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HOFL pre-termini
(linguaggio funzionale di ordine superiore)



Sintassi HOFL
nez I

op € {+, —, X} if ¢ = 0 then ¢; else ¢,

N s

r | n | tgopty | if t then ¢y else t; standard

(to,tl) | fst(t) | snd(?) coppie proiezioni
Ax.t | tota abstrazione applicazione
rec r.t ricorsione

letx =%t Int

can contain x



Esercizio

rec f. \x. if x then 1 else x x (f (z — 1))

qguale €’ il significato del precedente pre-termine?

Definisce la funzione fattoriale



Esercizio

rec rep. A\n. Af. Ax. if n then z
else f (rep (n —1) f x)

guale e’significato del precedente pre-termine?

repn fr=7Ff"x



Esercizio

rec f. \y. if (z — y) then 0
A else if (x +y) then1 | 0
else f (y + 1)

guale e’ significato del precedente pre-termine?

maggiore o uguale a 0



Esercizio (da consegnare)

assumiamo true = (

false = qls n # 0

riempire al posto dei puntini (in HOFL)

or = An. A\m. -

and = An. dm. ---
not = Am. -
implies 2 A\n.Am. .-
iff S A Am. -



Pre-termini

t == x | n | toopty | if ¢t then t; else t;
(to, tl) ‘ fst (t) ‘ Snd(t)
AT. T ‘ t() tl
rec x.t

Perche’ sono chiamati pre-termini?

if z then z + 1 else z — 1 & Q2x .z
(O’ AL LE) Q abbiamo bisogno Q 3 AT, x+1
fst(O,)\w. x) Q di un sistema di tipi e fst(S)
(Az.z2+1)3 @& € if x then \z. z else (z, z)

rec f. \z. x+ (f 0) @ € rec f. Mz. f+u



tipi HOFL



Tipi

t = x| n | togopty | if t then ¢, else t;
(to, tl) ‘ fst (t) ‘ Snd(t)
AT. T ‘ t() tl
rec x.t
quali tipi? infinite combinazioni!
coppie funzioni
1nt int x int it — int

int * (int — int)  (int x int) — int
int x (int x int)  (int — int) — int

(int — int) x (int — int) (int — int) — (int — (int * int))



Sintassi dei tipi

T u= nt | ToxT1 | T0 = T T
insieme di tutti | tipi

perche’ non le liste? per la stessa ragione per cui evitiamo la divisione
testa e coda non sono funzioni totall

assumiamo variabili tipate Ide = {Ide; } et

o lde — T

x denota il tipodi



Type judgements

si legge “ha tipo”
/

formula: t T

sSono assegnati ai pre-termini
usando un insieme di regole di inferenza
(induzione strutturale sulla sintassi HOFL)



Sistema di tipi

to :int  t1:wnt t:wmt to:7 t1:7T
r:x n:int to op t1 : wnt if ¢t then ty else t; : 7
to:70 t1:T71 t:70*Tq t:79 %7y
(to,tl) . To *T1 fSt(t) . 70 Sﬂd(t) . T1
r:Tog t:Tq t1: 70— 71 o : 7o
AT.t:7179 —> T t1 tg: 1y

x:T T:7T

rec r.t: T



Termini ben formati

t = x| n | togopty | if t then ¢, else t;
(to,tl) | fSt(t) ‘ Snd(t)
AT. T | t() tl
rec x.t

T = int | To*xT1 | T0 —> 71

7 Insieme di tutti i tipl
un pre-termine ¢t e’benformatose Jdre7T.t:7

cioe’ se possiamo assegnargli un tipo
anche detto ben tipato o tipabile

T insieme di tutti i termini ben formati di tipo 7



Controllo dei tipi
Church Type Theory



Church Type Theory

*Le variabili sono etichettate con tipi (dichiarati)

* Deduciamo il tipo dei termini per induzione
strutturale cioe’ usando le regole di inferenza in
modo bottom-up



Esempio

fact = rec f : int — int.

to s nt tl s int

t:wmt to:7 t1:T

x:T n:int to op t1 : int

tOZ’TO t12’7'1

t:70%T1

if t then ty else t; : 7

t:70%T1

(to,t1) : To * T

rT:T0 t:71

fst (t) - T0

t1:’7'0—>’7'1

snd(t) : 7

to : 7o

)\a’}.t:To—)Tl

x:T t:T

recx.t:T

AT

tl t02’7'1

int. if x then 1 else z x (f (x — 1))

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem Io rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:170 t:7 t1:170—> 11 to: 7o
M. t:T9g— T t1 to: 7
r.T7 t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem lo rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:70 t:7M t1:170 > 11 to: 70
M. t:T9g— T t1to: 71
x:1T t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

AN

f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem Io rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:70 t:7M t1:170 > 11 to: 70
M. t:T9g— T t1to: 71
x:1T t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

x=int x:int 1:int (xx (f(x—1))) : int

AN

f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem Io rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:70 t:7M t1:170 > 11 to: 70
M. t:T9g— T t1to: 71
x:1T t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem Io rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:70 t:7M t1:170 > 11 to: 70
M. t:T9g— T t1to: 71
x:1T t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

X=int f:int— int x—1:int
X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem Io rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:70 t:7M t1:170 > 11 to: 70
M. t:T9g— T t1to: 71
x:1T t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

P

f=int —int x:int 1:int

X=int f:int— int x—1:int
X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



to :wnt  t1 :int t:wmt to:7 t1:T

® = ; . .
l Sem Io rT:x n:int to op t1 : int if t then ¢ty else t; : 7
p to:70 t1:71 t:7To*xT t:7To*%T

(to,tl) cTo *T1 fSt(t) - 70 snd(t) .71
r:70 t:7M t1:170 > 11 to: 70
M. t:T9g— T t1to: 71
x:1T t:T
recz.t:T

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

X =int

P

f=int —int x:int 1:int

X=int f:int— int x—1:int
X = int X :int f(x—1):int
x=int x:int 1:int (xx (f(x—1))) : int
f=int —int x:int if x then 1 else (x x (f(x—1))) : int

frint —int  Ax. if x then 1 else (x x (f(x—1))) : int — int

fact : int — int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

factdéfrec f .Aﬁ.ifxthenlelsex x( f (x—1))

Ll .
int—sint it



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

factdéfrec f .Aﬁ.ifﬁthenlelsex x( f (x—1))

Ll . :
int—int WL



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

factdéfrec f .Aﬁ.ifﬁthenéelsex x( f (x—1))



fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

factdéfrec f .Aﬁ.ifﬁthenéelseﬁ x( f (x—1))

int—int It int int int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def .
fact=rec f .Ax.ifxthenlelsex x( f (x—1))
L u u U u L
int—int it int int mnt int—int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def .
fact = rec |]_C| .Aﬁ.lfﬁthenéelSEﬁ x( f (ﬁ_l))
inf—sint It int int int  jpf_sipp Nt



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def o
fact =rec f A x.ifxthenlelsex x( f (x—1))
L U u v LI U u
int—int It int int int  jpp—sipg 0t int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def .
fact =rec f A x.ifxthenlelsex x( f (x—1))
L u o u u u uu
1 ' int int int int 1 ' int int
int— int int— int

int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def

fact =rec f A x.ifxthenlelsex x( f (x—1))
L u o u u u uu
1 ' int int int int 1 ' int int
int—int int—int

int
|
int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def

fact =rec f A x.ifxthenlelsex x( f (x—1))
L u o u u u uu
1 ' int int int int 1 ' int int
int— int int— int
int
—

int
—
int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def

fact =rec f A x.ifxthenlelsex x( f (x—1))

Lo TuTu T e 0w

1 ' int int int int 1 ' int int

int—int int—int
int
—
int

-

int
—_— el
int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def

fact =rec f A x.ifxthenlelsex x( f (x—1))

Lo TuTu T e 0w

1 ' int int int int 1 ' int int

int—int int—int
int
—
int

-

int
—_— el
int
—
int—int



Esempio

fact = rec f :int — int. Ax : int. if x then 1 else z x (f (z — 1))

scritto in maniera piu semplice

def

fact =rec f .Ax.ifxthenlelsex x( f (x—1)) int — int

i U u u u U u
1 ' int int int int 1 ' int int

int—int int—int

int
—
int
I —

int
—_— el
int
—
int—int



Inferenza di tipl
Curry Type theory



Curry Type Theory

* I tipi delle variabili non devono necessariamente
essere (dichiarati)

* Inferiamo il tipo dei termini e’ inferito usando
le regole per derivare vincoli di tipo (equazioni di
tipo) le cui soluzioni (tramite unificazione)
definiscono il Tipo principale



Esempio

t < rec p. Ax. (x,(p (x+2)))

Inturvamente
t0=(0,(t2)=(0,(2,(t4))=---=(0,(2,(4,...)))

sequenza di tutti 1 numer1 pari

possiamo digitare sequenze di inter1 di lunghezza fissa
non abbiamo un tipo per sequenze di lunghezza qualsiasi/infinita



Esempio

t < rec p- Ax. (x,(p (x+2)))

Haskell
Prelude> let p x = (X, p (xX+2))
<interactive>:..:5: error:
e Occurs check: cannot construct the infinite type: b ~ (t, b)

Expected type: t -> b
Actual type: t -> (t, b)
e Relevant bindings include
p :: t -> b (bound at <interactive>:..:5)



fEsempuo

t < rec p-Ax. (x,(p (x+2)))

t=rec p. Ax. (x,(p (x+2))):7 5o Ax. (x,(p (x+2))):7
\f:ﬁ%fz, =T (x,(p (x+2))) : 1
}\1'2:1'3*1'4 x:73, (p(x+2)) 114
= (P (x+2)): 1
NPT = Ta, (X42) 1 Ts

ZC\ = T1 \ﬁ:’L’5%’L’4 (X—|—2) : TS

T = T3 T1 = T3 = 11t \r5:int x:nt, 2 :anl

N . X

T = 1nt Fing

]/?\ J— ’7- J— 7-1 % ’7-2 7—1 J— 7-5 J— ’];nt T:T n:int Ot;Z:p tlzli:nztn ifi:,‘ztyllnen (t)O:;—lseltl: :rT

]/?\ — T5 — T4 To — T4y ffo,:tto):i;?l ESL(TE)ZE silsz((i)*zT;
N\ T:1790 t:m t1:70—> 711 to:To

7—2 — 7—4 . M. t:Tg = 71 ti1to:m
> fail! (occur check)

7-2 J— 7-3 >|< 7—4 recz.t:T




Esempuo

t < rec p. Ax. (x,(

scritto in maniera piu semplice

t=recp. Ax.(x,( p

p(x+2)))



Esempuo

t < rec p. Ax. (x,(

scritto in maniera piu semplice

t=recp. Ax.(x,( p

p(x+2)))



Esempuo

t < rec p. Ax. (x,(

scritto in maniera piu semplice

t =rec p. lﬁ. (ﬁ’( p

int int

p(x+2)))



Esempuo

t < rec p. Ax. (x,(

scritto in maniera piu semplice

t =rec p. lﬁ. (ﬁ’( p

int int

p(x+2)))



Esempuo

t < rec p. Ax. (x,(

scritto in maniera piu semplice

p(x+2)))



Esempuo

t < rec p. Ax. (x,(

scritto in maniera piu semplice

f = rec p. lﬁ. (ﬁ’( P

p(x+2)))

int—1y int - nt jpp_yg, Nt it



Esempuo

t < rec p. Ax. (x, (

scritto in maniera piu semplice

p(x+2)))

/ = rec p. lﬁ. (ﬁ’( p (ﬁ+%)))
int— 1Ty int  int int—1y int int
int
I —



Esemp

t < rec p. Ax. (x, (

scritto in maniera piu semplice

10

p(x+2)))

/ = rec p. lﬁ. (ﬁ’( p (ﬁ+%)))
int— 1Ty int  int int—1y int int
int
I —
14



Esempuo

t ©rec p. Ax. (x,(p (x+2)))

scritto in maniera piu semplice

f=recp. Ax. (ﬁ)( P (x+2)))

TR b0
int— 1, int - int jpp_yq, intint
int
—ee 1
14
_
Int*Ty

/(int%(int*m))
(int— (int74)) = (int—74) = 4=(int+74)  fallisce (occur check)




o o
to:int tq:int t:int to:T7 t1:T
er‘ | Z |O T:ZT n:int to op ty : int if ¢t then ty else t; : 7

to:170 t1:7M t:70*xT1 t:10*xT1
. . . . . (to,t1) : To* 71 fst(t) : 1o snd(t): 7y
inferire il tipo del termine sotto e e e
Ar.t:10 > 7 tito: ™

recx.t:T

rec rep. An. Af. Ax. if n then z
else f (rep (n—1) f )

TO_)TO
. (7) = 79) = 79 = 7
n:int
X7, int — (t; = 19 = 79 = 7
fit =1

rep . int = (7 = 1) = Ty — T * To = T4



to:int t1:wnt t:wt to:7 t1:T

[ o
ESQFC'Z'O x:T n:int to op t1 : int if t then t; else t1 : 7

to: 170 t1:71 t:To*xT1 t:7T0%T
(to,t1) : To * T1 fst(t) : o snd(t) : 1
. . . . . rT:T0 t:m t1:70 > 71 to: 70
inferire il tipo del termine sotto Mo tim o ot
r:T t:T
recxr.t:T

rec f. \y. if (z —y) then 0
A else if (x +y) then1l | 0
else f (y + 1)

int — int
int
Int int — int
X :int
y . int
f:int — int



Substituzioni capture-avoiding
(di nuovo)



Variabili libere

fv(n) € o fv(fst(t))

fv(x) & {x) fv(snd())

fv(ty op 11) = fv(to) Ufv(t) fv(Ax. 1)

fv(if 7 then 1o else 1) < fv(t) Ufv(to) Ufv(r)  tv((to11))
tv((t0,11)) & fv (o) Utv(t) fv(rec x. 1)



Substituzioni

/x — N
y[/x]déf{; .
"/ = '/ opnl'/x] withop € {+,—,x}
1/ 1€ £/, then o' /] else 1] /]
(to.01)[' /] = (o[ /)1 [/:])

)
)
)
fst(c')[' /] < fst([' /.])
snd(r')['/,] € snd(t'[ /)
)
)
)

(to op 11

(if ¢’ then 7y else 1

(tot)[' /] € (1ol /] [ /)
Ay. Y/ S Az (FFLIE/]) forz ¢ fv(Ay. ') Utv(r) U {x}
(rec y. £)[' /4] & rec z. (#'[F/y][/+]) forz ¢ fv(rec y. ') Ufv(r) U{x}

56



I tipt sono rispettati

TH. o : 70

to 1 To Lat =~ t[to/aﬁo] - T

prova omessa
(per induzione strutturale)



