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Mathematical induction
exercises



Exercise

Vn > 0. P(n) P(n) = n" > n!



Exercise

A A
apo =0 anpnt1 =2a, +n

\V/HENP(TL) P(n)éanzzn—n—l



Exercuse Fibonacci

F]_ 1 F2—1 Fn—|—2 F _|_Fn—|—]_
Yn > 0. P(n) ZF Fopio—1



Determinacy by structural induction



Termination

A result can always be returned



Determinacy

Any two results are the same



Termination vs

determinacy
termination?  determinacy?
X+ v, v,
X X v,
rand() v, X
+sqri(x) X (X



Determinacy of
arithmetic expressions

rclde ope€{+,x,—}

a =2z | n|aopa nec7 Mé{a\azlde%Z}

<CL0,0‘> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

P(a) £Vo € M. Vm,m' € Z. {a,0) — m A (a,0) — m' = m =m’
Va. P(a) ?
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Structural induction
principle
Vo € lde. P(x) Vn € Z. P(n)

\V/a(), ai. P(CLQ) /N\ P(al) — P(a() op al)
Va. P(a)




Base case

Vr € lde. P(z) | 2Ke 3 generic.r < lde

We want to prove
P(x) £Vo,m,m'. (z,0) — m A (z,0) — m' = m =m/
Take generic o,m,m’ s.t. {(x,0) — m and (x,0) — m/
We want to prove m = m/’

Consider the goal (z,0) — m

Only the rule < | is applicable, hence m = o(x)

xr,0) — o(x

Similarly, since (x,0) — m’ it must be m’ = o(x)
and thus we conclude m = m/
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Base case

Vn € Z.. P(n) Take a generic n € Z
We want to prove

P(n) £ Vo,m,m'. (n,c) — mA (n,0) — m' =m=m’
Take generic o,m,m’ s.t. (n,0) — m and (n,o) — m’

We want to prove m = m/’

Consider the goal (n,o) — m

Only the rule is applicable, hence m = n

(n,o) —n

Similarly, since (n,o) — m' it must be m’ =n

and thus we conclude m = m/’
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Inductive case

Yag,a1. Plag) A P(ay1) = P(ag opay) Take generic ag, a;

We assume (inductive hypotheses)

P(a;) £ Vo, m;,m.. {a;,0) — m; A la;,0) — ml = m; = m/

)
We want to prove

P(ag op a1) = Vo, m,m'. {ag op a1,0) — m A {(ag op a1,0) — m' = m =m’

Take generic o, m, m’ such that {(ag op a1,0) — m and (ag op a1,0) — m/

We want to prove m = m/’



Inductive case (ctd)

Consider the goal (ag op a1,0) — m

<a’07 O-> — N <a'17 0-> — Ny
(ag op a1,0) —> ng op Nq

Only the rule is applicable

hence m = ng op nq with {(ag,0) — ng and (a1,0) — ny

Similarly, since (ag op a1,0) — m/

it must be m’ = n(, op ny with (ag,o0) — ng and (a1,0) — nj
By inductive hypotheses, ng = ng, and ny = nj

and thus we conclude m = ng opny = ng, opn’, =m’
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Many sorted signatures
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Different types of
expressions

e=x|nlet+e|lefe|leke

(x+ D <(y—1) & (x <42)
(x+ D=y -1 &x) <42
x+ (I <(y—>0&x<42)))



Many sorted sighatures

a:=x|nla+a arithmetic expressions

b::=a<al|b&b Boolean expressions

Sorts: identifiers x
numerals n
arithmetic expressions a
Boolean expressions b

Operators:

- + - takes two arithmetic expressions and returns an arithmetic expression
- < - takes two arithmetic expressions and returns a Boolean expression
- & - takes two Boolean expressions and returns a Boolean expression
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Terms over a signature

S={s,..} a set of sorts
Y = {Xs1...8m,5 s1,....sn,5€S @ many sorted signature

f€Xs, 5.5 fi(sy X - X58p)—S
I denotes the set of all terms of sort s

It IS the least set such that:
o ifcc ., thence Iy

o if f < Zsl.msn,s and Vi. t; € TE,Sz’v then f(tla 7tn) = TZ,S

Ty, = {Tx s}ses denotes the set of all well-sorted terms
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Boolean expressions

rclde neZ ope{+,x,—}
v B bop! {", 6 #} cmp € {<, <, >, >, =, #}
a:=x | n| aopa

b:= v | acmpa | Ab | bbopk

S = { Aexp Bexp

! 11
| Aexp lde! Z | pexpAexpAexp = 1+, ," }

I ! 1) _
! | Bexp — B ! AexpAexp,Bexp — {(<,',>",=,#}

! I
| : BexpBexp,Bexp — "

! A
: Bexp,Bexp — {A}
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Semantics of expressions

a=2x | n | aopa

b::= v | acmpa | Ab | bbopk

<CL0,0’> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

b, "#p Vv lag, ! "# ng lag,!"# ng
v,1"# v IAb,!"# Av lagcmpag,!"# ngcmpn;

oy, ! "#5 vo b, I "#5 vy
'y bopby,! " #  vg bopv;
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Subterms

1 f(ty,... 1)

sometimes, an additional requirement:
sort-preserving relation
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One sorted = Unsorted

a special case:

S = {!} asingleton set of sorts



Termination of Boolean expressions
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Termination of expressions

r | n| aopa

v | acmpa | Ab | bbopk

a
b ::

<CL0,0’> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

b, "#p Vv lag, ! "# ng lag,!"# ng
v,1"# v IAb,!"# Av lagcmpag,!"# ngcmpn;

oy, ! "#5 vo b, I "#5 vy
'y bopby,! " #  vg bopv;

Plh=!1"M.#" B. 9, % & v I'b. P(b) ?
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Base case

lv" B. P(v) Take a generios ! B

We want to proveP (v) = !'!. "u. #,! $ %& u
the only

%variable

Take a generid ! M and consider the godlv,! # $6 u

we have Iy 1" %=1 |
By rule VTV CIv T ES U Y%=

And we are done (takingl = v)
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A surprising base case

lag,a;. P(ag cmpay) Take generic ag, a;
We want to proveP (ag cmpa;) =11, "v. #ag cmpag,! $%& v

Consider the goalag cmpay,!"# v

lag,! "#F ng l'ag,!"# ng

; we havi
lag cmpag,!"# ngcmpn;

By rule

lag cmpag, ! "# VvV %r=n,cmpn,y a0, ! "H no,la, ! "H ng

By termination of arithmetic expressionsuchng, n; exis
And we are done (taking = ng cmp ny)
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Proof obligations

k try to complete on your own
the missing inductive cases of the proof

'b. P(b) " P (Ab)

by, 1. (P(lp) " P(b1)) # P(lo bophb)
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Commands
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Commands

a:= X | n|at+tal| aé b= v | al a| a¢

c:=skip | x:=a | c;c| If bthen celsec | while bdo c

S = {Aexp, Bexp Cong

! 11
I Aexp — Ide! Z ! AexpAexp,Aexp — {+,!.,"}
I ! 1) _
| | Bexp — B | AexpAexp,Bexp — (<, ,>",=,#}
: \ ! n
| Bexp,Bexp = {A} | BexpBexp,Bexp = {r,"}
: |
! !,CQm |: {Sklp} I Aexp,Com — {X = ‘ X l Ide}

|
I comcomcom = {; }

I .
BexpComComcCom = 1 If }

| .
BexpCom,Com — { while }
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Big-step operational
semantics of commands

(a,! ) —> n (the evaluation of a in ! returns the integer n)

(b,! Y —> v (the evaluation of b in ! returns the Boolean v)

(c,1) —> !’ (the evaluation of c in ! returns the memory ! )



Memories

M={! :lde! Z | ! has Pnite support
{x! Ide|! (x) =0} is Pnite

(N1/X 1, ..., N/X k) : lde! Z

S, —

all different |
ni If X = X;

(NX 1, MX)X) = 57 therwis:

| o = () Is the typical initial memor
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Memory updates

N f X =1y

Y= ) otherwis

LT, m,ny. 'mly][nfy]=!1[nly]

n if x =y

[my JInfy J(x) = [mly ](x) = ! (x) otherwis

T m,ny,z. yeEz " Ulnly]m/z]="![m/z][nly]
we write! [n/fy, m/z ] In such case

(N1/X 1, ..., kX k) = T o[n1/X 1, .oy N /X ]
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Semantics of commands

c:=skip | x:=a | c;c| If bthen celsec | while bdo c
la,!"#5 n Iy, | "#5 IV gy, I B"#p I
Iskip,!"# ! Ix:=al"# ![n/x] ICo;Cp, 1 "#S 1

Ib,!"#5 | g, !"# I b1 "#p tt lco,!"#P I°
lif bthen ¢y elsecy,!"# ' lif bthen ¢ elsecy,!"# !

b, "#5 | Ib,!"# tt Ic,!"# !* lwhile bdoc,!*"# !

Ilwhile bdo c,!"#5 ! Iwhile bdoc,!"# !
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Multiple rules for the
same construct!

Ib,!"# | I, I1"# ! Ib,!"#b tt lcy,!"#p !
lif bthen cyelsecy,!"# ! Iif bthen cyelsecy,!"# !

b, "# | Ib,!"# tt lc,!"# !'* lIwhile bdoc,!""# !

Ilwhile bdo c,!"# ! lwhile bdoc,!"# !

(ap,0) — ng (a1,0) — ny

(x,0) — o(x) (n,o) —n  {(agopai, o) —> ng op Ny
b1 "# v lag,!"# ng lag,!"# ny
lv,!"# v lAb,!"#5 Av lagcmpag,!"# ngcmpn;

I, ! "# vo !b,!"# w1
'y bopby,! " #  vo bop vy
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Recursive definition!

one premise is as complex

A as the conclusion

Ib!"# tt Ic,!"# !'* Iwhile bdoc!""# I
Ilwhile bdoc,!"# I

la.l" lca 1" L o | !
{ag,0) — no  (a1,0) — Skp T ,X.:'Z’;..Z: ,n[nlx] Rl ?ic |.[;;",!#$ '
<ZE,O'>—>O'($) <7’L,O’>—>TL <a0 Opa1,0‘>ﬁn0 0p n H y : : . y . : : y C1, - :
b,!"# v lag,!"# ng lag,!"# m b "# | g, !"# ! Ib,) "# tt lco,!"# !
Iv,!"# v IAb,1 "#5 Av lag cmpag,! " # nocmpn, lif bthen cyelsecy,!"# ! lif bthen cyelsecy,!"# !
lp,!"# vo b, !"# vy Ib,! " # |
Ity bopby,!"#  vp bopvy Iwhile bdo c,!"# !
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Triangular numbers

—— ——
K +1
1C
_ K _ k(k+1)
<7 T2
15 1




Compute Tk without div

G{ t:=0;
a{ i:=1; F
while i ! k do (
W t=t+1; 1 G

C

| =1+1) yC

Initial memory

letOs Pndl such that!(cp;c1); W, (2/k )" #5 !

~ | I : ) I l
letOs bnd’,! such that ;\(/:VO’,C!l.Z gk), o
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Let's derive

Co { ti(l) !
letOs Pnd* such that!co;cy, (2/k )" #8 1' ") wemxooc
| A i.;ut:i’) jes | ©

!C();C]_,(Z/k)"?':lss |- L £ @2/m)

1"t =0,2K)EPo 1, =1, # P!

L= kom0, 2IK)ERO Ny, M= 1, 2K N 1 /t)# B
| =0 "i=1,(2/k, Ot))# B0 !

iz kot )nai 1 s (21K, O/t )# $6 ny

| =1 ! 1* = (2/k, Oft, 1/i)
more conciselyicy;cy, (2/k)"#5 !

| ! |
* o 1'=(2 [k, Oft, 1/i )
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Let's derive

{ t:==0;
letOs Pndl such that!w, (2/k, Oft, 1/i)"# | * e TR do

W ti=t+i; }b:2
lw, (2/k, Oft, 1/i)"# ! | o oo |

1 b,(2/K, Oft, 1/i )& 9 tt,"c, (20K, OIt, 1/i Y 6 |1, "W, | 1# b |
e (20K, Oft, Ui )# B 1 g, "W, | 1# D |
U=k on v 201 W (20K, 1t 2010 )# 3% |

1" b,(2/k, 1, 2/ Y# $6 tt ", (2/k, Tt, 2 )# $6 15, "W, | o# Db !

e, (20K, Ut, 26 )# B0 1o, "W, ! o# B |
=2 k1t 263 3] W (21K, it 3l )# B0 !

=2 k. 3 3y "b.(2/k, 3, 3 )# W |
|+ | :(2/k, 3, 3/I)
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Divergence
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Termination of commands?

c:=skip | x:=a | c;c| If bthen celsec | while bdo c

la,!"#5 n Iy, | "#5 IV gy, I B"#p I
Iskip,!"# ! Ix:=al"# ![n/x] ICo;Cp, 1 "#S 1

Ib,!"#5 | g, !"# I b1 "#p tt lco,!"#P I°
lif bthen ¢y elsecy,!"# ' lif bthen ¢ elsecy,!"# !

Ib,! "#5 ! b, "#5 tt Ic,!"# !'" Iwhile bdoc,!""# I°
lwhile bdo c,!"# | lwhile bdo c,!"# !’
PO=!!"M.#'"M.&!1%& ! lc. P(c) ?
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Termination?
P(o)=!1."1"" #1$%&!" Ic. P(0) ?

take w = while tt do skip

lw, ! "#6 1
1" tt I H#Po tt,"skip, ! #P0 7, "w, ! THEB0
1" skip,!'#®0 ! ","w, "HB6

Loz "W HESO same goal from which we started!
no other options:; Ittt ,!' " &4
no way to complete the derivation!

AP (w) we have found a counterexample to termination
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Divergence

Ic,! " omeansA& *. 'c,!"Pno |

and we say thaftc diverges on

sometimes divergence is very difficult to detect
(well... it is undecidable)
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Divergence

takew = while x> 0do X := x+1
take a generid

f1LO)! O lw, 1 "# 1 1, "x> 0, #P% ! |t
hencelw,! " # |
if 1(xX)>0: Iw,!"# I
1" x> 0,/ #®ott," X =x+1,1#Po ! ","W,! "#Po |
"' = x+ 1,880 'w,! #B0!
| o ] XLV ES N W, [n/x JE @6 1!
s W)+ LXES D

not the same goal from which we started!

how can we prove divergence? () >0 TG+ 1) = T(x)+1 >0
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Proving divergence
(if possible)

considerw = while bdo c

suppose we bnd a set of memorfed M such tha
¥11 " S #,!$ % tt

¥Ir"s 1" M#x!$%!'" 1'"S
then we can concludé! " S. #v,! $ 98

note that if Ic,! " #4 then!c,!"®0 ' & "' S trivially holds
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Revisiting the example

takew = while x> 0do x := x+1 take a generid

if1(x)! 0w, ! "# !

letS={! |!(x)> O}

YII"S #&%>0!%$%tt &
Y11 "SI #sxk=x+1,1$%&!"'" 1'"S @&
in fact IX = x+1,1"# "% 1" =11 (X)+1/x]

I (x)>0! I (x)+1/x](x)=1(x)+1 >0

therefore, if! (x) > O, then!w,! " %
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£ Exercise

takew = while X EO0 do X := x" 2

bnd the set of all and only memoriéssuch that!w, ! " #4

S; = {! |1 (x)< O} S,={! [1k" Z.1(x)=2k +1)
Y11 " S #%%0,%& tt
Y11 "SI #k=x&21%& 1'( 1'"S

IX = x" 2,1#'% "% 1" =11 (x)" 2/x]
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Collatz's conjecture:
half or triple plus one

w = while x> 1do (if x%2 =0 then x := x/ 2
elsex =(3! x)+1)

(X)) 143w, %& ! @
open conjecture Il "1 #y 1$0%& ! I A("!. #w, ! S W)

more precisel 1. I (X)>1"# w,! $%& ! [1/x]

Experimental evidence:
as of 2020, the conjecture has been verified for all values up to 268,

Barina, David. "Convergence verification of the Collatz problem".
The Journal of Supercomputing (2020). doi:10.1007/s11227-020-03368-x
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Determinacy?
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Determinacy of commands?

c:=skip | x:=a | c;c| If bthen celsec | while bdo c

la,!"#5 n Iy, | "#5 IV gy, I B"#p I
Iskip,!"# ! Ix:=al"# ![n/x] ICo;Cp, 1 "#S 1

Ib,!"#5 | g, !"# I b1 "#p tt lco,!"#P I°
lif bthen ¢y elsecy,!"# ' lif bthen ¢ elsecy,!"# !

Ib,! "#5 | b1 "#5 tt Ic,!"# 'Y Iwhile bdoc,!""# !
Ilwhile bdo c,!"#5 ! Iwhile bdoc,!"# !

P)=!!,1,1."cl#®!,&"cl#®!," 1,=1, lc.P(c)?
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Structural induction
principle

I x,a. P(x := a) P (skip)
1 Co,C1. P(Co) " P(c1) # P(co;C1)
'b,g,c. P(cp) " P(c) # P(if bthen ¢y else ¢;)
I'b,c. P(c)" P(while bdo c)

lc" Com P(c)
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Base case

io¢ | |
Ix.a P(x = a) Take genericx ! lde a! Aexf

We want to prove
P(x = a)!: Il =a,l#0 11 &"X =a,'#P0 1" 1,=1,

Take generid ,! ,!ost. Ix:=a,!"# !;and!x:=a!"# !,
We want to prove! 1 = 15

Consider the goal 'x == a,!"# |,

Only the rule ::!Z’: zi !”[nlx] IS applicable, hencé; = ! [n/x ]
| with 1a,! "# n
Similarly, since 'x = a,!"# ! it must be!, =1 [m/x]

with 'a,! "# m
by determinacy of Aexp we have= m and thus! ; = !,
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Inductive case

' cg,C1. P(cp) " P(c) # P(co;cp) Take generiacy, C;

We assume (inductive hypotheses)

P(C,)_” 14,15, "C|,!#ﬂp/0 1&"C|,!#$%). l, =15

We want to prove
P(co;cl) 1L Vs, "o, #PO 1 &"Cy;C, 1 #PO ' T =1,
Takegenerld,!1,.zsuchthat!co;cl,. #H !ty and!cy:c,!1"#H 1o

We want to prove! 1 = 15

58



Inductive case (ctd)

Consider the goal 'cp;cq, ! "# 14

Co,!"# 1% g, ! #B !
lco;Cp, "8 1

hencel 1 = 1] with ¢y, ! "# 1] and!cy,!;"# !
Similarly, sincelcy;c, ! "# 1>
it must be!l, =15 withIcy,! "# !5 and!cy,!5"# !

Is applicable

|
Only the rule -

By inductive hypothesi® (c), we have! § = !}
and thus!c;,! 5"# !} and!cy,!3"# 1)

By inductive hypothesi® (c;), we then havd ; = !}

and thus we concludé, = !';=1;=1,
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Inductive case

I'b,c. P(c)" P(while bdo ¢ Take generid, ¢

We assume (inductive hypothesis)

P(C:!!,!1,!2."C,!#$%)!1&"C,!#$)/O!2' l, =15

We want to prove
P(while bdo c)=1!!,11,!,. "while bdoc,!# %6 !,&"while bdoc,!#Pb!," 1,=1,
Take!,! 1,15 such that!while bdoc,!"# !, and!while bdoc,!"# !>

We want to prove! 1 = 15

By determinacy of boolean expressions, there are two ¢
Ib,! " #p | 'b,! " # tt
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Inductive case (ctd)

if 'b,!"# !

Consider the goalwhile bdo c,!"# !,

b, "#5 |

lwhile bdo c,!"# ! s applicable hence! ; = |

Only the rule

Similarly, sincéwhile bdoc,!"# !, itmustbe!, =1
and thus we concludé, =1 =1,
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Inductive case (ctd)

if 1b,! " #p tt

Consider the goalwhile bdo c,!"# !,

Only the rule ™=t 0 o e o= = s applicable
hence! ; = !'; with Ic,!"# !7 and!while bdo c,!;"# !;
Similarly, smcewhlle bdoc!"# I,

it must be!, =1, with!Ic,!"# !5 and!while bdo c,!5"# !,
By inductive hypothesi® (c), we havel ; = 15

thus !while bdo c,! 5"# !} and!while bdo c,!5"#5 !}
but there is no inductive hypothesiB(while bdo c) !
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Recursive definition!

one premlse IS as much

/\ complex as the conclusion

b,!"# tt lIc!” = Iwhile deC"' #Ho

!Whlle bdoc!"# I

to close the proof of determinacy
we need a more convenient induction principle:

Rule induction
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