0D+wPr4Bpnrl6s=</latexit>

is a (less precise) approximation ofx

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

x

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

and y

<latexit sha1_base64="h5ycvosXdgFEcWUqn5hQ07FHAIk=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9H1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzeKsJGK</latexit>

are consistent, 
but    is more accurate thany

<latexit sha1_base64="h5ycvosXdgFEcWUqn5hQ07FHAIk=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9H1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzeKsJGK</latexit>

x0 v x1 v x2 v · · · v xn v · · ·

<latexit sha1_base64="BeUl/JGUUSYSK/YZgvezWJT1Y8Q=">AAACTnicbVA9TwJBFNzDL8Qv1NJmIzGxIndGoyXRxlITUSOQy97ywA17e8e+dwZC+G/+BFsLW1ut7IzeIYV8TDVvZl7e7gSxVkiu++rkFhaXllfyq4W19Y3NreL2zi1GiZVQlZGO7H0gELQyUCVFGu5jCyIMNNwFnYvMv3sCiyoyN9SPoRGKtlEtJQWlkl986PluoY5dTAIEgi7v+d7UfDQx12UzIpyKmHkRv1hyy+4IfJZ4Y1JiY1z5xbd6M5JJCIakFog1z42pMRCWlNQwLNQThFjIjmhDLaVGhICNwaiDIT9IUFDEY7BcaT4S4f/GQISI/TBIk6GgR5z2MnGeV0uoddYYKBMnBEZmh0hpGB1CaVVaLvCmskAkspcDV4ZLYQURWMWFlKmYpG1nfXjTv58lt0dl77h8cn1cqpyPm8mzPbbPDpnHTlmFXbIrVmWSPbN39sE+nRfny/l2fv6iOWe8s8smkMv/AlRItUQ=</latexit>

(n+1)th approximation
third approximation

second approximation
first approximation

does any sequence of approximations tend to some limit?

x

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

PO

y

<latexit sha1_base64="h5ycvosXdgFEcWUqn5hQ07FHAIk=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9H1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzeKsJGK</latexit>
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Chain
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

is a chain if 8i 2 N. di v di+1

<latexit sha1_base64="rcGN917rjiQsB1SZnNfLYGWsMYI=">AAACJHicbVDLSgNBEJz1bXxFPXoZDIIghF2J6FH04kkUjArZEHonHW2cfTjTK8iS3/AT/AqvevImHjzotzgbc/BVp+qqbrq7okyTZd9/80ZGx8YnJqemKzOzc/ML1cWlU5vmRmFTpTo15xFY1JRgk4k1nmcGIY40nkVX+6V/doPGUpqc8G2G7RguEuqRAnZSp+qHvdSA1pJCSmQYA19GUXHYr4ey26HQXts8ssh47cqCNoJ+p1rz6/4A8i8JhqQmhjjqVN/DbqryGBNWGqxtBX7G7QIMk9LYr4S5xQzUFVxgy9EEYrTtYvBZX67lFjiVGRpJWg5E/D5RQGztbRy5zvJ0+9srxf+8Vs69nXZBSZYzJqpcxKRxsMgqQy4ylF0yyAzl5ShdOgoMMKMhCUo5MXcZVlwewe/v/5LTzXrQqG8dN2q7e8NkpsSKWBXrIhDbYlcciCPRFErciQfxKJ68e+/Ze/Fev1pHvOHMsvgB7+MTsEKlAg==</latexit>

d0 v d1 v d2 v · · · v dn v · · ·

<latexit sha1_base64="2R7YqjOEJLWwOE8hrIhzFtNmHMU=">AAACTXicbVC7TsNAEDyHRyC8ApQ0JyIkqsiOQFBG0FCCRB4oiazzeRNOOZ+d2zUSivg2PoGagpIWKjqEcEIK8phqdmZWezdBohWS6746uaXlldX82nphY3Nre6e4u1fHOLUSajLWsW0GAkErAzVSpKGZWBBRoKER9C9HfuMBLKrY3NJjAp1I9IzqKikok/ziXei7hTYOMA0QCAY89L2ZuTI1t2UYE85EzIKIXyy5ZXcMPk+8CSmxCa794ls7jGUagSGpBWLLcxPqDIUlJTU8FdopQiJkX/SglVEjIsDOcFzBEz9KUVDME7BcaT4W4f/GUESIj1GQJSNB9zjrjcRFXiul7nlnqEySEhg5OkRKw/gQSquyboGHygKRGL0cuDJcCiuIwCoupMzENCu7kPXhzf5+ntQrZe+kfHpzUqpeTJpZYwfskB0zj52xKrti16zGJHtm7+yDfTovzpfz7fz8RXPOZGefTSGX/wVuNLTg</latexit>

finite chain: there are only finitely many distinct elements
9k 2 N. 8i � k. di = di+1

<latexit sha1_base64="nny8Ws+O1VGOIMVfcq9p8Q9cdFM="></latexit>

or equivalently
9k 2 N. 8i � k. di = dk

<latexit sha1_base64="9INtbqF+S5sXi9Jm1lvirtzvVYE="></latexit>

any chain is an infinite list
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Example
(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjz zwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0  2  4  · · ·  2n  · · ·

<latexit sha1_base64="xsCL5BCZ3Ejb2W2YQfDQ/lDtm+U=">AAACJHicbVC7TsNAEDzzDOYVoKQ5ESFRRXYUBGUEDWWQyEOKreh82YRTzmdzt0aKovwGn8BX0EJFhygo4FuwExchYZodzexqdyeIpTDoOF/Wyura+sZmYcve3tnd2y8eHDZNlGgODR7JSLcDZkAKBQ0UKKEda2BhIKEVDK8zv/UI2ohI3eEoBj9kAyX6gjNMpW7RcajtSXiglVmpzorHexGa3FHzWrdYcsrOFHSZuDkpkRz1bvHb60U8CUEhl8yYjuvE6I+ZRsElTGwvMRAzPmQD6KRUsRCMP55+NqGniWEY0Rg0FZJORZifGLPQmFEYpJ0hw3uz6GXif14nwf6lPxYqThAUzxahkDBdZLgWaWRAe0IDIssuByoU5UwzRNCCMs5TMUkztNM83MXvl0mzUnar5fPbaql2lSdTIMfkhJwRl1yQGrkhddIgnDyRF/JK3qxn6936sD5nrStWPnNE/sD6+QUTQqJI</latexit>

is an infinite chain

0  1  3  3  5  · · ·  5  · · ·

<latexit sha1_base64="odLMaa8mFa0fmXqj7WIYNbL8dzA=">AAACMXicbVDLSgNBEJyNr7i+oh69DAbBU9jVBL0IQS8eI5gHJEuYnXTikNnZdaZXCCFf4yf4FV71lIMgXv0JN5sczKMvVVR1093lR1IYdJyxlVlb39jcym7bO7t7+we5w6OaCWPNocpDGeqGzwxIoaCKAiU0Ig0s8CXU/f7dxK+/gDYiVI84iMALWE+JruAME6mdu3Go3ZLwTN0pXM5BaQot3gnRrJDaubxTcNKiy8SdkTyZVaWd+2p1Qh4HoJBLZkzTdSL0hkyj4BJGdis2EDHeZz1oJlSxAIw3TN8c0bPYMAxpBJoKSVMR/k8MWWDMIPCTzoDhk1n0JuIqrxlj99obChXFCIpPFqGQkC4yXIskP6AdoQGRTS4HKhTlTDNE0IIyzhMxTgK1kzzcxe+XSe2i4BYLpYdivnw7SyZLTsgpOScuuSJlck8qpEo4eSXv5IN8Wm/W2Pq2fqatGWs2c0zmyvr9A0EcplU=</latexit>

is a finite chain

any chain has infinite length
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Limit of a chain
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a chain

we denote by
G

i2N
di

<latexit sha1_base64="m+Z974HGJ4GfRUMa/X+a0s6NJlY=">AAACEnicbVC7TsNAEDzzDOEVoERCJyIkqshGQVAiaKhQkMhDiiPrfFnCivPZ3K2RkJWOT+AraKGiQ7T8AAX/gh1SQGCq0cyudnbCRKEl1/1wpqZnZufmSwvlxaXlldXK2nrLxqmR0JSxik0nFBYUamgSkoJOYkBEoYJ2eH1S+O1bMBZjfUF3CfQiMdB4iVJQLgWVLT/Egb2RaRJk6KP2I0FXYZidDYe8H2BQqbo1dwT+l3hjUmVjNILKp9+PZRqBJqmEtV3PTaiXCUMoFQzLfmohEfJaDKCbUy0isL1s9MeQ76RWUMwTMBwVH4nwcyMTkbV3UZhPFjHtpFeI/3ndlC4PexnqJCXQsjhEqGB0yEqDeUHA+2iASBTJgaPmUhhBBAa5kDIX07yxct6HN/n9X9Laq3n12v55vXp0PG6mxDbZNttlHjtgR+yUNViTSXbPHtkTe3YenBfn1Xn7Hp1yxjsb7Bec9y/wC55t</latexit>

the lub of {di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

if it exists

and call it the limit of the chain
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Limit illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

u.b.

lub
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Example
(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjz zwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0  2  4  · · ·  2n  · · ·

<latexit sha1_base64="xsCL5BCZ3Ejb2W2YQfDQ/lDtm+U=">AAACJHicbVC7TsNAEDzzDOYVoKQ5ESFRRXYUBGUEDWWQyEOKreh82YRTzmdzt0aKovwGn8BX0EJFhygo4FuwExchYZodzexqdyeIpTDoOF/Wyura+sZmYcve3tnd2y8eHDZNlGgODR7JSLcDZkAKBQ0UKKEda2BhIKEVDK8zv/UI2ohI3eEoBj9kAyX6gjNMpW7RcajtSXiglVmpzorHexGa3FHzWrdYcsrOFHSZuDkpkRz1bvHb60U8CUEhl8yYjuvE6I+ZRsElTGwvMRAzPmQD6KRUsRCMP55+NqGniWEY0Rg0FZJORZifGLPQmFEYpJ0hw3uz6GXif14nwf6lPxYqThAUzxahkDBdZLgWaWRAe0IDIssuByoU5UwzRNCCMs5TMUkztNM83MXvl0mzUnar5fPbaql2lSdTIMfkhJwRl1yQGrkhddIgnDyRF/JK3qxn6936sD5nrStWPnNE/sD6+QUTQqJI</latexit>

has no lub
(empty set of upper bounds)

0  1  3  3  5  · · ·  5  · · ·

<latexit sha1_base64="odLMaa8mFa0fmXqj7WIYNbL8dzA=">AAACMXicbVDLSgNBEJyNr7i+oh69DAbBU9jVBL0IQS8eI5gHJEuYnXTikNnZdaZXCCFf4yf4FV71lIMgXv0JN5sczKMvVVR1093lR1IYdJyxlVlb39jcym7bO7t7+we5w6OaCWPNocpDGeqGzwxIoaCKAiU0Ig0s8CXU/f7dxK+/gDYiVI84iMALWE+JruAME6mdu3Go3ZLwTN0pXM5BaQot3gnRrJDaubxTcNKiy8SdkTyZVaWd+2p1Qh4HoJBLZkzTdSL0hkyj4BJGdis2EDHeZz1oJlSxAIw3TN8c0bPYMAxpBJoKSVMR/k8MWWDMIPCTzoDhk1n0JuIqrxlj99obChXFCIpPFqGQkC4yXIskP6AdoQGRTS4HKhTlTDNE0IIyzhMxTgK1kzzcxe+XSe2i4BYLpYdivnw7SyZLTsgpOScuuSJlck8qpEo4eSXv5IN8Wm/W2Pq2fqatGWs2c0zmyvr9A0EcplU=</latexit>

has lub 5
(which upper bounds?)



4747

Lemma on finite chains

PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a finite chain
G

i2N
di

<latexit sha1_base64="m+Z974HGJ4GfRUMa/X+a0s6NJlY=">AAACEnicbVC7TsNAEDzzDOEVoERCJyIkqshGQVAiaKhQkMhDiiPrfFnCivPZ3K2RkJWOT+AraKGiQ7T8AAX/gh1SQGCq0cyudnbCRKEl1/1wpqZnZufmSwvlxaXlldXK2nrLxqmR0JSxik0nFBYUamgSkoJOYkBEoYJ2eH1S+O1bMBZjfUF3CfQiMdB4iVJQLgWVLT/Egb2RaRJk6KP2I0FXYZidDYe8H2BQqbo1dwT+l3hjUmVjNILKp9+PZRqBJqmEtV3PTaiXCUMoFQzLfmohEfJaDKCbUy0isL1s9MeQ76RWUMwTMBwVH4nwcyMTkbV3UZhPFjHtpFeI/3ndlC4PexnqJCXQsjhEqGB0yEqDeUHA+2iASBTJgaPmUhhBBAa5kDIX07yxct6HN/n9X9Laq3n12v55vXp0PG6mxDbZNttlHjtgR+yUNViTSXbPHtkTe3YenBfn1Xn7Hp1yxjsb7Bec9y/wC55t</latexit>

exists)

<latexit sha1_base64="edqvv2xdnwVQPdpi7o9lqihH97I=">AAACEXicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx7RCJjAhvQODUyYfWSmVyUbvsJ41e/wZrz6BX6Gf+AuchCwTpWq7q5OeZGShmz7y8otLa+sruXXCxubW9s7xd29hgljLbAuQhXqOw8MKhlgnSQpvIs0gu8pbHrDy8xv3qM2MgxuaRSh60M/kD0pgFKp1b6R/QGB1uFDp1iyy/YEfJE4U1JiU9Q6xe92NxSxjwEJBca0HDsiNwFNUigcF9qxwQjEEPrYSmkAPho3mbw85kexAQp5hJpLxSci/t1IwDdm5HvppA80MPNeJv7ntWLqnbuJDKKYMBBZEEmFkyAjtEy7QN6VGokg+xy5DLgADUSoJQchUjFOy5k5Ckq5yeNonHbkzDeySBonZadSPr2ulKoX07by7IAdsmPmsDNWZVesxupMsJA9sxf2aj1Zb9a79fE7mrOmO/tsBtbnD07XnsE=</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

proof.
finite )

<latexit sha1_base64="edqvv2xdnwVQPdpi7o9lqihH97I=">AAACEXicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx7RCJjAhvQODUyYfWSmVyUbvsJ41e/wZrz6BX6Gf+AuchCwTpWq7q5OeZGShmz7y8otLa+sruXXCxubW9s7xd29hgljLbAuQhXqOw8MKhlgnSQpvIs0gu8pbHrDy8xv3qM2MgxuaRSh60M/kD0pgFKp1b6R/QGB1uFDp1iyy/YEfJE4U1JiU9Q6xe92NxSxjwEJBca0HDsiNwFNUigcF9qxwQjEEPrYSmkAPho3mbw85kexAQp5hJpLxSci/t1IwDdm5HvppA80MPNeJv7ntWLqnbuJDKKYMBBZEEmFkyAjtEy7QN6VGokg+xy5DLgADUSoJQchUjFOy5k5Ckq5yeNonHbkzDeySBonZadSPr2ulKoX07by7IAdsmPmsDNWZVesxupMsJA9sxf2aj1Zb9a79fE7mrOmO/tsBtbnD07XnsE=</latexit>

9k. 8i. di+k = dk

<latexit sha1_base64="ixbu7jnRySqj6Hwo2dS3Z7XHXBs=">AAACK3icbVDLSgNBEJz1bXxFPXoZDIIghF1R9CKIXjwqGBPILqF30tFhZx/M9IphyQf4MeJVv8OT4tUP8A+cxBxMYp+KquqpngozJQ257rszNT0zOze/sFhaWl5ZXSuvb9yYNNcCayJVqW6EYFDJBGskSWEj0whxqLAeRud9vX6P2sg0uaZuhkEMt4nsSAFkqVa54uODTTE8qvrc76QalOLS4narkHtR76TdiqzLrbqD4ZPAG4IKG85lq/ztt1ORx5iQUGBM03MzCgrQJIXCXsnPDWYgIrjFpoUJxGiCYvCZHt/JDVDKM9RcKj4g8e9GAbEx3Ti0zhjozoxrffI/rZlT5zgoZJLlhInoB5FUOAgyQkvbEvK21EgE/cuRy4QL0ECEWnIQwpK5rW3kUVtXUDx0e7Yjb7yRSXCzX/UOqodXB5XTs2FbC2yLbbNd5rEjdsou2CWrMcEe2TN7Ya/Ok/PmfDifv9YpZ7izyUbG+foB7UGnwg==</latexit>

the elements of the chain are totally ordered
is the greatest element of the chaindk

<latexit sha1_base64="s+X13bhUbGDCyYOpmXCh15387ZY=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/3eqFeu2FU7A18kTk4qLEe9V/7u9kMR+xiQUGBMx7EjchPQJIXCSakbG4xAjGCInZQG4KNxk+zVCT+KDVDII9RcKp6J+HcjAd+Yse+lkz7QvZn3puJ/XiemwYWbyCCKCQMxDSKpMAsyQsu0A+R9qZEIpp8jlwEXoIEIteQgRCrGaSkzR0EpN3kcT9KOnPlGFknzpOqcVs9uTiu1y7ytIjtgh+yYOeyc1dg1q7MGE2zIntkLe7WerDfr3fr4HS1Y+c4+m4H1+QOaTJsa</latexit>

dk

<latexit sha1_base64="s+X13bhUbGDCyYOpmXCh15387ZY=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/3eqFeu2FU7A18kTk4qLEe9V/7u9kMR+xiQUGBMx7EjchPQJIXCSakbG4xAjGCInZQG4KNxk+zVCT+KDVDII9RcKp6J+HcjAd+Yse+lkz7QvZn3puJ/XiemwYWbyCCKCQMxDSKpMAsyQsu0A+R9qZEIpp8jlwEXoIEIteQgRCrGaSkzR0EpN3kcT9KOnPlGFknzpOqcVs9uTiu1y7ytIjtgh+yYOeyc1dg1q7MGE2zIntkLe7WerDfr3fr4HS1Y+c4+m4H1+QOaTJsa</latexit>

is an upper bound 8i. di v dk

<latexit sha1_base64="MOo/5SNIxC4XSNL1fi8bVjAIAao=">AAACJnicbZDLSgMxFIYzXut91KUgwSK4KjNS0WXRjUsFq0JnKGfS0xqauTQ5I5ahOx9G3OpzuBNx5yv4Bqa1C6ue1Z//Pycn+aJMSUOe9+5MTc/Mzs2XFhaXlldW19z1jUuT5lpgXaQq1dcRGFQywTpJUnidaYQ4UngVdU+G+dUtaiPT5IL6GYYxdBLZlgLIWk13O2inGpTishLwVlMGpmfyyCBhzx67TbfsVbxR8b/CH4syG9dZ0/0MWqnIY0xIKDCm4XsZhQVokkLhYDHIDWYgutDBhpUJxGjCYvSPAd/NDVDKM9RcKj4y8edEAbEx/TiynTHQjfmdDc3/skZO7aOwkEmWEyZiuIikwtEiI7S0gJC3pEYiGL4cuUy4AA1EqCUHIayZW2ITl1pqYXHXH1hG/m8if8XlfsWvVg7Oq+Xa8ZhWiW2xHbbHfHbIauyUnbE6E+yePbIn9uw8OC/Oq/P23TrljGc22UQ5H18MC6Zg</latexit>

dk

<latexit sha1_base64="s+X13bhUbGDCyYOpmXCh15387ZY=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/3eqFeu2FU7A18kTk4qLEe9V/7u9kMR+xiQUGBMx7EjchPQJIXCSakbG4xAjGCInZQG4KNxk+zVCT+KDVDII9RcKp6J+HcjAd+Yse+lkz7QvZn3puJ/XiemwYWbyCCKCQMxDSKpMAsyQsu0A+R9qZEIpp8jlwEXoIEIteQgRCrGaSkzR0EpN3kcT9KOnPlGFknzpOqcVs9uTiu1y7ytIjtgh+yYOeyc1dg1q7MGE2zIntkLe7WerDfr3fr4HS1Y+c4+m4H1+QOaTJsa</latexit>

is the least upper bound
u

<latexit sha1_base64="W2HNBoTVjQEz1I4Ag6r9DN0QB18=">AAACB3icbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4hETCBDekdGpww+8hMr5Fs+ADjVb/Dm/HqZ/gZ/oG7uAcB61Sp6u7qlBcpaci2v6zCyura+kZxs7S1vbO7V94/aJsw1gJbIlShvvPAoJIBtkiSwrtII/iewo43vs78zgNqI8PgliYRuj6MAjmUAiiVmnG/XLGr9gx8mTg5qbAcjX75uzcIRexjQEKBMV3HjshNQJMUCqelXmwwAjGGEXZTGoCPxk1mj075SWyAQh6h5lLxmYh/NxLwjZn4XjrpA92bRS8T//O6MQ0v3UQGUUwYiCyIpMJZkBFapg0gH0iNRJB9jlwGXIAGItSSgxCpGKeVzB0FpdzkcTJNO3IWG1km7bOqU6ueN2uV+lXeVpEdsWN2yhx2wershjVYiwmG7Jm9sFfryXqz3q2P39GCle8csjlYnz8gQ5pN</latexit>

8i. di v u

<latexit sha1_base64="Y29gmZh0QEfXJtsnACCpvntP0ZY=">AAACJHicbZA9TwJBEIb3/Ba/UEstNhITK3JnMFoSbSw1ESXhLmRuGXDD3ge7s0ZyofHHGFv9HXbGwsb/4D/wQApBp3rzvjM7s0+YKmnIdT+cmdm5+YXFpeXCyura+kZxc+vaJFYLrIlEJboegkElY6yRJIX1VCNEocKbsHs2zG/uUBuZxFfUTzGIoBPLthRAudUs7vrtRINSXJZ93mpK3/SMDQ0S9rhtFktu2R0V/yu8sSixcV00i19+KxE2wpiEAmManptSkIEmKRQOCr41mILoQgcbuYwhQhNko18M+L41QAlPUXOp+MjE3xMZRMb0ozDvjIBuzXQ2NP/LGpbaJ0Em49QSxmK4iKTC0SIjtMzxIG9JjUQwvBy5jLkADUSoJQchctPmvCYezZkF2X1/kDPypon8FdeHZa9SPrqslKqnY1pLbIftsQPmsWNWZefsgtWYYA/siT2zF+fReXXenPef1hlnPLPNJsr5/AZ9O6WT</latexit>

dk v u

<latexit sha1_base64="vcmpDrTVW7aVQaG4+o3RpEHqveI=">AAACGHicbVC7TsNAEDyH99tASXMiQqKKbASCMoKGEiSSICWWtb4s4ZTzI3d7EZGVH0G08B10iJaOz+APsEMKXlONZnZ3VhNlShryvHenMjM7N7+wuLS8srq2vuFubjVNarXAhkhVqq8jMKhkgg2SpPA60whxpLAV9c9KvzVEbWSaXNEowyCGXiJvpAAqpNB1u2G/YwbGRgYJB9yGbtWreRPwv8Sfkiqb4iJ0PzrdVNgYExIKjGn7XkZBDpqkUDhe7liDGYg+9LBd0ARiNEE++XzM96wBSnmGmkvFJyJ+38ghNmYUR8VkDHRrfnul+J/XtnRzEuQyySxhIsogkgonQUZoWVSCvCs1EkH5OXKZcAEaiFBLDkIUoi06+nEUlAryu9G46Mj/3chf0jyo+Ye1o8vDav102tYi22G7bJ/57JjV2Tm7YA0m2JA9sEf25Nw7z86L8/o1WnGmO9vsB5y3T8HuoQ4=</latexit>

take such that then

Lemma (any finite chain has a limit)
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<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a chain
G

i2N
di

<latexit sha1_base64="m+Z974HGJ4GfRUMa/X+a0s6NJlY=">AAACEnicbVC7TsNAEDzzDOEVoERCJyIkqshGQVAiaKhQkMhDiiPrfFnCivPZ3K2RkJWOT+AraKGiQ7T8AAX/gh1SQGCq0cyudnbCRKEl1/1wpqZnZufmSwvlxaXlldXK2nrLxqmR0JSxik0nFBYUamgSkoJOYkBEoYJ2eH1S+O1bMBZjfUF3CfQiMdB4iVJQLgWVLT/Egb2RaRJk6KP2I0FXYZidDYe8H2BQqbo1dwT+l3hjUmVjNILKp9+PZRqBJqmEtV3PTaiXCUMoFQzLfmohEfJaDKCbUy0isL1s9MeQ76RWUMwTMBwVH4nwcyMTkbV3UZhPFjHtpFeI/3ndlC4PexnqJCXQsjhEqGB0yEqDeUHA+2iASBTJgaPmUhhBBAa5kDIX07yxct6HN/n9X9Laq3n12v55vXp0PG6mxDbZNttlHjtgR+yUNViTSXbPHtkTe3YenBfn1Xn7Hp1yxjsb7Bec9y/wC55t</latexit>

exists )

<latexit sha1_base64="edqvv2xdnwVQPdpi7o9lqihH97I=">AAACEXicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx7RCJjAhvQODUyYfWSmVyUbvsJ41e/wZrz6BX6Gf+AuchCwTpWq7q5OeZGShmz7y8otLa+sruXXCxubW9s7xd29hgljLbAuQhXqOw8MKhlgnSQpvIs0gu8pbHrDy8xv3qM2MgxuaRSh60M/kD0pgFKp1b6R/QGB1uFDp1iyy/YEfJE4U1JiU9Q6xe92NxSxjwEJBca0HDsiNwFNUigcF9qxwQjEEPrYSmkAPho3mbw85kexAQp5hJpLxSci/t1IwDdm5HvppA80MPNeJv7ntWLqnbuJDKKYMBBZEEmFkyAjtEy7QN6VGokg+xy5DLgADUSoJQchUjFOy5k5Ckq5yeNonHbkzDeySBonZadSPr2ulKoX07by7IAdsmPmsDNWZVesxupMsJA9sxf2aj1Zb9a79fE7mrOmO/tsBtbnD07XnsE=</latexit>

8k.
G

i2N
di+k =

G

i2N
di

<latexit sha1_base64="CXcfS4/9Y+LKnmZvT8YSlRLAXEM="></latexit>

d0 v d1 v d2 v · · · v dk v dk+1 v · · ·
G

i2N
di

<latexit sha1_base64="VPcllJFYvhGixDgstvyeQYzlrjk="></latexit>

=
<latexit sha1_base64="Ixmqd+6rSMX4t3Ew0ovSDuaseAE="></latexit>

dk v dk+1 v · · ·
G

i2N
di+k

if

Lemma (prefix independence)
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proof.
k

<latexit sha1_base64="MoDFKyqNGD2doFFXsHpmP79CzL8=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9G1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzd03pF8</latexit>

take a generic
we prove that {di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

and {di+k}i2N

<latexit sha1_base64="Us33ZCsTbiaoj1pd8ISC3c39zVE=">AAACEHicbVBNS8NAEN3Ur1q/oh71sFgEQSiJVPRY9OJJKtgPaErZbKd16WYTdidCCbn4E/wVXvXkTbz6Dzz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L+n3EnE8Sr00q55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmky9SehgbhiGNQFMh6USE3xMJC4wZB37WmZ9oZr1c/M/rxDg47yZCRTGC4vkiFBImiwzXIosHaF9oQGT55UCFopxphghaUMZ5JsZZXqUsD3f2+3nSPKm41crpTbVcu5gmUyR75IAcEZeckRq5InXSIJw8kCfyTF6sR+vVerPef1oL1nRml/yB9fENmPidvQ==</latexit>

have the same u.b.
(and thus the same lub)
1. if     is an u.b. of             then is an u.b. of {di+k}i2N

<latexit sha1_base64="Us33ZCsTbiaoj1pd8ISC3c39zVE=">AAACEHicbVBNS8NAEN3Ur1q/oh71sFgEQSiJVPRY9OJJKtgPaErZbKd16WYTdidCCbn4E/wVXvXkTbz6Dzz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L+n3EnE8Sr00q55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmky9SehgbhiGNQFMh6USE3xMJC4wZB37WmZ9oZr1c/M/rxDg47yZCRTGC4vkiFBImiwzXIosHaF9oQGT55UCFopxphghaUMZ5JsZZXqUsD3f2+3nSPKm41crpTbVcu5gmUyR75IAcEZeckRq5InXSIJw8kCfyTF6sR+vVerPef1oL1nRml/yB9fENmPidvQ==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

because {di+k}i2N ✓ {di}i2N

<latexit sha1_base64="j6Ay61Gf6UFreDAMOgqYEgSOW7Q=">AAACNnicbVBNS8NAEN34WetX1aOXxSIIQkmkosdSL56kgv2AppTNdlqXbjZxdyKUkP/jT/BXeFUPehOv/gSTtgdtO5d5vHnDm3leKIVB2363lpZXVtfWcxv5za3tnd3C3n7DBJHmUOeBDHTLYwakUFBHgRJaoQbmexKa3vAqmzcfQRsRqDschdDx2UCJvuAMU6pbqLpxrxuL02HiJml3hXJ9hveeF98kSd41kWcA4SE/kS0UdQtFu2SPi84DZwqKZFq1buHD7QU88kEhl8yYtmOH2ImZRsElpK6RgZDxIRtAO4WK+WA68fjXhB5HhmFAQ9BUSDom4e9GzHxjRr6XKrMbzewsIxfN2hH2LzuxUGGEoHhmhELC2MhwLdIQgfaEBkSWXQ5UKMqZZoigBWWcp2SUpprl4cx+Pw8aZyWnXDq/LRcr1WkyOXJIjsgJccgFqZBrUiN1wskTeSGv5M16tj6tL+t7Il2ypjsH5F9ZP7/gj632</latexit>

2. if     is an u.b. of                 we need to show{di+k}i2N

<latexit sha1_base64="Us33ZCsTbiaoj1pd8ISC3c39zVE=">AAACEHicbVBNS8NAEN3Ur1q/oh71sFgEQSiJVPRY9OJJKtgPaErZbKd16WYTdidCCbn4E/wVXvXkTbz6Dzz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L+n3EnE8Sr00q55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmky9SehgbhiGNQFMh6USE3xMJC4wZB37WmZ9oZr1c/M/rxDg47yZCRTGC4vkiFBImiwzXIosHaF9oQGT55UCFopxphghaUMZ5JsZZXqUsD3f2+3nSPKm41crpTbVcu5gmUyR75IAcEZeckRq5InXSIJw8kCfyTF6sR+vVerPef1oL1nRml/yB9fENmPidvQ==</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

for           it is obvious 
if           then because dk 2 {di+k}i2N

<latexit sha1_base64="cIlMm66ImDJZYhW8L66kV8HSE4Q=">AAACFnicbVA9SwNBEN2LXzF+RS1tlgRBEMKdRLQM2lhJBPMBuXDsbSZxyd7esTsnhON6f4K/wlYrO7G1tfC/eBdTaOJr5vHeDDPz/EgKg7b9aRWWlldW14rrpY3Nre2d8u5e24Sx5tDioQx112cGpFDQQoESupEGFvgSOv74Mvc796CNCNUtTiLoB2ykxFBwhpnklSsDb+wK5SYDLxHH49RNs5oLAcM730+u09QrV+2aPQVdJM6MVMkMTa/85Q5CHgegkEtmTM+xI+wnTKPgEtKSGxuIGB+zEfQyqlgApp9Mf0npYWwYhjQCTYWkUxF+TyQsMGYS+FlnfqKZ93LxP68X4/C8nwgVxQiK54tQSJguMlyLLCSgA6EBkeWXAxWKcqYZImhBGeeZGGeplbI8nPnvF0n7pObUa6c39WrjYpZMkRyQCjkiDjkjDXJFmqRFOHkgT+SZvFiP1qv1Zr3/tBas2cw++QPr4xt2lqBa</latexit>

8j. dj v u

<latexit sha1_base64="0PcwouQikVyzYmSajGq/xdoG6zI=">AAACEHicbVC7TgJBFJ3FF+ILtdRiIjGxIrsGoyXRxhITeSQsIXeHC47OPpi5Y0IIjZ/gV9hqZWds/QML/8UFKRQ81ck59+bec4JESUOu++lkFhaXlleyq7m19Y3Nrfz2Ts3EVgusiljFuhGAQSUjrJIkhY1EI4SBwnpwdzH26/eojYyjaxok2AqhF8muFECp1M7v+91Yg1L8tujzTvvWN31jA4OEfW7b+YJbdCfg88SbkgKbotLOf/mdWNgQIxIKjGl6bkKtIWiSQuEo51uDCYg76GEzpRGEaFrDSYoRP7QGKOYJai4Vn4j4e2MIoTGDMEgnQ6AbM+uNxf+8pqXuWWsoo8QSRmJ8iKTCySEjtEzrQd6RGolg/DlyGXEBGohQSw5CpKJN+8qlfXiz6edJ7bjolYonV6VC+XzaTJbtsQN2xDx2ysrsklVYlQn2wJ7YM3txHp1X5815/xnNONOdXfYHzsc3F5aczg==</latexit>

j � k

<latexit sha1_base64="qbGOWSX+rri7grEXEDYhgIkAHLg=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzg/u1kiRlY+ghYoO0fI1FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OI2sgwuKVphK7Px4EcScEplTr3/TE+sMmgWrPrdg62SJyC1KBAc1D96g9DEfsYkFDcmJ5jR+QmXJMUCmeVfmww4mLCx9hLacB9NG6Sx52xo9hwClmEmknFchF/byTcN2bqe+mkz+nOzHuZ+J/Xi2l04SYyiGLCQGSHSCrMDxmhZdoDsqHUSMSz5MhkwATXnAi1ZFyIVIzTYippH87894ukfVJ3TutnN6e1xmXRTBkO4BCOwYFzaMA1NKEFAibwBM/wYiXWq/Vmvf+MlqxiZx/+wPr4Bq90k9s=</latexit>

j < k

<latexit sha1_base64="EqYguaoMuW9KWyx3YG19XVva26A=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrIRCAqKCBrKIOEkUmJF68smHDk/dLdGiqJ8Ay1UdIiWz6HgX7CNC0iYajSzq50dP1bSkG1/WqWl5ZXVtfJ6ZWNza3unurvXMlGiBboiUpHu+GBQyRBdkqSwE2uEwFfY9sfXmd9+RG1kFN7RJEYvgFEoh1IApZL7wC/5uF+t2XU7B18kTkFqrECzX/3qDSKRBBiSUGBM17Fj8qagSQqFs0ovMRiDGMMIuykNIUDjTfOwM36UGKCIx6i5VDwX8ffGFAJjJoGfTgZA92bey8T/vG5CwwtvKsM4IQxFdoikwvyQEVqmLSAfSI1EkCVHLkMuQAMRaslBiFRM0loqaR/O/PeLpHVSd07rZ7entcZV0UyZHbBDdswcds4a7IY1mcsEk+yJPbMXa2K9Wm/W+89oySp29tkfWB/fcd6Sig==</latexit>

dj v dk v u

<latexit sha1_base64="3VcuCP9V97wX2D2Go6y+Oa+Kl9Y=">AAACFHicbVC7TsNAEDyHVwgvAyXNiQiJKrIRCMoIGsogkYeURNb5sglHzo/c7SFFVlo+ga+ghYoO0dJT8C/YJkVImGp2Zle7O34shUbH+bIKS8srq2vF9dLG5tb2jr2719CRURzqPJKRavlMgxQh1FGghFasgAW+hKY/vMr85gMoLaLwFscxdAM2CEVfcIap5Nm059139EgbXwPCKC2HdLY2nl12Kk4OukjcKSmTKWqe/d3pRdwEECKXTOu268TYTZhCwSVMSh2jIWZ8yAbQTmnIAtDdJP9kQo+MZhjRGBQVkuYizE4kLNB6HPhpZ8DwTs97mfif1zbYv+gmIowNQsizRSgk5Is0VyKNCGhPKEBk2eVARUg5UwwRlKCM81Q0aWalNA93/vtF0jipuKeVs5vTcvVymkyRHJBDckxcck6q5JrUSJ1w8kieyQt5tZ6sN+vd+vhtLVjTmX3yB9bnDxPvnwA=</latexit>

PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a chain
G

i2N
di

<latexit sha1_base64="m+Z974HGJ4GfRUMa/X+a0s6NJlY=">AAACEnicbVC7TsNAEDzzDOEVoERCJyIkqshGQVAiaKhQkMhDiiPrfFnCivPZ3K2RkJWOT+AraKGiQ7T8AAX/gh1SQGCq0cyudnbCRKEl1/1wpqZnZufmSwvlxaXlldXK2nrLxqmR0JSxik0nFBYUamgSkoJOYkBEoYJ2eH1S+O1bMBZjfUF3CfQiMdB4iVJQLgWVLT/Egb2RaRJk6KP2I0FXYZidDYe8H2BQqbo1dwT+l3hjUmVjNILKp9+PZRqBJqmEtV3PTaiXCUMoFQzLfmohEfJaDKCbUy0isL1s9MeQ76RWUMwTMBwVH4nwcyMTkbV3UZhPFjHtpFeI/3ndlC4PexnqJCXQsjhEqGB0yEqDeUHA+2iASBTJgaPmUhhBBAa5kDIX07yxct6HN/n9X9Laq3n12v55vXp0PG6mxDbZNttlHjtgR+yUNViTSXbPHtkTe3YenBfn1Xn7Hp1yxjsb7Bec9y/wC55t</latexit>

exists )

<latexit sha1_base64="edqvv2xdnwVQPdpi7o9lqihH97I=">AAACEXicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx7RCJjAhvQODUyYfWSmVyUbvsJ41e/wZrz6BX6Gf+AuchCwTpWq7q5OeZGShmz7y8otLa+sruXXCxubW9s7xd29hgljLbAuQhXqOw8MKhlgnSQpvIs0gu8pbHrDy8xv3qM2MgxuaRSh60M/kD0pgFKp1b6R/QGB1uFDp1iyy/YEfJE4U1JiU9Q6xe92NxSxjwEJBca0HDsiNwFNUigcF9qxwQjEEPrYSmkAPho3mbw85kexAQp5hJpLxSci/t1IwDdm5HvppA80MPNeJv7ntWLqnbuJDKKYMBBZEEmFkyAjtEy7QN6VGokg+xy5DLgADUSoJQchUjFOy5k5Ckq5yeNonHbkzDeySBonZadSPr2ulKoX07by7IAdsmPmsDNWZVesxupMsJA9sxf2aj1Zb9a79fE7mrOmO/tsBtbnD07XnsE=</latexit>

8k.
G

i2N
di+k =

G

i2N
di

<latexit sha1_base64="CXcfS4/9Y+LKnmZvT8YSlRLAXEM="></latexit>

if

Lemma (prefix independence)



5050

Complete partial order
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

is complete if each chain has a limit (lub)

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

TH. Any finite chain has a limit 
      (the last element in the sequence)

      If     has only finite chains it is complete

       If     is finite it is complete

       Any discrete order is complete

       Any flat order is complete

<latexit sha1_base64="IJ6CjmiYYRJyNgts6natGwmGVLM=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd0hBJQRNJSJRB5SckI+ZxOs+Hwne40UnfIFtFDRIVo+iIJ/wXekgISpRjOz2t2JUikM+v6nV1pZXVvfKG9WtrZ3dveq+wcdk1jNoc0TmehexAxIoaCNAiX0Ug0sjiR0o8lN7ncfQRuRqDucphDGbKzESHCGTmo176s1v+4XoMskmJMamcPlvwbDhNsYFHLJjOkHfophxjQKLmFWGVgDKeMTNoa+o4rFYMKsOHRGT6xhmNAUNBWSFiL8nshYbMw0jlwyZvhgFr1c/M/rWxxdhZlQqUVQPF+EQkKxyHAtXANAh0IDIssvByoU5UwzRNCCMs6daF0lFddHsPj9Mumc1YOLut86rzWu582UyRE5JqckIJekQW5Jk7QJJ0CeyDN58az36r157z/RkjefOSR/4H18A0nXkV4=</latexit>

P
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Example
(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjz zwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0  2  4  · · ·  2n  · · ·

<latexit sha1_base64="xsCL5BCZ3Ejb2W2YQfDQ/lDtm+U=">AAACJHicbVC7TsNAEDzzDOYVoKQ5ESFRRXYUBGUEDWWQyEOKreh82YRTzmdzt0aKovwGn8BX0EJFhygo4FuwExchYZodzexqdyeIpTDoOF/Wyura+sZmYcve3tnd2y8eHDZNlGgODR7JSLcDZkAKBQ0UKKEda2BhIKEVDK8zv/UI2ohI3eEoBj9kAyX6gjNMpW7RcajtSXiglVmpzorHexGa3FHzWrdYcsrOFHSZuDkpkRz1bvHb60U8CUEhl8yYjuvE6I+ZRsElTGwvMRAzPmQD6KRUsRCMP55+NqGniWEY0Rg0FZJORZifGLPQmFEYpJ0hw3uz6GXif14nwf6lPxYqThAUzxahkDBdZLgWaWRAe0IDIssuByoU5UwzRNCCMs5TMUkztNM83MXvl0mzUnar5fPbaql2lSdTIMfkhJwRl1yQGrkhddIgnDyRF/JK3qxn6936sD5nrStWPnNE/sD6+QUTQqJI</latexit>

has no lub
(empty set of u.b.)

is not complete
(it is enough to exhibit a chain with no limit)
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Exercise

0

1

2

3

…

complete?(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

any infinite chain has limit
(set of u.b.           )

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

{1}

<latexit sha1_base64="LHLAmDgxBG3mj2+0KtdUQUuRVAs=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeIo2h92YRTzmfrbo0UWeEraKGiQ7T8CwX/gmNSQMJUo5ld7ewEsZKWXPfTKSwtr6yuFddLG5tb2zvl3b2mjRIjsCEiFZl2ABaV1NggSQrbsUEIA4WtYHQ19VsPaKyM9C2NY+yGMNRyIAVQJt35qS/1gMb+pFeuuFU3B18k3oxU2Az1XvnL70ciCVGTUGBtx3Nj6qZgSAqFk5KfWIxBjGCInYxqCNF20zzxhB8lFijiMRouFc9F/L2RQmjtOAyyyRDo3s57U/E/r5PQ4KKbSh0nhFpMD5FUmB+ywsisCuR9aZAIpsmRS80FGCBCIzkIkYlJ1k0p68Ob/36RNE+q3mn17Oa0UrucNVNkB+yQHTOPnbMau2Z11mCCafbEntmL8+i8Om/O+89owZnt7LM/cD6+Ab3RlaE=</latexit>



5353

Exercise
(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQ Ahcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

complete?

{Si}i2N

<latexit sha1_base64="BLyg9voIY9yHeDeaaMLRhZ4KdUI=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2CoIygoYKBUEeUmxZ58smnHJ+6G6NFFkWn8BX0EJFh2j5Bgr+BTu4gISpRjO72tnxIik0muanUVpYXFpeKa9W1tY3Nreq2zsdHcaKQ5uHMlQ9j2mQIoA2CpTQixQw35PQ9cYXud+9B6VFGNziJALHZ6NADAVnmEludc9Oblxhp24ibBFQ22d453nJVZq61ZpZN6eg88QqSI0UaLnVL3sQ8tiHALlkWvctM0InYQoFl5BW7FhDxPiYjaCf0YD5oJ1k+kJKD2PNMKQRKCoknYrweyNhvtYT38sm84h61svF/7x+jMMzJxFBFCMEPD+EQsL0kOZKZN0AHQgFiCxPDjRrgTPFEEEJyjjPxDgrq5L1Yc1+P086x3WrUT+5btSa50UzZbJPDsgRscgpaZJL0iJtwskDeSLP5MV4NF6NN+P9Z7RkFDu75A+Mj2+xfJwg</latexit>

G

i2N
Si =

[

i2N
Si = {x | 9k 2 N.x 2 Sk}

<latexit sha1_base64="SH2sa706v4v6uGJBNFOjx1xKptw="></latexit>
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Exercise

0

1

2

3

…

complete?(N [ {11,12},)

<latexit sha1_base64="hXUF98yYGujtlxt/M26UQyIJxlY=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VQKSUpFV0W3biSCrYVmlIm09s6dDKJMzdCCf0HP8GvcKsrd+JWF/6LSc1Cq2d1OOde7j3HC6UwaNsfVm5ufmFxKb9cWFldW98obm61TBBpDk0eyEBfe8yAFAqaKFDCdaiB+Z6Etjc6S/32HWgjAnWF4xC6PhsqMRCcYSL1iof7rs/wxvPii4nLo9CNXaEGOO455YxU3UnZlXB70CuW7I o9Bf1LnIyUSIZGr/jp9gMe+aCQS2ZMx7FD7MZMo+ASJgU3MhAyPmJD6CRUMR9MN55mmtC9yDAMaAiaCkmnIvzciJlvzNj3ksk0gJn1UvE/rxPh4KQbCxVGCIqnh1BImB4yXIukLKB9oQGRpZ8DFYpyphkiaEEZ54kYJe0Vkj6c2fR/SatacWqVo8taqX6aNZMnO2SX7BOHHJM6OScN0iSc3JNH8kSerQfrxXq13r5Hc1a2s01+wXr/AjnforQ=</latexit>

11

<latexit sha1_base64="MdQMd7BbpUFO7vCGDTSeXKFu31Y=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8piaL1ZRNOOZ+tuzVSFPITtFDRIVp+hoJ/wTYuIGGq0cyudnb8SElLrvvpFFZW19Y3ipulre2d3b3y/kHLhrER2BShCk3HB4tKamySJIWdyCAEvsK2P7lO/fYDGitDfUfTCPsBjLUcSQGUSJ2e1COaDrxBueJW3Qx8mXg5qbAcjUH5qzcMRRygJqHA2q7nRtSfgSEpFM5LvdhiBGICY+wmVEOAtj/L8s75SWyBQh6h4VLxTMTfGzMIrJ0GfjIZAN3bRS8V//O6MY0u+zOpo5hQi/QQSYXZISuMTIpAPpQGiSBNjlxqLsAAERrJQYhEjJNmSkkf3uL3y6R1VvVq1fPbWqV+lTdTZEfsmJ0yj12wOrthDdZkgin2xJ7Zi/PovDpvzvvPaMHJdw7ZHzgf36vGlG0=</latexit>

12

<latexit sha1_base64="i9B0Hwkl6b/WvDj61w7HtXvZqBw=">AAAB+nicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUBGUEDWWQyENKrOh82YRTzmfrbo0UmfwELVR0iJafoeBfcEwKSJhqNLOrnZ0gVtKS6346K6tr6xubha3i9s7u3n7p4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHw989sPaKyM9B1NYvRDPtJyKAWnTOr0pB7SpF/tl8puxc3Blok3J2WYo9EvffUGkUhC1CQUt7bruTH5KTckhcJpsZdYjLkY8xF2M6p5iNZP87xTdppYThGL0TCpWC7i742Uh9ZOwiCbDDnd20VvJv7ndRMaXvqp1HFCqMXsEEmF+SErjMyKQDaQBon4LDkyqZnghhOhkYwLkYlJ1kwx68Nb/H6ZtKoVr1Y5v62V61fzZgpwDCdwBh5cQB1uoAFNEKDgCZ7hxXl0Xp035/1ndMWZ7xzBHzgf361VlG4=</latexit>

any infinite chain has no limit
(set of u.b.                  ){11,12}

<latexit sha1_base64="cq5fUhPXVYVgOlJ2PhwONZDA8zM=">AAACCXicbVC7TsNAEDzzDOEVQFQ0JyIkChTZURCUETSUQSIPKbai82UTTjmfrbs1UmTlC/gKWqjoEC1fQcG/YBsXkDDVaGZXOzt+JIVB2/60lpZXVtfWSxvlza3tnd3K3n7HhLHm0OahDHXPZwakUNBGgRJ6kQYW+BK6/uQ687sPoI0I1R1OI/ACNlZiJDjDVBpUDt3EFWqE04FzVpC6OxtUqnbNzkEXiVOQKinQGlS+3GHI4wAUcsmM6Tt2hF7CNAouYVZ2YwMR4xM2hn5KFQvAeEkef0ZPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14/xtGllwgVxQiKZ4dQSMgPGa5F2gvQodCAyLLkQIWinGmGCFpQxnkqxmlR5bQPZ/77RdKp15xG7fy2UW1eFc2UyBE5JqfEIRekSW5Ii7QJJwl5Is/kxXq0Xq036/1ndMkqdg7IH1gf3wRLmhM=</latexit>
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Badge exercise

<latexit sha1_base64="OLYoLmoXTLMF5JbWyzBTnu724NE="></latexit>

let {di}i2N be a chain in D
<latexit sha1_base64="ndTneDtviQ2RsC49sFNvp5p60mQ="></latexit>

let {kj}j2N be an infinite chain in (N,)

<latexit sha1_base64="bbAobBBRjEqxznBeX0LW3calN7A=">AAACCnicbVC7TgJBFJ3FF+Jr1cTGZiKYWJFdCrUkYmFhIibySICQu8MFJ8w+MnPXhKz8gV9hq5WdsfUnLPwXF6RQ9FQn59ybe+7xIiUNOc6HlVlYXFpeya7m1tY3Nrfs7Z26CWMtsCZCFeqmBwaVDLBGkhQ2I43gewob3rAy8Rt3qI0MgxsaRdjxYRDIvhRAqdS195K26fNLJF44L3APOfBK9WrctfNO0ZmC/yXujOTZDNWu/dnuhSL2MSChwJiW60TUSUCTFArHuXZsMAIxhAG2UhqAj6aTTPOP+WFsgEIeoeZS8amIPzcS8I0Z+V466QPdmnlvIv7ntWLqn3YSGUQxYSAmh0gqnB4yQsu0GOQ9qZEIJsmRy4AL0ECEWnIQIhXjtKlc2oc7//1fUi8V3eOic13Kl89mzWTZPjtgR8xlJ6zMLliV1Zhg9+yRPbFn68F6sV6tt+/RjDXb2WW/YL1/AcX3mJc=</latexit>

Let D be a CPO

<latexit sha1_base64="64XhIUYXzR/DWd0KlsWf0hXjLhU="></latexit>

1. Prove that {dkj}j2N is a chain in D
<latexit sha1_base64="EL2dHTyxsVPoGIoX2Z1F13niKA0="></latexit>

2. Prove or disprove that
G

j2N
dkj =

G

i2N
di



Partial functions

56
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Comparing functions
given two functions , when can we say ?f, g : A → B f = g

∀a ∈ A . f(a) = g(a)

if we see functions as relations

we can use set equality

{ (a, f(a)) ∣ a ∈ A } ⊆ A × B
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Example

<latexit sha1_base64="eN5JZQSXol7Qc4aN4Wnx7tN+GVM=">AAAB/XicdVA9SwNBEN3zM8avqKXNYhBiE+7ikWgn2lhGMDGQHDK3meiSvb1zd06QIP4KW63sxNbfYuF/8S5GUNFXPd6bYd68MFHSkuu+OVPTM7Nz84WF4uLS8spqaW29bePUCGyJWMWmE4JFJTW2SJLCTmIQolDhWTg8yv2zazRWxvqUbhIMIrjQciAFUCZ1de8qhT4fVPTOeansVvf36jW/zt2q6za8mpeTWsPf9bmXKTnKbILmeem9149FGqEmocDarucmFIzAkBQKb4u91GICYggX2M2ohghtMBpHvuXbqQWKeYKGS8XHIn7fGEFk7U0UZpMR0KX97eXiX143pcFeMJI6SQm1yA+RVDg+ZIWRWRfI+9IgEeTJkUvNBRggQiM5CJGJaVZOMevj62n+P2nXql696p745YPDSTMFtsm2WIV5rMEO2DFrshYTLGb37IE9OnfOk/PsvHyOTjmTnQ32A87rB4X4lW4=</latexit>

n f(n)

f(n) = n!

<latexit sha1_base64="22WmO5ZAYI/7B3YZXlov9KUW7eA="></latexit>

f = { (0, 1),
(1, 1),
(2, 2),
(3, 6),
...
(k, k!),
... }

f(n) = n(n + 1)/2

<latexit sha1_base64="udMsAj8lNL2sowTpt1Sp5YREVcU="></latexit>

f = { (0, 0),
(1, 1),
(2, 3),
(3, 6),
...
(k, Tk),
... }
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Partial functions
let , or equivalently f : A ⇀ B f : A → B ∪ { ⊥ }

the function  can be undefined on some inputsf

we can still see partial functions as relations

omit pairs where  is undefinedf(a)
{ (a, f(a)) ∣ a ∈ A, f(a) ≠ ⊥ } ⊆ A × B
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Partial functions
partial functions

f v g

<latexit sha1_base64="V0olo7TaVQeYW2atOylq/q9Q5t0=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNQFBG0FAGiTykxIrOl0045fzI3R5SZKXkK2ihokO0fAgF/4JtXEDCVKOZXe3s+LEUGh3n0yqtrK6tb5Q3K1vbO7tVe2+/rSOjOLR4JCPV9ZkGKUJooUAJ3VgBC3wJHX9ynfmdB1BaROEdzmLwAjYOxUhwhqk0sKsj2tdTbXwNCFM6Htg1p+7koMvELUiNFGgO7K/+MOImgBC5ZFr3XCdGL2EKBZcwr/SNhpjxCRtDL6UhC0B7SR58To+NZhjRGBQVkuYi/N5IWKD1LPDTyYDhvV70MvE/r2dwdOklIowNQsizQygk5Ic0VyJtBOhQKEBkWXKgIqScKYYISlDGeSqatKJK2oe7+P0yaZ/W3bP6+e1ZrXFVNFMmh+SInBCXXJAGuSFN0iKcGPJEnsmL9Wi9Wm/W+89oySp2DsgfWB/fYNOXhw==</latexit>

if        is defined,        is defined and f(a)

<latexit sha1_base64="clNRs7pNi5Y9W7k+juz3Icu7quk=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/NGkkc=</latexit>

g(a)

<latexit sha1_base64="2zEc5giHjlQkNjobVObNYyG0F2E=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolUYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/TYkkg=</latexit>

g(a) = f(a)

<latexit sha1_base64="Sbydor4OkSWWiLoe2l+Z15sIoCs=">AAAB/XicbVC7SgNREL0bXzG+opY2F4MQm7ArEW2EoI1lBPOATQizN5N4yd0H984KIQS/wlYrO7H1Wyz8F3fXLTR6mjmcM8PMHC9S0pBtf1iFpeWV1bXiemljc2t7p7y71zZhrAW2RKhC3fXAoJIBtkiSwm6kEXxPYcebXKV+5x61kWFwS9MI+z6MAzmSAiiR3HEVjvkFHyVlUK7YNTsD/0ucnFRYjuag/NkbhiL2MSChwBjXsSPqz0CTFArnpV5sMAIxgTG6CQ3AR9OfZSfP+VFsgEIeoeZS8UzEnxMz8I2Z+l7S6QPdmUUvFf/z3JhG5/2ZDKKYMBDpIpIKs0VGaJlkgXwoNRJBejlyGXABGohQSw5CJGKchFNK8nAWv/9L2ic1p147valXGpd5MkV2wA5ZlTnsjDXYNWuyFhMsZI/siT1bD9aL9Wq9fbcWrHxmn/2C9f4Fey+UIw==</latexit>

but        can be defined when        is not g(a)

<latexit sha1_base64="2zEc5giHjlQkNjobVObNYyG0F2E=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolUYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/TYkkg=</latexit>

f(a)

<latexit sha1_base64="clNRs7pNi5Y9W7k+juz3Icu7quk=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/NGkkc=</latexit>

if we see partial functions as relations

f v g

<latexit sha1_base64="V0olo7TaVQeYW2atOylq/q9Q5t0=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNQFBG0FAGiTykxIrOl0045fzI3R5SZKXkK2ihokO0fAgF/4JtXEDCVKOZXe3s+LEUGh3n0yqtrK6tb5Q3K1vbO7tVe2+/rSOjOLR4JCPV9ZkGKUJooUAJ3VgBC3wJHX9ynfmdB1BaROEdzmLwAjYOxUhwhqk0sKsj2tdTbXwNCFM6Htg1p+7koMvELUiNFGgO7K/+MOImgBC5ZFr3XCdGL2EKBZcwr/SNhpjxCRtDL6UhC0B7SR58To+NZhjRGBQVkuYi/N5IWKD1LPDTyYDhvV70MvE/r2dwdOklIowNQsizQygk5Ic0VyJtBOhQKEBkWXKgIqScKYYISlDGeSqatKJK2oe7+P0yaZ/W3bP6+e1ZrXFVNFMmh+SInBCXXJAGuSFN0iKcGPJEnsmL9Wi9Wm/W+89oySp2DsgfWB/fYNOXhw==</latexit>

means essentially f ✓ g

<latexit sha1_base64="menaefp+aPQSm/65U1baV17gjSY=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzu9rZCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxdeq3H0AbEak7nMbgh2ykxFBwhonkD2nP2MAAwoSO+uWKW3Uz0GXi5aRCcjT65a/eIOI2BIVcMmO6nhujP2MaBZcwL/WsgZjxMRtBN6GKhWD8WRZ6Tk+sYRjRGDQVkmYi/N6YsdCYaRgkkyHDe7PopeJ/Xtfi8NKfCRVbBMXTQygkZIcM1yJpA+hAaEBkaXKgQlHONEMELSjjPBFtUk8p6cNb/H6ZtM6qXq16flur1K/yZorkiByTU+KRC1InN6RBmoSTCXkiz+TFeXRenTfn/We04OQ7h+QPnI9vLyCWXg==</latexit>

D = (A * B) = Pf(A,B) = {f : A * B}

<latexit sha1_base64="CxvFd/X5kRyfCk5dzbHIsf1C/K4="></latexit>

<latexit sha1_base64="G3a0LO4kNDrLT6S4XtVkKvX4IbA="></latexit>

{(x, f(x)) | f(x) 6= ?} ✓ A⇥B
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Example

f(n) =

⇢
n/2 if n even
? otherwise

<latexit sha1_base64="l6uDrf1IFoGxl/Mhwgr9SklRVi0="></latexit>

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

<latexit sha1_base64="eN5JZQSXol7Qc4aN4Wnx7tN+GVM=">AAAB/XicdVA9SwNBEN3zM8avqKXNYhBiE+7ikWgn2lhGMDGQHDK3meiSvb1zd06QIP4KW63sxNbfYuF/8S5GUNFXPd6bYd68MFHSkuu+OVPTM7Nz84WF4uLS8spqaW29bePUCGyJWMWmE4JFJTW2SJLCTmIQolDhWTg8yv2zazRWxvqUbhIMIrjQciAFUCZ1de8qhT4fVPTOeansVvf36jW/zt2q6za8mpeTWsPf9bmXKTnKbILmeem9149FGqEmocDarucmFIzAkBQKb4u91GICYggX2M2ohghtMBpHvuXbqQWKeYKGS8XHIn7fGEFk7U0UZpMR0KX97eXiX143pcFeMJI6SQm1yA+RVDg+ZIWRWRfI+9IgEeTJkUvNBRggQiM5CJGJaVZOMevj62n+P2nXql696p745YPDSTMFtsm2WIV5rMEO2DFrshYTLGb37IE9OnfOk/PsvHyOTjmTnQ32A87rB4X4lW4=</latexit>

n f(n)
<latexit sha1_base64="S4Jb+bafAtsxoeYMhPO8SmyC6Os="></latexit>

f = { (0, 0),
(2, 1),
(4, 2),
(6, 3),
...
(2k, k),
... }
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

g(n) =

⇢
n/2 if n even
2 · n otherwise

<latexit sha1_base64="UeC1DARdc5NGPBwYq+hJlEBFXlo="></latexit>

<latexit sha1_base64="icTDDbxVHPtS2Flv9PYlhp2oF90="></latexit>

g = { (0, 0), (1, 2),
(2, 1), (3, 6),
(4, 2), (5, 10),
(6, 3), (7, 14),
...
(2k, k), (1 + 2k, 2 + 4k),
... }



6363

Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

g(n) =

⇢
n/2 if n even
2 · n otherwise

<latexit sha1_base64="UeC1DARdc5NGPBwYq+hJlEBFXlo="></latexit>

f(n) =

⇢
n/2 if n even
? otherwise

<latexit sha1_base64="l6uDrf1IFoGxl/Mhwgr9SklRVi0="></latexit>

f v g?

<latexit sha1_base64="pqpvMtPdulXhkHtFMLrdyePy5pY=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNgqAjgoYySOQhJVZ0vmzCKedH7vaQoiglX0ELFR2i5UMo+Bds4wISphrN7Gpnx4+l0Og4n1ZhZXVtfaO4Wdra3tkt23v7LR0ZxaHJIxmpjs80SBFCEwVK6MQKWOBLaPvj69RvP4DSIgrvcBqDF7BRKIaCM0ykvl0e9vREG18DwoSOLvt2xak6GegycXNSITkaffurN4i4CSBELpnWXdeJ0ZsxhYJLmJd6RkPM+JiNoJvQkAWgvVkWfE6PjWYY0RgUFZJmIvzemLFA62ngJ5MBw3u96KXif17X4PDCm4kwNgghTw+hkJAd0lyJpBGgA6EAkaXJgYqQcqYYIihBGeeJaJKKSkkf7uL3y6R1WnVr1bPbWqV+lTdTJIfkiJwQl5yTOrkhDdIknBjyRJ7Ji/VovVpv1vvPaMHKdw7IH1gf35S3l6Y=</latexit>

g v f?

<latexit sha1_base64="8GhujdyvZc4jUwaDz6pckIFCoJg=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNgqAjgoYySOQhJVZ0vmzCKedH7vaQoiglX0ELFR2i5UMo+Bds4wISphrN7Gpnx4+l0Og4n1ZhZXVtfaO4Wdra3tkt23v7LR0ZxaHJIxmpjs80SBFCEwVK6MQKWOBLaPvj69RvP4DSIgrvcBqDF7BRKIaCM0ykvl0e9fREG18DwoQOL/t2xak6GegycXNSITkaffurN4i4CSBELpnWXdeJ0ZsxhYJLmJd6RkPM+JiNoJvQkAWgvVkWfE6PjWYY0RgUFZJmIvzemLFA62ngJ5MBw3u96KXif17X4PDCm4kwNgghTw+hkJAd0lyJpBGgA6EAkaXJgYqQcqYYIihBGeeJaJKKSkkf7uL3y6R1WnVr1bPbWqV+lTdTJIfkiJwQl5yTOrkhDdIknBjyRJ7Ji/VovVpv1vvPaMHKdw7IH1gf35TEl6Y=</latexit>

<latexit sha1_base64="icTDDbxVHPtS2Flv9PYlhp2oF90="></latexit>

g = { (0, 0), (1, 2),
(2, 1), (3, 6),
(4, 2), (5, 10),
(6, 3), (7, 14),
...
(2k, k), (1 + 2k, 2 + 4k),
... }

<latexit sha1_base64="S4Jb+bafAtsxoeYMhPO8SmyC6Os="></latexit>

f = { (0, 0),
(2, 1),
(4, 2),
(6, 3),
...
(2k, k),
... }



6464

Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

…

which function(s) are we approximating?

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>



6565

Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

{ (0,0),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…

which function(s) are we approximating?

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>



6666

Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

{ (0,0),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,0),
  (1,1),
  (2,2),
  (3,3) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

which function(s) are we approximating?
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which function(s) are we approximating?

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

{ (0,0),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,0),
  (1,1),
  (2,2),
  (3,3) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0),
  (1,1),
  (2,2),
  (3,3),
  (4,4) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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…

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (1,1) }

{ (0,1),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…

which function(s) are we approximating?
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (1,1) }

{ (0,1),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,1),
  (1,1),
  (2,2),
  (3,6) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

which function(s) are we approximating?

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>



7070

Example

which function(s) are we approximating?

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (1,1) }

{ (0,1),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,1),
  (1,1),
  (2,2),
  (3,6) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1),
  (1,1),
  (2,2),
  (3,6),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example

which function(s) are we approximating?

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (4,24) }

{ (0,1),
  (1,1),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,1),
  (1,1),
  (3,6),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1),
  (1,1),
  (2,2),
  (3,6),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>



7272

Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (1,1) } { (1,1),
  (2,4) }

{ (1,1),
  (2,4),
  (3,81) }

which function(s) are we approximating?

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (1,1),
  (2,4),
  (3,81),
  (4,256) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (1,6) } { (1,6),
  (2,28) }

{ (1,6),
  (2,28),
  (3,496) }

which function(s) are we approximating?

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (1,6),
  (2,28),
  (3,496),
  (4,8128) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (4,2) } { (4,2),
  (6,3) }

{ (4,2),
  (6,3),
  (8,4) }

which function(s) are we approximating?

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (4,2),
  (6,3),
  (8,4),
  (9,3) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (4,2),
  (6,3),
  (8,4),
  (9,3),
  (10,5) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Functional property
partial functionsPf(A,B) = {f : A * B}

<latexit sha1_base64="DX5QhJTvkvJUiM3zhB2Qmg0bxak="></latexit>

Pf(A,B) = {f ✓ A⇥B | 8a 2 A.8b1, b2 2 B.(a, b1) 2 f ^ (a, b2) 2 f ) b1 = b2}

<latexit sha1_base64="mbrgf63trE+xOsQP5yhYQ5ZMD6M="></latexit>

functional property

f(a) # , 9b 2 B. (a, b) 2 f

<latexit sha1_base64="Qm4lZTCl4DtWdFQcERC63BRTeSQ="></latexit>

function    is defined onf

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

a

<latexit sha1_base64="MQD0+q7W9JQlE6NmGsQrJdOcJ6w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXryyaccn7obo0UWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvgUElA+yQJIX9SCP4nsKeN7vN/N4jaiPD4J7mEbo+TAM5kQIoldowqtbsup2DrxKnIDVWoDWqfg3HoYh9DEgoMGbg2BG5CWiSQuGiMowNRiBmMMVBSgPw0bhJHnTBz2IDFPIINZeK5yL+3kjAN2bue+mkD/Rglr1M/M8bxDS5dhMZRDFhILJDJBXmh4zQMm0A+VhqJIIsOXIZcAEaiFBLDkKkYpxWUkn7cJa/XyXdi7rTqF+2G7XmTdFMmZ2wU3bOHHbFmuyOtViHCYbsiT2zFyu2Xq036/1ntGQVO8fsD6yPb2VIkXI=</latexit>

is a PO with bottom
what is bottom?
is it complete?

, f ✓ g

<latexit sha1_base64="/QHvBCsLt9sCpax7Iw6g/EMMDII=">AAACEHicbVC7TgJBFJ3FF+ILtdRiIjGxIrsGoyXRxsICE3kkQMjd4QITZh/O3NUQQuMn+BW2WtkZW//Awn9xWbdQ8FQn59ybe89xQyUN2fanlVlYXFpeya7m1tY3Nrfy2zs1E0RaYFUEKtANFwwq6WOVJClshBrBcxXW3eHF1K/foTYy8G9oFGLbg74ve1IAxVInv9+6wh5p2R8QaB3c53otE7kGCW95v5Mv2EU7AZ8nTkoKLEWlk/9qdQMReeiTUGBM07FDao9BkxQKJ7lWZDAEMYQ+NmPqg4emPU5STPhhZIACHqLmUvFExN8bY/CMGXluPOkBDcysNxX/85oR9c7aY+mHEaEvpodIKkwOGaFlXA/yrtRIBNPPkUufC9BAhFpyECIWo7ivXNyHM5t+ntSOi06peHJdKpTP02aybI8dsCPmsFNWZpeswqpMsAf2xJ7Zi/VovVpv1vvPaMZKd3bZH1gf39HanT8=</latexit>

(Pf(A,B),v)

<latexit sha1_base64="2AvRhjmle5Z48eXM269n1rGITbU=">AAACEnicbVDLSgNBEJyNrxhfUY+CDAYhgRB2JaLHGC8eI5gHZJcwO+nEwdlHZnqFsOTmJ/gVXvXkTbz6Ax78F3djDppYp6Kqm64uN5RCo2l+Gpml5ZXVtex6bmNza3snv7vX0kGkODR5IAPVcZkGKXxookAJnVAB81wJbffuMvXb96C0CPwbHIfgeGzoi4HgDBOplz8s2h7DW3cQNwaT4kW5XirbeqQjVwPCqNTLF8yKOQVdJNaMFMgMjV7+y+4HPPLARy6Z1l3LDNGJmULBJUxydqQhZPyODaGbUJ95oJ14+seEHkeaYUBDUFRIOhXh90bMPK3HnptMpqH1vJeK/3ndCAfnTiz8MELweXoIhYTpIc2VSAoC2hcKEFmaHKjwKWeKIYISlHGeiFHSWC7pw5r/fpG0TipWtXJ6XS3U6rNmsuSAHJEiscgZqZEr0iBNwskDeSLP5MV4NF6NN+P9ZzRjzHb2yR8YH9+r3J0J</latexit>

the empty relation
(the function always undefined)

<latexit sha1_base64="2jJmOpC0xSlQDbGSxppeevwcq9E="></latexit>

f v g , ( 8a 2 A. f(a) # ) (g(a) # ^f(a) = g(a)) )
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Is Pf complete?
(Pf(A,B),v)

<latexit sha1_base64="2AvRhjmle5Z48eXM269n1rGITbU=">AAACEnicbVDLSgNBEJyNrxhfUY+CDAYhgRB2JaLHGC8eI5gHZJcwO+nEwdlHZnqFsOTmJ/gVXvXkTbz6Ax78F3djDppYp6Kqm64uN5RCo2l+Gpml5ZXVtex6bmNza3snv7vX0kGkODR5IAPVcZkGKXxookAJnVAB81wJbffuMvXb96C0CPwbHIfgeGzoi4HgDBOplz8s2h7DW3cQNwaT4kW5XirbeqQjVwPCqNTLF8yKOQVdJNaMFMgMjV7+y+4HPPLARy6Z1l3LDNGJmULBJUxydqQhZPyODaGbUJ95oJ14+seEHkeaYUBDUFRIOhXh90bMPK3HnptMpqH1vJeK/3ndCAfnTiz8MELweXoIhYTpIc2VSAoC2hcKEFmaHKjwKWeKIYISlHGeiFHSWC7pw5r/fpG0TipWtXJ6XS3U6rNmsuSAHJEiscgZqZEr0iBNwskDeSLP5MV4NF6NN+P9ZzRjzHb2yR8YH9+r3J0J</latexit>

complete?
Given a chain {fi}i2N

<latexit sha1_base64="YravKf5bJlt0Y1qT7WfY+pX78To=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QhDCZ3tahkwczN0IJwU/wK9zqyp249Rtc+C8msQttPavDOfdyzz1+LIVGy/o0FhaXlldWK2vV9Y3NrW1zZ7ejo0RxaPNIRqrnMw1ShNBGgRJ6sQIW+BK6/viy8Lv3oLSIwlucxOAGbBSKoeAMc8kz95106Akn81LhiJA6AcM730+vs8wza1bdKkHniT0lNTJFyzO/nEHEkwBC5JJp3betGN2UKRRcQlZ1Eg0x42M2gn5OQxaAdtPyhYweJZphRGNQVEhaivB7I2WB1pPAzyeLiHrWK8T/vH6Cw3M3FWGcIIS8OIRCQnlIcyXyboAOhAJEViQHmrfAmWKIoARlnOdikpdVzfuwZ7+fJ52Tut2on940as2LaTMVckAOyTGxyRlpkivSIm3CyQN5Is/kxXg0Xo034/1ndMGY7uyRPzA+vgHQu5wz</latexit>

let us consider
[

i2N
fi ✓ A⇥B

<latexit sha1_base64="t8QqzzoOHJxfTA88a4d3uGFgZsc="></latexit>

we want to prove that
[

i2N
fi 2 Pf(A,B)

<latexit sha1_base64="vgY79mcXbRgZJW/0+LEYcUxb/tY=">AAACJXicbVDLSgNBEJyN7/iKevQyGAQFCbui6FHjxZNEMFHIhmV20hsbZx/M9Aqy7Hf4CX6FVz15E8GD+CvuxoDPOhVV3XR1+YlCQ7b9alXGxicmp6ZnqrNz8wuLtaXljolTLaEtYxXrC18YUBhBm5AUXCQaROgrOPevjkr//Bq0wTg6o5sEeqEYRBigFFRIXs1xfRzINPEydDHibijo0vezkzwPPORfUpC1gnzjcKu56dXqdsMegv8lzojU2Qgtr/bm9mOZhhCRVMKYrmMn1MuEJpQK8qqbGkiEvBID6BY0EiGYXjZ8LefrqREU8wQ0R8WHInzfyERozE3oF5NlTvPbK8X/vG5KwX4vwyhJCSJZHiJUMDxkpMaiM+B91EAkyuTAiyqk0IIINHIhZSGmRYnVog/n9/d/SWe74ew0dk936gfNUTPTbJWtsQ3msD12wI5Zi7WZZLfsnj2wR+vOerKerZfP0Yo12llhP2C9fwA7YKU4</latexit>

i.e. that                 satisfies the functional property

8i 2 N.8a 2 A.8b1, b2 2 B.(a, b1) 2 fi ^ (a, b2) 2 fi ) b1 = b2}

<latexit sha1_base64="owY7CvaUeforObml3twte6eeaqw=">AAACanicbZHbbhMxEIa9y6mkhablCvXGIiAVCa12o6Jyg1TKDVeoINJWykarsTNJR/UeZM+2qlZ5UCR4Ax4COw2nlrn65xv/Gvu3agw5TtOvUXzn7r37D9Ye9tY3Hj3e7G9tH7u6tRpHuja1PVXg0FCFIyY2eNpYhFIZPFHn78P85AKto7r6wlcNTkqYVzQjDexR0b/IZ7UFYyTlVOUl8JlS3cdFIn9x8Fy++9OrInulimGgh4 ncBd9kL0M3Kyi/xOkcr+HwN/xM8zMGa+vLYH4bzIuiP0iTdFnytshWYiBWdVT0v+fTWrclVqwNODfO0oYnHVgmbXDRy1uHDehzmOPYywpKdJNumc9CvmgdcC0btJKMXEL829FB6dxVqfzJkIC7OQvwf7Nxy7M3k46qpmWsdFjEZHC5yGlLPniUU7LIDOHmKH0kGiwwoyUJWnvY+p/o+Tyym6+/LY6HSbaXvP60Nzg4XCWzJnbEM7ErMrEvDsQHcSRGQotvURytRxvRj3g7fhrvXB+No5Xnifin4uc/AQidtss=</latexit>

we know that each     is functionalfi

<latexit sha1_base64="PaBaZ1MiNiNqrBRmwfslZXV8OPw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIM7mgaoevDOJAjKYBS6XY0kINqza7bOfgicQpSYwWag+pXfxiK2MeAhAJjeo4dkZuAJikUzir92GAEYgJj7KU0AB+Nm+RRZ/woNkAhj1BzqXgu4u+NBHxjpr6XTvpA92bey8T/vF5Mows3kUEUEwYiO0RSYX7ICC3TDpAPpUYiyJIjlwEXoIEIteQgRCrGaSmVtA9n/vtF0j6pO6f1s5vTWuOyaKbMDtghO2YOO2cNds2arMUEG7Mn9sxerEfr1Xqz3n9GS1axs8/+wPr4Bu/lklM=</latexit>

we need to prove     is functionalf

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

8a 2 A.8b1, b2 2 B.(a, b1) 2 f ^ (a, b2) 2 f ) b1 = b2}

<latexit sha1_base64="6wgxWoe9/66VSzR3/tL3dm10a2o="></latexit>

f =
[

i2N
fi

<latexit sha1_base64="qeCT6UEN35GdqwmlRR1csRb/70Y=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREFdkoCBqkCBoqFCQCkWLLOh/rsOL80N0aKbJS8gl8BS1UdIiWD6DgX7BDCiBMNZrZ1c5OkCo0ZNsf1tT0zOzcfGWhuri0vLJaW1u/NEmmJXRkohLdDYQBhTF0CElBN9UgokDBVXB7UvpXd6ANJvEFDVLwItGPMUQpqJD82lZ45AbYl1nq5+hizN1I0E0Q5GfDYegj92t1u2GPwCeJMyZ1Nkbbr32614nMIohJKmFMz7FT8nKhCaWCYdXNDKRC3oo+9AoaiwiMl48eGfKdzAhKeAqao+IjEX5u5CIyZhAFxWQZ0/z1SvE/r5dReOjlGKcZQSzLQ4QKRoeM1Fg0BPwaNRCJMjnwogkptCACjVxIWYhZUVm16MP5+/0kudxrOM3G/nmz3joeN1Nhm2yb7TKHHbAWO2Vt1mGS3bNH9sSerQfrxXq13r5Hp6zxzgb7Bev9C+bunlg=</latexit>
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pictorially

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

is the limit in     ?Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>
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Pf is complete
we need to prove     is functionalf

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

8a 2 A.8b1, b2 2 B.(a, b1) 2 f ^ (a, b2) 2 f ) b1 = b2}

<latexit sha1_base64="6wgxWoe9/66VSzR3/tL3dm10a2o="></latexit>

Take a 2 A, b1, b2 2 B

<latexit sha1_base64="hPf/UEIg1M1qkrXXYdFUbj9uXOE=">AAACCHicbVC7TgJREL2LL8QXPjqbG4mJBSG7BKMlYmOJiTwSIJvZy4A33n3k3lkTJPyAX2GrlZ2x9S8s/Bd3kULBU505ZyYzc7xISUO2/WlllpZXVtey67mNza3tnfzuXtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS3v7jL1W/eojQyDGxpF2PNhGMiBFECJ5OYPoCsDflHknusUPbecVjU3X7BL9hR8kTgzUmAz1N38V7cfitjHgIQCYzqOHVFvDJqkUDjJdWODEYg7GGInoQH4aHrj6fUTfhwboJBHqLlUfCri74kx+MaMfC/p9IFuzbyXiv95nZgG572xDKKYMBDpIpIKp4uM0DKJBXlfaiSC9HLkye8CNBChlhyESMQ4ySmX5OHMf79ImuWSUymdXlcK1dosmSw7ZEfshDnsjFXZFauzBhPsgT2xZ/ZiPVqv1pv1/tOasWYz++wPrI9vc8qX5w==</latexit>

such that (a, b1) 2 f ^ (a, b2) 2 f

<latexit sha1_base64="VqscDTvKZ9ZfQqPS26ReIidF9DQ=">AAACE3icbVDLTgJBEJzFF+IL9ejBicQEE0N2CUaPRC8eMZFHAoT0Dg1OmH1kpldDCEc/wa/wqidvxqsf4MF/cVk4KFinSlV3uqvcUElDtv1lpZaWV1bX0uuZjc2t7Z3s7l7NBJEWWBWBCnTDBYNK+lglSQoboUbwXIV1d3A18ev3qI0M/Fsahtj2oO/LnhRAsdTJHubh1O04Jy3p817rAbt95IlUnEqdbM4u2An4InFmJMdmqHSy361uICIPfRIKjGk6dkjtEWiSQuE404oMhiAG0MdmTH3w0LRHSZAxP44MUMBD1Fwqnoj4e2MEnjFDz40nPaA7M+9NxP+8ZkS9i/ZI+mFE6IvJIZIKk0NGaBk3hLwrNRLB5HPkcXYBGohQSw5CxGIUV5aJ+3Dm0y+SWrHglApnN6Vc+XLWTJodsCOWZw47Z2V2zSqsygR7ZM/shb1aT9ab9W59TEdT1mxnn/2B9fkDKN2cCQ==</latexit>

we need to prove b1 = b2

<latexit sha1_base64="TONWoXqyo9Hy0vyX6m861D8b+no=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBA1SBA1lkMhDSqxofdmEU84P3a2RIisfQQsVHaLlayj4F2zjAhKmGs3samfHi5Q0ZNuf1srq2vrGZmmrvL2zu7dfOTjsmDDWAtsiVKHueWBQyQDbJElhL9IIvqew601vMr/7iNrIMLinWYSuD5NAjqUASqWuN3SuvGF9WKnaNTsHXyZOQaqsQGtY+RqMQhH7GJBQYEzfsSNyE9AkhcJ5eRAbjEBMYYL9lAbgo3GTPO6cn8YGKOQRai4Vz0X8vZGAb8zM99JJH+jBLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoD8pHUSARZcuQy4AI0EKGWHIRIxTgtppz24Sx+v0w69ZrTqJ3fNarN66KZEjtmJ+yMOeyCNdkta7E2E2zKntgze7ES69V6s95/RlesYueI/YH18Q0F0JNv</latexit>

(a, b1) 2 f =
[

i2N
fi , 9k 2 N.(a, b1) 2 fk

<latexit sha1_base64="XafQ24RtPzGD1nHUE4gz+w+lL5k="></latexit>

(a, b2) 2 f =
[

i2N
fi , 9h 2 N.(a, b2) 2 fh

<latexit sha1_base64="RsCTVpQ/bc8zi5iSdM+o3YEW4nI="></latexit>

m , max{k, h}

<latexit sha1_base64="KJ8O5zAdehbJ8++1gQQ6Yabx7fc=">AAACDXicbVDLSgNBEJz1GeMr6km8DAbBg4RdUfQY9OIxgnlANoTesY1DZmbXmV5RluAn+BVe9eRNvPoNHvwXNzEHX3UqqrrprooSJR35/rs3MTk1PTNbmCvOLywuLZdWVhsuTq3AuohVbFsROFTSYJ0kKWwlFkFHCptR/3joN6/ROhmbM7pNsKOhZ+SFFEC51C2tax6SlWB6Cq94qOGGh1l/5zIcdEtlv+KPwP+SYEzKbIxat/QRnsci1WhIKHCuHfgJdTKwJIXCQTFMHSYg+tDDdk4NaHSdbBRhwLdSBxTzBC2Xio9E/L6RgXbuVkf5pAa6dL+9ofif107p4rCTSZOkhEYMD5FUODrkhJV5N8jPpUUiGH6OXBouwAIRWslBiFxM87KKeR/B7/R/SWO3EuxV9k/3ytWjcTMFtsE22TYL2AGrshNWY3Um2B17YI/sybv3nr0X7/VrdMIb76yxH/DePgGdTptz</latexit>

Clearly fk ✓ fm

<latexit sha1_base64="7TnADsP1PBKiqsXItwboX3kpVVM=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWQjEJQRNJRBIg8psazzZR1OOT+4W4MiKzVfQQsVHaLlOyj4F2zjAhKmGs3samfHi6XQaFmfRmVpeWV1rbpe29jc2t4x67tdHSWKQ4dHMlJ9j2mQIoQOCpTQjxWwwJPQ8yaXud+7B6VFFN7gNAYnYONQ+IIzzCTXrPvuhA514mlAuKO+G7hmw2paBegisUvSICXarvk1HEU8CSBELpnWA9uK0UmZQsElzGrDREPM+ISNYZDRkAWgnbSIPqOHiWYY0RgUFZIWIvzeSFmg9TTwssmA4a2e93LxP2+QoH/upCKME4SQ54dQSCgOaa5E1gnQkVCAyPLkQEVIOVMMEZSgjPNMTLKSalkf9vz3i6R73LRPmqfXJ43WRdlMleyTA3JEbHJGWuSKtEmHcPJAnsgzeTEejVfjzXj/Ga0Y5c4e+QPj4xvKNphM</latexit>

fh ✓ fm

<latexit sha1_base64="RlU7WLTv2Ju18DgRQlGt49RzNck=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWSjICgjaCiDRB5SYlnnyzo55fzgbg2KrNR8BS1UdIiW76DgX3CMC0iYajSzq50dL5ZCo2V9GqWV1bX1jfJmZWt7Z3fPrO53dJQoDm0eyUj1PKZBihDaKFBCL1bAAk9C15tczf3uPSgtovAWpzE4ARuFwhecYSa5ZtV3x3SgE08Dwh313cA1a1bdykGXiV2QGinQcs2vwTDiSQAhcsm07ttWjE7KFAouYVYZJBpixidsBP2MhiwA7aR59Bk9TjTDiMagqJA0F+H3RsoCraeBl00GDMd60ZuL/3n9BP0LJxVhnCCEfH4IhYT8kOZKZJ0AHQoFiGyeHKgIKWeKIYISlHGeiUlWUiXrw178fpl0Tut2o35206g1L4tmyuSQHJETYpNz0iTXpEXahJMH8kSeyYvxaLwab8b7z2jJKHYOyB8YH9/FX5hJ</latexit>

(a, b1) 2 fm

<latexit sha1_base64="iuEHB3v9ayYbUUcUQda5rgRmHys=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMQQcKuRPQY9OIxgnlAsi69k04cMvtgplcIIRe/wquevIlX/8SD/+JmzUET61RUddPV5cdKGrLtTyu3tLyyupZfL2xsbm3vFHf3miZKtMCGiFSk2z4YVDLEBklS2I41QuArbPnDq6nfekBtZBTe0ihGN4BBKPtSAKXSXRlOfM857sqQ973AK5bsip2BLxJnRkpshrpX/Or2IpEEGJJQYEzHsWNyx6BJCoWTQjcxGIMYwgA7KQ0hQOOOs9QTfpQYoIjHqLlUPBPx98YYAmNGgZ9OBkD3Zt6biv95nYT6F+5YhnFCGIrpIZIKs0NGaJnWgbwnNRLBNDny9HsBGohQSw5CpGKS9lNI+3Dmv18kzdOKU62c3VRLtctZM3l2wA5ZmTnsnNXYNauzBhNMsyf2zF6sR+vVerPef0Zz1mxnn/2B9fENiY2V6A==</latexit>

(a, b2) 2 fm

<latexit sha1_base64="vpQAzm90OMKXZBczrCHaTaG3iew=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMQQcJuiOgx6MVjBPOAZA29k04cMvtgplcIIRe/wquevIlX/8SD/+LumoNG61RUddPV5UVKGrLtDyu3tLyyupZfL2xsbm3vFHf3WiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjy9Rv36M2MgxuaBKh68MokEMpgBLptgwnXr963JMBH/b9frFkV+wM/C9x5qTE5mj0i5+9QShiHwMSCozpOnZE7hQ0SaFwVujFBiMQYxhhN6EB+GjcaZZ6xo9iAxTyCDWXimci/tyYgm/MxPeSSR/ozix6qfif141peO5OZRDFhIFID5FUmB0yQsukDuQDqZEI0uTIk+8FaCBCLTkIkYhx0k8h6cNZ/P4vaVUrTq1yel0r1S/mzeTZATtkZeawM1ZnV6zBmkwwzR7ZE3u2HqwX69V6+x7NWfOdffYL1vsXiySV6Q==</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

b1 = b2

<latexit sha1_base64="TONWoXqyo9Hy0vyX6m861D8b+no=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBA1SBA1lkMhDSqxofdmEU84P3a2RIisfQQsVHaLlayj4F2zjAhKmGs3samfHi5Q0ZNuf1srq2vrGZmmrvL2zu7dfOTjsmDDWAtsiVKHueWBQyQDbJElhL9IIvqew601vMr/7iNrIMLinWYSuD5NAjqUASqWuN3SuvGF9WKnaNTsHXyZOQaqsQGtY+RqMQhH7GJBQYEzfsSNyE9AkhcJ5eRAbjEBMYYL9lAbgo3GTPO6cn8YGKOQRai4Vz0X8vZGAb8zM99JJH+jBLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoD8pHUSARZcuQy4AI0EKGWHIRIxTgtppz24Sx+v0w69ZrTqJ3fNarN66KZEjtmJ+yMOeyCNdkta7E2E2zKntgze7ES69V6s95/RlesYueI/YH18Q0F0JNv</latexit>

fm

<latexit sha1_base64="D/SXSDxeGLg6F7PMwbMFEzlDq9o=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRT7s7W3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztBJIVF1/10SkvLK6tr5fXKxubW9k51d69tw9hwaPFQhqYbMAtSaGihQAndyABTgYROMLnK/M4DGCtCfYfTCHzFxlqMBGeYSrejgRpUa27dzUEXiVeQGinQHFS/+sOQxwo0csms7XluhH7CDAouYVbpxxYixidsDL2UaqbA+kkedUaPYsswpBEYKiTNRfi9kTBl7VQF6aRieG/nvUz8z+vFOLrwE6GjGEHz7BAKCfkhy41IOwA6FAYQWZYcqNCUM8MQwQjKOE/FOC2lkvbhzX+/SNonde+0fnZzWmtcFs2UyQE5JMfEI+ekQa5Jk7QIJ2PyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3/Yhklc=</latexit>

is functional
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

; ✓ {(0, 1)}
✓ {(0, 1), (1, 1)}
✓ {(0, 1), (1, 1), (2, 2)}
✓ {(0, 1), (1, 1), (2, 2), (3, 6)}
✓ {(0, 1), (1, 1), (2, 2), (3, 6), (4, 24)}
✓ · · ·

<latexit sha1_base64="kN3yxvpyVz8Qa/UQLU9udQN/u6E="></latexit>

f0

<latexit sha1_base64="KHhRB4lGet1WN5mnwTJsLcUZbbI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKNphK7Px4EcScEplW5HA3tQrdl1OwdbJE5BalCgOah+9YehiH0MSChuTM+xI3ITrkkKhbNKPzYYcTHhY+ylNOA+GjfJo87YUWw4hSxCzaRiuYi/NxLuGzP1vXTS53Rv5r1M/M/rxTS6cBMZRDFhILJDJBXmh4zQMu0A2VBqJOJZcmQyYIJrToRaMi5EKsZpKZW0D2f++0XSPqk7p/Wzm9Na47JopgwHcAjH4MA5NOAamtACAWN4gmd4sR6tV+vNev8ZLVnFzj78gfXxDZcOkho=</latexit>

f1

<latexit sha1_base64="AL0o6VMpS/GHRzEGTJq5mZ9GUus=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIM7mgaoevDOJAjKYBS6XY0cAbVml23c/BF4hSkxgo0B9Wv/jAUsY8BCQXG9Bw7IjcBTVIonFX6scEIxATG2EtpAD4aN8mjzvhRbIBCHqHmUvFcxN8bCfjGTH0vnfSB7s28l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmHSAfSo1EkCVHLgMuQAMRaslBiFSM01IqaR/O/PeLpH1Sd07rZzentcZl0UyZHbBDdswcds4a7Jo1WYsJNmZP7Jm9WI/Wq/Vmvf+MlqxiZ5/9gfXxDZidkhs=</latexit>

f2

<latexit sha1_base64="dVkZBlWnnYCqeWE0b2HmI6nY2zc=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAvOMYFJEw1mtnVzo4XKWnItj+twsrq2vpGcbO0tb2zu1feP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa7mfucBtZFhcEfTCF0fxoEcSQGUSrejQW1QrthVOwNfJk5OKixHc1D+6g9DEfsYkFBgTM+xI3IT0CSFwlmpHxuMQExgjL2UBuCjcZMs6oyfxAYo5BFqLhXPRPy9kYBvzNT30kkf6N4senPxP68X0+jCTWQQxYSBmB8iqTA7ZISWaQfIh1IjEcyTI5cBF6CBCLXkIEQqxmkppbQPZ/H7ZdKuVZ169eymXmlc5s0U2RE7ZqfMYeeswa5Zk7WYYGP2xJ7Zi/VovVpv1vvPaMHKdw7ZH1gf35oskhw=</latexit>

f3

<latexit sha1_base64="5IfqOtLJTrfp9dJ1oDDnrU2kxcQ=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIhCMoIGsogyENKouh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+OGShqy7U+rsLS8srpWXC9tbG5t75R391omiLTApghUoDsuN6ikj02SpLATauSeq7DtTq5Sv/2A2sjAv6NpiH2Pj305koJTIt2OBqeDcsWu2hnYInFyUoEcjUH5qzcMROShT0JxY7qOHVI/5pqkUDgr9SKDIRcTPsZuQn3uoenHWdQZO4oMp4CFqJlULBPx90bMPWOmnptMepzuzbyXiv953YhGF/1Y+mFE6Iv0EEmF2SEjtEw6QDaUGol4mhyZ9JngmhOhlowLkYhRUkop6cOZ/36RtE6qTq16dlOr1C/zZopwAIdwDA6cQx2uoQFNEDCGJ3iGF+vRerXerPef0YKV7+zDH1gf35u7kh0=</latexit>

f4

<latexit sha1_base64="ymmpJXy1ygquCgS9BWyZKm+IJYI=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTYKgjKChjII8pASKzpfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F2PG1QywBZJUtiNNHLfU9jxJleZ33lAbWQY3NE0Qtfn40COpOCUSrejQX1Qqdo1OwdbJE5BqlCgOah89YehiH0MSChuTM+xI3ITrkkKhbNyPzYYcTHhY+ylNOA+GjfJo87YcWw4hSxCzaRiuYi/NxLuGzP1vXTS53Rv5r1M/M/rxTS6cBMZRDFhILJDJBXmh4zQMu0A2VBqJOJZcmQyYIJrToRaMi5EKsZpKeW0D2f++0XSPq059drZTb3auCyaKcEhHMEJOHAODbiGJrRAwBie4BlerEfr1Xqz3n9Gl6xi5wD+wPr4Bp1Kkh4=</latexit>

f5

<latexit sha1_base64="LKTV/db2qoPjKleFuPiRD2Y5sWA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRIigjaCiDIA8piaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4bKmnItj+twsrq2vpGcbO0tb2zu1feP2ibINICWyJQge66YFBJH1skSWE31Aieq7DjTq9Sv/OA2sjAv6NZiAMPJr4cSwGUSLfjYX1YrthVOwNfJk5OKixHc1j+6o8CEXnok1BgTM+xQxrEoEkKhfNSPzIYgpjCBHsJ9cFDM4izqHN+EhmggIeouVQ8E/H3RgyeMTPPTSY9oHuz6KXif14vovHFIJZ+GBH6Ij1EUmF2yAgtkw6Qj6RGIkiTI5c+F6CBCLXkIEQiRkkppaQPZ/H7ZdI+qzq1av2mVmlc5s0U2RE7ZqfMYeeswa5Zk7WYYBP2xJ7Zi/VovVpv1vvPaMHKdw7ZH1gf357Zkh8=</latexit>

[

i2N
fi

<latexit sha1_base64="QO1Inv0CGV2FqZ/jOZZe/0uM/QY=">AAACEHicbVC7TsNAEDzzDOEVoITiRIREFdkIBGUEDRUKEglIsWWdj01YcT5bd2skZKXhE/gKWqjoEC1/QMG/YJsUvKYazexqZydKFVpy3XdnYnJqema2NlefX1hcWm6srPZskhkJXZmoxFxEwoJCDV1CUnCRGhBxpOA8uj4q/fMbMBYTfUa3KQSxGGocoBRUSGFjw49wKLM0zNFH7ceCrqIoPxmN+CDEsNF0W24F/pd4Y9JkY3TCxod/mcgsBk1SCWv7nptSkAtDKBWM6n5mIRXyWgyhX1AtYrBBXn0x4luZFZTwFAxHxSsRvm/kIrb2No6KyTKm/e2V4n9eP6PBQZCjTjMCLctDhAqqQ1YaLOoBfokGiESZHDhqLoURRGCQCykLMSv6qhd9eL+//0t6Oy1vt7V3uttsH46bqbF1tsm2mcf2WZsdsw7rMsnu2AN7ZE/OvfPsvDivX6MTznhnjf2A8/YJLEmddw==</latexit>

is (maybe) the factorial function

note: the limit of partial functions can be a total function
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Total functions
total functionsTf(A,B) = (A ! B)

<latexit sha1_base64="l88WpX0V1NJ6VP+mHstaqcnXJo4=">AAACGHicbVDLTgJBEJz1ifhCPXqZiCaQGLJrNHoxEbx4xASUBAjpHRqYOPvITK/GbPgBP8Gv8Konb8arNw/+i7vIQcE6Vaq609Xlhkoasu1Pa2Z2bn5hMbOUXV5ZXVvPbWxemSDSAusiUIFuuGBQSR/rJElhI9QInqvw2r05T/3rW9RGBn6N7kNse9D3ZU8KoETq5HZbHtDA7cW13rBQ3q8U+SkvlHlLy/6AQOvgjleKnVzeLtkj8GnijEmejVHt5L5a3UBEHvokFBjTdOyQ2jFokkLhMNuKDIYgbqCPzYT64KFpx6NvhnwvMkABD1FzqfhIxN8bMXjG3HtuMplmN5NeKv7nNSPqnbRj6YcRoS/SQyQVjg4ZoWVSE/Ku1EgEaXLk0ucCNBChlhyESMQo6S2b9OFMfj9Nrg5KzmHp6PIwf1YZN5Nh22yHFZjDjtkZu2BVVmeCPbAn9sxerEfr1Xqz3n9GZ6zxzhb7A+vjG2+AnlY=</latexit>

Pf(A,B) ⌘ Tf(A,B?)

<latexit sha1_base64="siuZSkPmivvjQNsHzLSaf7sKJBY=">AAACIXicbZDLTgJBEEV78IX4Ql266UhMIFEyYzC6RNy4xIRXwhDS0xTYsedhdw0JmfAVfoJf4VZX7ow7Y/wXZwATBWt1c25Vquo6gRQaTfPDSC0tr6yupdczG5tb2zvZ3b2G9kPFoc596auWwzRI4UEdBUpoBQqY60hoOndXid8cgtLC92o4CqDjsoEn+oIzjFE3e2K7DG+dflTtj/OXx5UCteE+FEP6w2tT3rUdHwvdbM4smpOii8KaiRyZVbWb/bJ7Pg9d8JBLpnXbMgPsREyh4BLGGTvUEDB+xwbQjqXHXNCdaPLWmB6FmqFPA1BUSDqB8HsiYq7WI9eJO5Nj9byXwP+8doj9i04kvCBE8HiyCIWEySLNlYjzAtoTChBZcjlQ4VHOFEMEJSjjPIZhHGAmzsOa/35RNE6LVql4dlPKlSuzZNLkgBySPLHIOSmTa1IldcLJA3kiz+TFeDRejTfjfdqaMmYz++RPGZ/fnKmivA==</latexit>

B? , B ] {?}

<latexit sha1_base64="t/IZcTxLKxvVgd3FicQBlWSZDd4=">AAACFXicbVC7TsNAEDyHVwivACXNQYREFdkIBGUUGkqQCCDFUbQ+lnDK+Wzu9pCQlZpP4CtooaJDtNQU/At2SAEJU41mdrU7E6VKWvL9T680NT0zO1eerywsLi2vVFfXzm3ijMCWSFRiLiOwqKTGFklSeJkahDhSeBH1jwr/4g6NlYk+o/sUOzH0tLyWAiiXutXNZjeMEuIhGQm6p/CWN0OXKmfDrDDCQbda8+v+EHySBCNSYyOcdKtf4VUiXIyahAJr24GfUicDQ1IoHFRCZzEF0YcetnOqIUbbyYZRBnzbWaCEp2i4VHwo4u+NDGJr7+Mon4yBbuy4V4j/eW1H14edTOrUEWpRHCKpcHjICiPzjpBfSYNEUHyOXGouwAARGslBiFx0eWmVvI9gPP0kOd+tB3v1/dO9WqM5aqbMNtgW22EBO2ANdsxOWIsJ9sCe2DN78R69V+/Ne/8ZLXmjnXX2B97HN6Wpn08=</latexit>

vB?,

<latexit sha1_base64="71kXwg9RgwnU5l0j/rfy8xAQQFU=">AAACFHicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyXBxhITUROOXOaWATfs7R27cybkQutP8FfYamVnbO0t/C8eSKHiq17em8nMe2GipCXX/XAKC4tLyyvF1dLa+sbmVnl758rGqRHYErGKzU0IFpXU2CJJCm8SgxCFCq/DwdnEv75DY2WsL2mUYCeCvpY9KYByKShz3w5tGlokHAZZI/DDmMbcJyNB9xUOeVCuuFV3Cj5PvBmpsBmaQfnT78YijVCTUGBt23MT6mRgSAqF45KfWkxADKCP7ZxqiNB2smmSMT9ILVDMEzRcKj4V8edGBpG1oyjMJyOgW/vXm4j/ee2UeqedTOokJdRicoikwukhK4zMK0LelQaJYPI5cqm5AANEaCQHIXIxzTsr5X14f9PPk6ujqlerHl/UKvXGrJki22P77JB57ITV2TlrshYT7J49sif27Dw4L86r8/Y9WnBmO7vsF5z3L0tCnyA=</latexit>

flat order

f v g , 8a 2 A. f(a) vB? g(a)

<latexit sha1_base64="pb1BSej0QUDnyiDclEhcFepuJ9c="></latexit>

PO? immediate to check 
bottom? f?(a) = ?

<latexit sha1_base64="Htrj3I9QjAuDndVMaODOgBs5aas=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjHBhuwajDYmRBtLTOSRACF3hwtOmH1k5i4JIbR+ha1WdsbW/7DwX9xdKRQ81ck59+aee7xISUOO82nlVlbX1jfym4Wt7Z3dPXv/oGHCWAusi1CFuuWBQSUDrJMkha1II/iewqY3ukn95hi1kWFwT5MIuz4MAzmQAiiRerY96HW8kEpwyq94ynp20Sk7GfgyceekyOao9eyvTj8UsY8BCQXGtF0nou4UNEmhcFboxAYjECMYYjuhAfhoutMs+YyfxAYo5BFqLhXPRPy9MQXfmInvJZM+0INZ9FLxP68d0+CyO5VBFBMGIj1EUmF2yAgtk0qQ96VGIkiTI5cBF6CBCLXkIEQixklHhaQPd/H7ZdI4K7uV8vldpVi9njeTZ0fsmJWYyy5Yld2yGqszwcbsiT2zF+vRerXerPef0Zw13zlkf2B9fAO52ZcO</latexit>

for any a 2 A

<latexit sha1_base64="s5Lu+xEgoVeg9RP6N1WRVjTjHYI=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQBGsogkYeUWNH6sglHzg/drZFClH+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx746vUbz+gNjIMbmkSoevDKJBDKYASqQU9GfCLfrliV+0MfJE4OamwHI1++as3CEXsY0BCgTFdx47InYImKRTOSr3YYARiDCPsJjQAH407zdLO+FFsgEIeoeZS8UzE3xtT8I2Z+F4y6QPdmXkvFf/zujENz92pDKKYMBDpIZIKs0NGaJnUgHwgNRJBmhx58rsADUSoJQchEjFOeiklfTjz3y+S1knVqVVPb2qV+mXeTJEdsEN2zBx2xursmjVYkwl2z57YM3uxHq1X6816/xktWPnOPvsD6+MbmWyTOA==</latexit>

complete? we will prove it later
                  (as an instance of a more general result)

(
G

i2N
fi)(a) ,

G

i2N
fi(a)

<latexit sha1_base64="h7ZM6xXE6uH+iLTFUrjkcYuv8sE="></latexit>

(flat order, limit exists)


