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must be square if it is to have an inverse matrix Th
. Thus

A, we are asking if we can find g matrix A~1 gyel, ¢, ¢ ’Af(zf\{l m bﬁn matrix
The answer is that some square matrices haye inverszs and =A"'A=1,.
More abstractly, an m by m matrix has an inverse on| Si(t?lget;io not.
spaces contain only the 0 vector, or if, equivalently, the l‘owymd 0 11 of its null
are both of dimension m. (This is equiv o UM Spaces

alent to the rank of t}, ix bei
: ¢ ¢ matrix bein
m.) Conceptually, an m by m matrix has an inverse if and only if it uni uelgjr
maps every non-zero m-dimensional row (column) on.

' _ vector onto a unique, non-
zero m-dimensional row (column) vector.

The existence of an inverse matrix is important when solving various matrix
equations.

A.2.5 Eigenvalue and Singular Value Decomposition

We now discuss a very important area of linear algebra: eigenvalues and eigen-
vectors. Eigenvalues and eigenvectors, along with the related concept of singu-
lar values and singular vectors, capture the structure of matrices by allowing
us to factor or decompose matrices and express them in a standard format. For
that reason, these concepts are useful in the solution of mathematical equa-

tions and for dimensionality and noise reduction. We begin with the definition
of eigenvalues and eigenvectors.

Definition A.8 (Eigenvectors and Eigenvaliies). The eigenvalues and

eigenvectors of an m by n matrix A are, respectively, the scalar values A and
the vectors u that are solutions to the following equation.

Au = Au (A.13)

In other words, eigenvectors are the veciors that are unchanged, except
for magnitude, when multiplied by A. The eigsnvalees are the scaling fac-
tors. This equation can also be written as (A — 3ju = .

For square matrices, it is possible to decompaos» thie mairix using eigenval-
ues and eigenvectors.

Theorem A.l. Assume that A is an n by n matriz with n independent (or-
thogonal) eigenvectors, u, ..., u, and n corresponding eigenvalues, A1, - -+ An-

Let U be the matriz whose columns are these eigenvectors, i.e., U = [uy, ... , Uy

and let A be a diagonal matriz, whose diagonal entries are the Aj, 1 <1 <.
Then A can be expressed as

. A=UAUL (A.14)
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698 Appendix A Linear Algebra

Thus, A can be decomposed into a product of three matrices. u is known
as the eigenvector matrix and A as the eigenvalue matrix.

More generally, an arbitrary matrix can be decomposed in a similar way.
Specifically, any m by n matrix A can be factored into the product of three
matrices as described by the following theorem.

Theorem A.2. Assume that A is an m by n matriz. Then A can be expressed

as follows
A=UzVT (A.15)

Where U ism bym, X ism byn, and V isn byn. U and V are orthonormal
matrices, i.e., their columns are of unit length and are mutually orthogonal,
Thus, UUT = 1,, and VVT = I,. ¥ is a diagonal matriz whose diagonal
entries are non-negative and are sorted so that the larger entries appear first,

i.€., Oij 2> Oit1i+1

The column vectors of V, vy, ..., vy are the right singular vectors, while
the columns of U are the left singular vectors. The diagonal elements of
¥, the singular value matrix, are typically written as o1,...,0, and are
called the singular values of A. (This use of ¢ should not be confused with
the use of o to represent the standard deviation of a variable.) There are at
most rank(A) < min(m, n) non-zero singular values.

It can be shown that the eigenvectors of AT A are the right singular vectors
(i.e., the columns of V), while the eigenvectors of AAT are the left singular
vectors (i.e., the columns of U). The non-zero eigenvalues of ATA and AAT
are the crf‘, i.e., the squares of the singular values. Indeed, the eigenvalue
decomposition of a square matrix can be regarded as a special case of singular
value decomposition.

The singular value decomposition (SVD) of a matrix can also be 2 pressed
with the following equation. Note that while uiv;-r might lock like a dot
product, it is not, and the result is a rank 1 m by n matrix.

rank(A)
A = Z O-'iuiv;'—r‘ ::‘116)
i=1

The importance of the above representation is that every iaatrix can be
expressed as a sum of rank 1 matrices that are weighted by singular values.
Since singular values, which are sorted in non-increasing order, often decline
rapidly in magnitude, it is possible to obtain a good approximation of a matrix
by using only a few singular values and singular vectors. This is useful for
dimensionality reduction and will be discussed further in Appendix B.
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Dimensionality
Reduction

This appendix considers varions technigues for dimensionsiity reduction. The

goal is to expose the reader to the issues invojver and te deseribe some oi the
more common approaches. We Degin u ith a discrission el 1

nents Analysis (PCA) and Singuiar Value Decomposition (SVL). These rueil
ods are described in some derail since they are among fhe s it monly
used approaches and we can build on the discussicn of linear algzued in Ap
pendix A. However, there are many otier approaches that are also eimpiyes
for dimensionality reductioi, and thas, we provide a Guick overview of reveral
other techniques. We conclude with a short review of important issues.

Aol Ty o
incipal CJompo-

oA

17, i
Wil
v

B.1 PCA and SVD

PCA and SVD are two closely related techniques. For PCA, the mean of the
data, is removed, while for SVD, it is not. These techniques have been widely
used for decades in 2 number of fields. In the following discussion, we will
assume that the reader is familiar with linear algebra at the level presented in
Appendix A.

B.1.1 Principal Components Analysis (PCA)

The goal of PCA is to find a new set of dimeqsions (attributes) .that l?ett(-ﬂ:
captures the variability of the data. l\f.I(.)re Spe(nﬁclally, the first dlm.CIlSlOI? is
chosen to capture as much of the variability as posmblev. The second d1mens1or;
is orthogonal to the first, and, subject t0 that constraint, captures as much o

the remaining variability as possible, and so on.

m?
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702 Appendix B Dimensionality Reduction

PCA has several appealing characteristics. First, it tends to identify the
strongest patterns in the data. Hence, PCA can be used as a pattern-finding
technique. Second, often most of the variability of the data can be captured
by a small fraction of the total set of dimensions. As a result, dimensionality
reduction using PCA can result in relatively low-dimensional data and it may
be possible to apply techniques that don’t work well with high-dimensional
data. Third, since the noise in the data is (hopefully) weaker than the patterns,
dimensionality reduction can eliminate much of the noise. This is beneficial
both for data mining and other data analysis algorithms.

We briefly describe the mathematical basis of PCA and then present an

example.

Mathematical Details

Statisticians summarize the variability of a collection of multivariate data; i.e.,
data that has multiple continuous attributes, by computing the covariance
matrix S of the data.

Definition B.1. Given an m by n data matrix D, whose m rows are data
objects and whose n columns are attributes, the covariance matrix of D is the
matrix S, which has entries s;; defined as

sij = covariance(d.;, d.j). (B.1)

In words, s;; is the covariance of the i*h and j®* attributes (columns) of the
data.

The covariance of two attributes is defined in Appendix C, and is a measure
of how strongly the attributes vary together. If i = j, i.e., the attributes are the
same, then the covariance is the variance of the attribute. If the data matrix
D is preprocessed so that the mean of each attribute is 0, then S = DTD.

A goal of PCA is to find a transformation of the data that satisfies the
following properties:

1. Each pair of new attributes has 0 covariance (for distinct attributes).

2. The attributes are ordered with respect to how much of the variance of
the data each attribute captures.

3. The first attribute captures as much of the variance of the data as pos-
sible.
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B.1 PCA and SVD 703

4. Subject to the orthogonality requirement, cach successive attribute cap-
tures as much of the remaining variance as possible.

A transformation of the data that has these properties can be obtained by using
eigenvalue analysis of the covariance matrix. Let Aj,..., A, be the eigenvalues
of S. The eigenvalues are all non-negative and can be ordered such that
A 2 A2 2 ... Am-1 2 M. (Covariance matrices are examples of what are
called positive semidefinite matrices, which, among other properties, have
non-negative eigenvalues.) Let U = [uy,...,uy] be the matrix of eigenvectors
of S. These eigenvectors are ordered so that the ith eigenvector corresponds
to the i** largest eigenvalue. Finally, assume that data matrix D has been

preprocessed so that the mean of each attribute (column) is 0. We can make
the following statements.

e The data matrix D’ = DU is the set of transformed data that satisfies
the conditions posed above.

e Each new attribute is a linear combination of the original attributes.
Specifically, the weights of the linear combination for the i** attribute
are the components of the it* eigenvector. This follows from the fact that
the j** column of D’ is given by Du; and the definition of matrix-vector
multiplication given in Equation A.12.

e The variance of the it" new attribute is ;.

e The sum of the variance of the original attributes is equal to the sum of
the variance of the new attributes.

e The new attributes are called principal components; i.e., the first new
attribute is the first principal component, the second new attribute is
the second principal component, and so on.

The eigenvector associated with the largest eigenvalue indicates the direc-
tion in which the data has the most variance. In other words, if all of the data
vectors are projected onto the line defined by this vector, the resulting val-
ues would have the maximum variance with respect to all possible directions.
The eigenvector associated with the second largest eigenvalue is the direction
(orthogonal to that of the first eigenvector) in which the data has the largest
remaining variance.

The eigenvectors of S define a new set of axes. Indeed, PCA can be viewed
as a rotation of the original coordinate axes to a new set of axes that are
aligned with the variability in the data. The total variability of the data is
preserved, but the new attributes are now uncorrelated.
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(a) Original points, (b) Polnts after transformation.

Figure B.1. Using PCA to transform the data.

Example B.1 (Two-Dimensional Data). We illustrate the use of PCA
for aligning the axes in the directions of the maximum variability of the data.
Figure B.1 shows a set of 1000 two-dimensional data points, before and after
a PCA transformation. The total variance for the original set of points is the
sum of the variance of the z and y attributes, which is equal to 2.84 + 2.95 =
5.79. After transformation, the variance is 4.81 + 0.98 = 5.79. @

Example B.2 (Iris Data). This example uses the Iris data set to demon-
strate the use of PCA for dimensionality reduction. This data set contains
150 data objects (flowers); there are 50 flowers from each of three different
Iris species: Setosa, Versicolour, and Virginica. Each flower is described by
four attributes: sepal length, sepal width, petal length, and petal width. See
Chapter 3 for more details.

Figure B.2(a) shows a plot of the fraction of the overall variance accounted
for by each eigenvalue (principal component) of the covariance matrix. This
type of plot is known as a scree plot and is useful for determining how many
principal components need to be kept to capture most of the variability of the
data. For the Iris data, the first principal component accounts for most of
the variation (92.5%), the second for only 5.3%, and the last two components
for just 2.2%. Thus, keeping only the first two principal components preserves
most of the variability in the data set. Figure B.2(b) shows a scatter plot of the
Iris data based on the first two principal components. Note that the Setosa
flowers are well separated from the Versicolour and Virginica flowers. The
latter two sets of flowers, while much closer to each other, are still relatively

well separated.

Scanned with CamScanner



| B.1 PCA and SVD 705

1
1 T
- A
(8]
c
g 4
g
S i
c
9
.6 -4
o
[
3 4
Eigenvalue
(a) Fraction of variance accounted for by each principal component.
151
o Setosa
* o * Versicolour
1F - o Virginica
E o] L
[+4) % » @
E osf 0o *%e * o
O 85 * ‘:..' e *:n
= . Yo a
] - «* 0l Opo
a Q (e] e ot
Q o #* o
£ o o - @ a
= (o] o * o
o o 99 " o 2o
o 0 re O g a
= - o84
=] %zacpo . p@-of R
[&] ® * » o
$ -0.5|- & & a
* o
o @ Q
o]
-1 °
o] o
o o
= 1 1 1 1 1 1 1 J
1'.?4 -3 -2 -1 0 1 2 3 4
First Principal Componet
(b) Plot of first two principal components of Iris data. |
. & r L
Figure B.2. PCA applied to the Iris data set.
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B.1.2 SVD

PCA is equivalent to an SVD analysis of the data matrix, once the mean
of each variable has been removed. Nonetheless, it is informative to look at
dimensionality reduction from the SVD point of view, since it is not always
desirable to remove the mean from data, especially if the data is relatively
sparse.

Mathematical Details

From Appendix A, we know that an m by n matrix A can be written as
A= Y ouv] =UDVT, (B.2)

where o; is the i** singular value of A (the i*F diagonal entry of X), u; is the
i*" left singular vector of A (the i** column of U), and the v; is the ** right
singular vector of A (the i** column of V). (See Section A.2.5.) An SVD
decomposition of a data matrix has the following properties.

o Patterns among the attributes are captured by the right singular vectors,
i.e., the columns of V.

e Patterns among the objects are captured by the left singular vectors,
i.e., the columns of U.

e A matrix A can be successively approximated in an optimal manner by
taking, in order, the terms of Equation B.2. We do not explain what
we mean by optimal, but refer the reader to the bibliographic notes.
Informally, the larger a singular value, the larger the fraction of a matrix
that is accounted for by the singular value and its associated singular
vectors.

e To obtain a new data matrix with k attributes, we compute the matrix
D' = D * [v1,v2,...,vi]. It might seem from the previous discussion
that we would take the matrix that results from the first k terms of
Equation A.12. However, while the resulting matrix is of rank k, it still
has n columns (attributes).

Example B.3 (Document Data). SVD decomposition can be used to an-
alyze document data. The data for this example consists of 3204 newspaper
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