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Lambda notation, again
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Bound variables

let f x = x^2 + 2*x + 5

<latexit sha1_base64="Sx/U6N8g8UqbViuik/JtqL8lhX0="></latexit>

let f y = y^2 + 2*y + 5

<latexit sha1_base64="Q3z/5k6Br8A8SW/3yMTGoNOsiZ4=">AAACInicbVDLSsNAFJ34rPFVdelmsAiiUJJi0Y1QdOOygq1CE8tkelsHJ5MwcyOE0L/wE/wKt7pyJ64E/ReT2IWvsxgO55zLnXuCWAqDjvNmTU3PzM7NVxbsxaXlldXq2nrXRInm0OGRjPRlwAxIoaCDAiVcxhpYGEi4CG5OCv/iFrQRkTrHNAY/ZCMlhoIzzKV+te4FMBIqQxzbEpAOaUqPaOpdZeMG3aON3TR/m7YHalBk+tWaU3dK0L/EnZAamaDdr354g4gnISjkkhnTc50Y/YxpFFzC2PYSAzHjN2wEvZwqFoLxs/KuMd1ODMOIxqCpkLQU4ftExkJj0jDIkyHDa/PbK8T/vF6Cw0M/EypOEBQvFqGQUC4yXIu8MKADoQGRFT8HKhTlTDNE0IIyznMxyRu08z7c39f/Jd1G3d2vN88atdbxpJkK2SRbZIe45IC0yClpkw7h5I48kEfyZN1bz9aL9foVnbImMxvkB6z3T2YAoeg=</latexit>

int f(int x) { return x^2 + 2*x + 5 }

<latexit sha1_base64="oSXibMLoaA7ocJXFLpCmSMsDm6k="></latexit>

int f(int y) { return y^2 + 2*y + 5 }

<latexit sha1_base64="xOI9Wgo4UVw/cicDA94KiGZY9hg="></latexit>

they are all the same!
names of local variables are not important:
alpha-conversion

<latexit sha1_base64="ZbxEB+INKXVWTui8stIFmQjUZnk="></latexit>

f
M
= �x. x2 + 2x+ 5

<latexit sha1_base64="avxJF0E7ePS/xpKGbU91RJBMsLc="></latexit>

f
M
= �y. y2 + 2y + 5
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Free variables
they are not the same!
names of global variables matter 

x2 + 2x+ 5

<latexit sha1_base64="ZkKH5HWJZ3t3cMxkKBqkAfpltOQ=">AAAB+nicbVDLTsJAFJ36RHyhLt1MJCYmJKQlEF0S3bjERB4JVDIdLjhhOm1mbg0E+Qm3unJn3PozLvwX29qFgmd1cs69ueceL5TCoG1/Wiura+sbm7mt/PbO7t5+4eCwZYJIc2jyQAa64zEDUihookAJnVAD8z0JbW98lfjtB9BGBOoWpyG4PhspMRScYSx1JneVUmVSqvULRbtsp6DLxMlIkWRo9AtfvUHAIx8UcsmM6Tp2iO6MaRRcwjzfiwyEjI/ZCLoxVcwH487SvHN6GhmGAQ1BUyFpKsLvjRnzjZn6XjzpM7w3i14i/ud1IxxeuDOhwghB8eQQCgnpIcO1iIsAOhAaEFmSHKhQlDPNEEELyjiPxShuJh/34Sx+v0xalbJTLdduqsX6ZdZMjhyTE3JGHHJO6uSaNEiTcCLJE3kmL9aj9Wq9We8/oytWtnNE/sD6+AZW7pOU</latexit>

y2 + 2y + 5

<latexit sha1_base64="TL34xl2U5a3vu5uHaZ0h1iAdO2g=">AAAB+nicbVDLSsNAFJ34rPVVdelmsAhCoSSlRZdFNy4r2Ae0tUymt3XoZBJmboQQ+xNudeVO3PozLvwXk5iFtp7V4Zx7ueceN5DCoG1/Wiura+sbm4Wt4vbO7t5+6eCwY/xQc2hzX/q65zIDUihoo0AJvUAD81wJXXd2lfrdB9BG+OoWowCGHpsqMRGcYSL1ortapRZVGqNS2a7aGegycXJSJjlao9LXYOzz0AOFXDJj+o4d4DBmGgWXMC8OQgMB4zM2hX5CFfPADOMs75yehoahTwPQVEiaifB7I2aeMZHnJpMew3uz6KXif14/xMnFMBYqCBEUTw+hkJAdMlyLpAigY6EBkaXJgQpFOdMMEbSgjPNEDJNmikkfzuL3y6RTqzr1auOmXm5e5s0UyDE5IWfEIeekSa5Ji7QJJ5I8kWfyYj1ar9ab9f4zumLlO0fkD6yPb1oVk5Y=</latexit>

�x. y2 + 2y + 5

<latexit sha1_base64="SOC7zU/3qisVE/92Tnd1aNNn25I=">AAACCHicbVDLTgJBEJzFF+Jrfdy8TCQmJiRkl0D0SPTiERN5JICkd2hwwuwjM71GJPyAX+FVT96MV//Cg//ighwUrFOlqjrdXV6kpCHH+bRSS8srq2vp9czG5tb2jr27VzNhrAVWRahC3fDAoJIBVkmSwkakEXxPYd0bXEz8+h1qI8PgmoYRtn3oB7InBVAideyDlkrCXeD3+RYf3hRyhWGu1LGzTt6Zgi8Sd0aybIZKx/5qdUMR+xiQUGBM03Uiao9AkxQKx5lWbDACMYA+NhMagI+mPZpeP+bHsQEKeYSaS8WnIv6eGIFvzND3kqQPdGvmvYn4n9eMqXfWHskgigkDMVlEUuF0kRFaJrUg70qNRDC5HLkMuAANRKglByESMU56yiR9uPPfL5JaIe8W86WrYrZ8PmsmzQ7ZETthLjtlZXbJKqzKBHtgT+yZvViP1qv1Zr3/RFPWbGaf/YH18Q0Dkpg+</latexit>

�x. x2 + 2x+ 5

<latexit sha1_base64="fvYRrZoIDGm4ue9qj9P3kCdNOGA=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJCQnZJRA9Er14xEQeCYukd2hw4uwjM70GJPyAX+FVT96MV//Cg//ighwUrFOlqjrdXV6kpCHb/rRSS8srq2vp9czG5tb2TnZ3r27CWAusiVCFuumBQSUDrJEkhc1II/iewoZ3dzHxG/eojQyDaxpG2PahH8ieFECJ1MkeuCoJd4EPCi4f3BTzxUG+3Mnm7II9BV8kzozk2AzVTvbL7YYi9jEgocCYlmNH1B6BJikUjjNubDACcQd9bCU0AB9NezS9fsyPYwMU8gg1l4pPRfw9MQLfmKHvJUkf6NbMexPxP68VU++sPZJBFBMGYrKIpMLpIiO0TGpB3pUaiWByOXIZcAEaiFBLDkIkYpz0lEn6cOa/XyT1YsEpFcpXpVzlfNZMmh2yI3bCHHbKKuySVVmNCfbAntgze7EerVfrzXr/iaas2cw++wPr4xsAa5g8</latexit>

the same enclosing context
can make a difference

�x. x2 + 2z + 5

<latexit sha1_base64="LbcrtSLGo18JSYzndhlfJb51F+E=">AAACCHicbVDJTgJBEO3BDXHD5ealIzExISEzBKJHohePmMiSAJKapsAOPUu6awxL+AG/wquevBmv/oUH/8UBOSj4Ti/vvUpVPTdU0pBtf1qJldW19Y3kZmpre2d3L71/UDVBpAVWRKACXXfBoJI+VkiSwnqoETxXYc3tX0392gNqIwP/loYhtjzo+bIrBVAstdNHTRWHO8AHuSYf3OWz+VG22E5n7Jw9A18mzpxk2Bzldvqr2QlE5KFPQoExDccOqTUGTVIonKSakcEQRB962IipDx6a1nh2/YSfRgYo4CFqLhWfifh7YgyeMUPPjZMe0L1Z9Kbif14jou5Fayz9MCL0xXQRSYWzRUZoGdeCvCM1EsH0cuTS5wI0EKGWHISIxSjuKRX34Sx+v0yq+ZxTyBVvCpnS5byZJDtmJ+yMOeycldg1K7MKE2zEntgze7EerVfrzXr/iSas+cwh+wPr4xsDjZg+</latexit>

�y. y2 + 2z + 5

<latexit sha1_base64="BwkZHSUI0e4RNkr2gJ4cK+VoLL8=">AAACCHicbVDLTgJBEJzFF+Jrfdy8TCQmJiRkl0D0SPTiERN5JICkd2hwwuwjM70mQPgBv8KrnrwZr/6FB//FBTkoWKdKVXW6u7xISUOO82mlVlbX1jfSm5mt7Z3dPXv/oGbCWAusilCFuuGBQSUDrJIkhY1II/iewro3uJr69QfURobBLQ0jbPvQD2RPCqBE6thHLZWEu8CH+RYf3hVyhVGu1LGzTt6ZgS8Td06ybI5Kx/5qdUMR+xiQUGBM03Uiao9BkxQKJ5lWbDACMYA+NhMagI+mPZ5dP+GnsQEKeYSaS8VnIv6eGINvzND3kqQPdG8Wvan4n9eMqXfRHssgigkDMV1EUuFskRFaJrUg70qNRDC9HLkMuAANRKglByESMU56yiR9uIvfL5NaIe8W86WbYrZ8OW8mzY7ZCTtjLjtnZXbNKqzKBBuxJ/bMXqxH69V6s95/oilrPnPI/sD6+AYGvZhA</latexit>

�z. z2 + 2z + 5

<latexit sha1_base64="2qbQb8dWz0hv0sJbaXnFL/bjnFo=">AAACCHicbVDLTgJBEJzFF+Jrfdy8TCQmJiRkl0D0SPTiERN5JICkd2hwwuwjM70mQPgBv8KrnrwZr/6FB//FBTkoWKdKVXW6u7xISUOO82mlVlbX1jfSm5mt7Z3dPXv/oGbCWAusilCFuuGBQSUDrJIkhY1II/iewro3uJr69QfURobBLQ0jbPvQD2RPCqBE6thHLZWEu8BH+RYf3RVyhVGu1LGzTt6ZgS8Td06ybI5Kx/5qdUMR+xiQUGBM03Uiao9BkxQKJ5lWbDACMYA+NhMagI+mPZ5dP+GnsQEKeYSaS8VnIv6eGINvzND3kqQPdG8Wvan4n9eMqXfRHssgigkDMV1EUuFskRFaJrUg70qNRDC9HLkMuAANRKglByESMU56yiR9uIvfL5NaIe8W86WbYrZ8OW8mzY7ZCTtjLjtnZXbNKqzKBBuxJ/bMXqxH69V6s95/oilrPnPI/sD6+AYJ7ZhC</latexit>

are they all equivalent
(by alpha-conversion)?

�x. t

<latexit sha1_base64="11NfwiflDGE9x1yh/FDHPYM6JBk=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaL1ZRNOOT+4WyMiKwVfQQsVHaLlUyj4FxzjAhKmGs3ManfHi5Q0ZNufVmFpeWV1rbhe2tjc2t4p7+61TBhrgU0RqlB3PDCoZIBNkqSwE2kE31PY9saXM799j9rIMLihSYSuD6NADqUASiW3p9LoAPhDtcepX67YVTsDXyROTiosR6Nf/uoNQhH7GJBQYEzXsSNyE9AkhcJpqRcbjECMYYTdlAbgo3GT7OgpP4oNUMgj1Fwqnon4eyIB35iJ76VJH+jWzHsz8T+vG9Pw3E1kEMWEgZgtIqkwW2SElmkbyAdSIxHMLkcuAy5AAxFqyUGIVIzTekppH87894ukdVJ1atXT61qlfpE3U2QH7JAdM4edsTq7Yg3WZILdsSf2zF6sR+vVerPef6IFK5/ZZ39gfXwDlg2V/A==</latexit>

we say it binds the occurrences of    inx

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

t

<latexit sha1_base64="fXtz7CQOkgSntEgkCrTWgHxl+x0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AaC5ZGF</latexit>
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Free variables: formally

fv(x) , {x}
fv(�x. t) , fv(t) \ {x}
fv(t1 t2) , fv(t1) [ fv(t2)

<latexit sha1_base64="k97y+cst24oWwEkMMetqoubBlHw="></latexit>

fv(�x. x2 + 2z + 5) = {z}

<latexit sha1_base64="EWDdybKGnMT48mFOAAxtuErxRxA=">AAACHXicbVDLSgNBEJyNrxhfqx69DAZBEcJuiOhFEL14jGBUyMbQO+nEwdkHM72SuOQb/AS/wquevIlX8eC/uFlz8FWnoqqb7io/VtKQ47xbhYnJqemZ4mxpbn5hccleXjkzUaIFNkSkIn3hg0ElQ2yQJIUXsUYIfIXn/vXRyD+/QW1kFJ7SIMZWAL1QdqUAyqS2veUFQFemm3ZvhpueyhY7wPsVj/cvq9vV2+2dLb7PvfTWG7btslNxcvC/xB2TMhuj3rY/vE4kkgBDEgqMabpOTK0UNEmhcFjyEoMxiGvoYTOjIQRoWmkeacg3EgMU8Rg1l4rnIn7fSCEwZhD42WQe4Lc3Ev/zmgl191qpDOOEMBSjQyQV5oeM0DLrCnlHaiSC0efIZcgFaCBCLTkIkYlJVl4p68P9nf4vOatW3Fpl56RWPjgcN1Nka2ydbTKX7bIDdszqrMEEu2MP7JE9WffWs/VivX6NFqzxzir7AevtE++NoLs=</latexit>

fv(�y. y2 + 2z + 5) = {z}

<latexit sha1_base64="CVZZHVGdy8xKSKNcM9/jGwEN3HM=">AAACHXicbVDLSgNBEJyN7/iKevQyGISIEHZDRC9C0ItHBZMI2Rh6J504OPtgpldIlnyDn+BXeNWTN/EqHvwXN2sOGq1TUdVNd5UXKWnItj+s3Mzs3PzC4lJ+eWV1bb2wsdkwYawF1kWoQn3lgUElA6yTJIVXkUbwPYVN7/Z07DfvUBsZBpc0iLDtQz+QPSmAUqlT2HN9oBvTS3p3o5Kr0sUu8EHZ5YPryn5luH+wx4+5mwzdUadQtMt2Bv6XOBNSZBOcdwqfbjcUsY8BCQXGtBw7onYCmqRQOMq7scEIxC30sZXSAHw07SSLNOK7sQEKeYSaS8UzEX9uJOAbM/C9dDILMO2Nxf+8Vky9o3YigygmDMT4EEmF2SEjtEy7Qt6VGolg/DlyGXABGohQSw5CpGKclpdP+3Cm0/8ljUrZqZYPLqrF2smkmUW2zXZYiTnskNXYGTtndSbYPXtkT+zZerBerFfr7Xs0Z012ttgvWO9f8s+gvQ==</latexit>

fv(�z. z2 + 2z + 5) = ;

<latexit sha1_base64="r92iKKgSfiotnrPwbS90dYFHfuw="></latexit>

t ::= x | �x. t | t t | ...

<latexit sha1_base64="41Zlm25Z7oZIrzbUPPNacRLxtYc=">AAACKXicbVDLSgNBEJyN7/UV9ehlMAiell1JUAKC6MWjgtFANoTeSUcHZx/M9IohxB/xE/wKr3rypoInf8TdGHwk1qmo6qK7K0iUNOS6r1ZhYnJqemZ2zp5fWFxaLq6snpk41QJrIlaxrgdgUMkIayRJYT3RCGGg8Dy4Osz982vURsbRKXUTbIZwEcmOFECZ1CpWiFere/aN7XM/lG3f9lUWbgO/cXxO3yrd/nDHcVrFkuu4A/Bx4g1JiQ1x3Cq+++1YpCFGJBQY0/DchJo90CSFwr7tpwYTEFdwgY2MRhCiafYG7/X5ZmqAYp6g5lLxgYi/Ez0IjemGQTYZAl2aUS8X//MaKXV2mz0ZJSlhJPJFJBUOFhmhZdYb8rbUSAT55chlxAVoIEItOQiRiWlWpJ314Y1+P07Oth2v7FROyqX9g2Ezs2ydbbAt5rEdts+O2DGrMcHu2AN7ZE/WvfVsvVhvX6MFa5hZY39gfXwC42ai+g==</latexit>

fv : LTerms ! }(Var)

<latexit sha1_base64="Pnu9E5sAmN7hL+/Lonl/EVzajjM=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBDiJexKRPEU9OLBQ4QkCtkQeseODs4+mOlVZNnv8BP8Cq968iaCB/FX3F0jqLFORVU33VVepKQh236zJianpmdmS3Pl+YXFpeXKymrXhLEW2BGhCvWZBwaVDLBDkhSeRRrB9xSeeleHuX96jdrIMGjTbYR9Hy4COZQCKJMGFcf1gS7NMBlep/sFl5Qct1H7JuUuhdy9iWrfehd0ujWoVO26XYCPE2dEqmyE1qDy7p6HIvYxIKHAmJ5jR9RPQJMUCtOyGxuMQFzBBfYyGoCPpp8U0VK+GRvIvohQc6l4IeLPjQR8Y259L5ssgvz1cvE/rxfTcK+fyCCKCQORHyKpsDhkhJZZZ8jPpUYiyD9HLgMuQAMRaslBiEyMsxLLWR/O3/TjpLtddxr1nZNGtXkwaqbE1tkGqzGH7bImO2It1mGC3bEH9sierHvr2XqxXr9GJ6zRzhr7BevjEwnbplg=</latexit>
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Alpha-conversion, again

�x. x2 + 2z + 5 ⌘ �y. ((x2 + 2z + 5)[y/x]) = �y. y2 + 2z + 5

<latexit sha1_base64="ng+XWuWCCDxRltFZT4yjeBtIA3U="></latexit>

�x. t ⌘ �y. (t[y/x]) if y 62 fv(�x. t)

<latexit sha1_base64="TmApkJPhoqI131hBtxWJP2kZ3xw="></latexit>

�x. x2 + 2z + 5 6⌘ �z. ((x2 + 2z + 5)[z/x]) because z 2 fv(�x. x2 + 2z + 5)

<latexit sha1_base64="h6H+3x21V/SEP5e0Qg8KeMiDO8s="></latexit>



77

Beta rule, again
(�x. t) e ⌘ t[e/x]

<latexit sha1_base64="dOH5vE6c6Do6H3IXf+zIBg4zdcg=">AAACF3icbVC7TgJBFJ3FF+ILtbSZSEy0wV2D0ZJoY4mJoAm7krvDVSfMPpy5SyQEez/Br7DVys7YWlr4Lw5I4etUJ+ecm3vvCVMlDbnuu5ObmJyansnPFubmFxaXissrDZNkWmBdJCrRZyEYVDLGOklSeJZqhChUeBp2Dof+aRe1kUl8Qr0UgwguY3khBZCVWsXSpq9sug38puxz2rpF7uN1JrucU/Mct1s3Abcpt+yOwP8Sb0xKbIxaq/jhtxORRRiTUGBM03NTCvqgSQqFg4KfGUxBdOASm5bGEKEJ+qNnBnwjM0AJT1FzqfhIxO8TfYiM6UWhTUZAV+a3NxT/85oZXewHfRmnGWEshotIKhwtMkJL2xLyttRIBMPLkcuYC9BAhFpyEMKKma2tYPvwfn//lzR2yl6lvHtcKVUPxs3k2RpbZ5vMY3usyo5YjdWZYHfsgT2yJ+feeXZenNevaM4Zz6yyH3DePgEfO544</latexit>

how is (capture-avoiding) substitution defined?
and why is it called “capture-avoiding”?



Capture-avoiding substitution

8
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Substitution, 1st try
y[e/x] ,

⇢
e if y = x
y otherwise

<latexit sha1_base64="DZJN0SHUgEBvWj4/By+ywNdwXPk="></latexit>

(�y. t)[e/x] ,
⇢

�y. t if y = x
�y. (t[e/x]) otherwise

<latexit sha1_base64="OK64LiUbDh9pGh5pquuaJ1dsOCo="></latexit>

(t1 t2)[
e/x] , t1[

e/x] (t2[
e/x])

<latexit sha1_base64="kfTQsJHi0QzjUMss5NKzG2bnsq4=">AAACKnicbVC7TsNAEDyHd3gFKGlOREjQBDviVSJoKEEigJQYa30s4ZTz2dytESiCL+ET+ApaqOgQouNDuAQj8ZpqbmZWeztxpqQl33/xSgODQ8Mjo2Pl8YnJqenKzOyhTXMjsCFSlZrjGCwqqbFBkhQeZwYhiRUexZ2dnn90icbKVB/QdYZhAm0tz6QAclJUWV+iKLilqL7cPMGV6CrkLTISdFvhRZk770u+5S5ZL17LUaXq1/w++F8SFKTKCuxFlbfWaSryBDUJBdY2Az+jsAuGpFB4U27lFjMQHWhj01ENCdqw27/vhi/mFijlGRouFe+L+H2iC4m110nskgnQuf3t9cT/vGZOZ5thV+osJ9Sit4ikwv4iK4x0xSE/lQaJoPdz5FJzAQaI0EgOQjgxd02WXR/B7+v/ksN6LVitre2vVre2i2ZG2TxbYEssYBtsi+2yPdZggt2xB/bInrx779l78V4/oyWvmJljP+C9fwC6wKU0</latexit>

t1 , �x. �y. x2 + 2y + 5

<latexit sha1_base64="0wA8mL43h0mJcNO0Q74KdDq56WQ=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBAEIe4GRY9BLx4VjAayMfRO2jg4O7vO9EpCyGf4CX6FVz15Ey8e/BcnMYIa61RUddHdFaVKWvL9d29icmp6ZjY3l59fWFxaLqysntskMwKrIlGJqUVgUUmNVZKksJYahDhSeBHdHA38izs0Vib6jLopNmJoa3klBZCTmoUdagY8JCNBtxXe5kPlsi3gnVLIv3nX8c5lebvc3d5rFop+yR+Cj5NgRIpshJNm4SNsJSKLUZNQYG098FNq9MCQFAr7+TCzmIK4gTbWHdUQo230ho/1+WZmgRKeouFS8aGIPxM9iK3txpGbjIGu7V9vIP7n1TO6Omj0pE4zQi0Gi0gqHC6ywkjXGPKWNEgEg8uRS80FGCBCIzkI4cTMVZh3fQR/vx8n5+VSsFvaO90tVg5HzeTYOttgWyxg+6zCjtkJqzLB7tkje2LP3oP34r16b1+jE94os8Z+wfv4BK+qopw=</latexit>

t2 , y

<latexit sha1_base64="9ecFzTPFJftdNy+GNgUBwfNpkB8=">AAACBHicbVA9TwJBEN3zE/Hr1NJmIzGxIncEoyXRxhIT+UiAkLllwA17e+fuHAkhtP4KW63sjK3/w8L/4oFXKPiql/dmMm9eECtpyfM+nZXVtfWNzdxWfntnd2/fPTis2ygxAmsiUpFpBmBRSY01kqSwGRuEMFDYCIbXM78xQmNlpO9oHGMnhIGWfSmAUqnrutQt8TYZCXqg8CE/7roFr+jNwZeJn5ECy1Dtul/tXiSSEDUJBda2fC+mzgQMSaFwmm8nFmMQQxhgK6UaQrSdyTz5lJ8mFijiMRouFZ+L+HtjAqG14zBIJ0Oge7vozcT/vFZC/cvOROo4IdRidoikwvkhK4xMK0HekwaJYJYcudRcgAEiNJKDEKmYpB3l0z78xe+XSb1U9MvF89tyoXKVNZNjx+yEnTGfXbAKu2FVVmOCjdgTe2YvzqPz6rw57z+jK062c8T+wPn4BqT2l6M=</latexit>

free
t1 t2 ⌘ (�x. �y. x2 + 2y + 5) y

<latexit sha1_base64="/HhLwG//arUthgxWKj7VLe4B2+8="></latexit>

⌘ (�y. x2 + 2y + 5)[y/x]

<latexit sha1_base64="w7NXF8dEuz+63qamTawYZdSdbXY="></latexit>

⌘ �y. ((x2 + 2y + 5)[y/x])

<latexit sha1_base64="UiZJ+2GoG2+dW1BaRgDxg4iO9ZM="></latexit>

⌘ �y. y2 + 2y + 5

<latexit sha1_base64="H/tajsJq6AuETOiKUQ/VnYU5yx0=">AAACI3icbVC7TsNAEDzzDOEVoKQ5ESEhIQU7CoIygoYSJAJIcYjWlwVOnB/c7SEsy5/BJ/AVtFDRIRoK/gXHpOC11Whm52ZvgkRJQ6777oyNT0xOTVdmqrNz8wuLtaXlExNbLbAjYhXrswAMKhlhhyQpPEs0QhgoPA2u94f66S1qI+PomNIEeyFcRvJCCqCC6te2fLyx8pb7qvAMgKcNn2c+4R2Vb2eBsphnaZ6fNzeb6eZ2v1Z3G245/C/wRqDORnPYr334g1jYECMSCozpem5CvQw0SaEwr/rWYALiGi6xW8AIQjS9rAzP+bo1QDFPUHOpeEnid0cGoTFpGBSbIdCV+a0Nyf+0rqWL3V4mo8QSRmIYRFJhGWSElkVjyAdSIxEML0cuIy5AAxFqyUGIgrRFhdWiD+/37/+Ck2bDazW2j1r19t6omQpbZWtsg3lsh7XZATtkHSbYPXtkT+zZeXBenFfn7Wt1zBl5VtiPcT4+AS2mpMM=</latexit>

captured variable!
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Capture-avoiding
free variables occurring in
should remain free after the application of

solution: alpha-convert before substituting!

(�y. x2 + 2y + 5)[y/x]

<latexit sha1_base64="C+x6Ci96ujgUqwo6JX5rCxK3nTA="></latexit>

⌘ (�z. (x2 + 2y + 5)[z/y])[
y/x]

<latexit sha1_base64="SjoA0F9GAfcGvAv6Crf77vewpmI="></latexit>

⌘ (�z. x2 + 2z + 5)[y/x]

<latexit sha1_base64="JXSmMANVx6zg6u7CB4lUk7J9KiM="></latexit>

⌘ �z. ((x2 + 2z + 5)[y/x])

<latexit sha1_base64="TJmN66jV10IHB5hbBOXsnna5Abw="></latexit>

⌘ �z. y2 + 2z + 5

<latexit sha1_base64="CtsNBT+D6pfQSnZPWP/843eMW2o=">AAACIXicbVDLSgNBEJz1bXxFPXoZDIIght2QoEfRi0cFo0I2ht5JJw7OPpzpCcYlX+En+BVe9eRNvIn4L27WHHz1qajqmuqpIFHSkOu+OWPjE5NT0zOzhbn5hcWl4vLKqYmtFlgXsYr1eQAGlYywTpIUnicaIQwUngVXB0P9rIfayDg6oX6CzRC6kexIAZRRreK2j9dW9rivMk8b+G3Z5z7hDeVPp4GyOEj7g4vKVuV2q9Yqltyymw//C7wRKLHRHLWKH347FjbEiIQCYxqem1AzBU1SKBwUfGswAXEFXWxkMIIQTTPNswd8wxqgmCeouVQ8J/G7I4XQmH4YZJsh0KX5rQ3J/7SGpc5uM5VRYgkjMQwiqTAPMkLLrC/kbamRCIaXI5cRF6CBCLXkIERG2qzAQtaH9/v3f8FppexVy7Xjamlvf9TMDFtj62yTeWyH7bFDdsTqTLA79sAe2ZNz7zw7L87r1+qYM/Kssh/jvH8CPW6juQ==</latexit>

free

<latexit sha1_base64="yz9NuL3YVd/l7owbGiqwK1HBvwI="></latexit>e
<latexit sha1_base64="sESq3z6vVhWP6dtLAb6k5hly3Is="></latexit>

[e/x]
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Substitution, 2nd try

y[e/x] ,
⇢

e if y = x
y otherwise

<latexit sha1_base64="DZJN0SHUgEBvWj4/By+ywNdwXPk="></latexit>

(t1 t2)[
e/x] , t1[

e/x] (t2[
e/x])

<latexit sha1_base64="kfTQsJHi0QzjUMss5NKzG2bnsq4=">AAACKnicbVC7TsNAEDyHd3gFKGlOREjQBDviVSJoKEEigJQYa30s4ZTz2dytESiCL+ET+ApaqOgQouNDuAQj8ZpqbmZWeztxpqQl33/xSgODQ8Mjo2Pl8YnJqenKzOyhTXMjsCFSlZrjGCwqqbFBkhQeZwYhiRUexZ2dnn90icbKVB/QdYZhAm0tz6QAclJUWV+iKLilqL7cPMGV6CrkLTISdFvhRZk770u+5S5ZL17LUaXq1/ w++F8SFKTKCuxFlbfWaSryBDUJBdY2Az+jsAuGpFB4U27lFjMQHWhj01ENCdqw27/vhi/mFijlGRouFe+L+H2iC4m110nskgnQuf3t9cT/vGZOZ5thV+osJ9Sit4ikwv4iK4x0xSE/lQaJoPdz5FJzAQaI0EgOQjgxd02WXR/B7+v/ksN6LVitre2vVre2i2ZG2TxbYEssYBtsi+2yPdZggt2xB/bInrx779l78V4/oyWvmJljP+C9fwC6wKU0</latexit>

(�y. t)[e/x] ,

8
<

:

�y. t if y = x
�z. (t[z/y][e/x]) otherwise, with

z 62 fv(e) [ fv(�y. t) [ {x}

<latexit sha1_base64="Pm2A7eu7LXEQ3bPsXMODYMAcUJo="></latexit>

superfluous: no free
occurrences to replace
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Substitution, final

(�y. t)[e/x] , �z. (t[z/y][
e/x]) with z 62 fv(e) [ fv(�y. t) [ {x}

<latexit sha1_base64="v+OozqAbNyIlEvoZvQc2Jc0YR1c=">AAACh3icbVHLTttAFB27L3BfoV120VFDJWeT2BUFlpRuuqRSA0geY40nN2HEeGxmriGJ5a/o13XBh3RX23UlHj2ro3PO1X2lhZIWg+CX4z56/OTps41N7/mLl69eD7beHNu8NAKmIle5OU25BSU1TFGigtPCAM9SBSfpxdfWP7kCY2Wuf+CqgDjjCy3nUnBspGTw02eqSc84XY0ZxVF0BpNkGVOGRnK9UHDp/Qusm4CP0dl6kq ziPjei7LLkM+qxLM2X1bXEc7q9ZjpHJjXLOJ7beTW/qn0YMVEWt5W7fTu3WrJ6u/aSwTAYBx3oQxL2ZEh6HCWDGzbLRZmBRqG4tVEYFBhX3KAUCmqPlRYKLi74AqKGap6BjavueDX9WFqOOS3AUKloJ8Ltiopn1q6ytEl209/3WvF/XlTifD+upC5KBC3aRigVdI2sMLL5CtCZNIDI28mBSk0FNxwRjKRciEYsmze19wjvb/+QHH8ahzvjz993hgeH/WU2yDvygfgkJHvkgHwjR2RKBPntvHd8Z+RuuhN3193/G3WdvuYtuQP3yx9yyMOj</latexit>

y[e/x] ,
⇢

e if y = x
y otherwise

<latexit sha1_base64="DZJN0SHUgEBvWj4/By+ywNdwXPk="></latexit>

(t1 t2)[
e/x] , t1[

e/x] (t2[
e/x])

<latexit sha1_base64="kfTQsJHi0QzjUMss5NKzG2bnsq4=">AAACKnicbVC7TsNAEDyHd3gFKGlOREjQBDviVSJoKEEigJQYa30s4ZTz2dytESiCL+ET+ApaqOgQouNDuAQj8ZpqbmZWeztxpqQl33/xSgODQ8Mjo2Pl8YnJqenKzOyhTXMjsCFSlZrjGCwqqbFBkhQeZwYhiRUexZ2dnn90icbKVB/QdYZhAm0tz6QAclJUWV+iKLilqL7cPMGV6CrkLTISdFvhRZk770u+5S5ZL17LUaXq1/ w++F8SFKTKCuxFlbfWaSryBDUJBdY2Az+jsAuGpFB4U27lFjMQHWhj01ENCdqw27/vhi/mFijlGRouFe+L+H2iC4m110nskgnQuf3t9cT/vGZOZ5thV+osJ9Sit4ikwv4iK4x0xSE/lQaJoPdz5FJzAQaI0EgOQjgxd02WXR/B7+v/ksN6LVitre2vVre2i2ZG2TxbYEssYBtsi+2yPdZggt2xB/bInrx779l78V4/oyWvmJljP+C9fwC6wKU0</latexit>



Higher Order Functional Languages
Haskell

13



14

From your forms

(over 8 answers)

Functional programming

13%

25%

25%

38%

5 stelle 4 stelle 3 stelle
2 stelle 1 stella
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Imperative vs Functional

Imperative style
tell the machine how to compute;
a sequence of tasks to execute;
manipulation of mutable states

Purely functional
style

tell the machine what to compute; 
declarative style;
define what functions are,
not how to compute them;
functions have no side effects;
can’t set and change variable’s content;
manipulation of values



1616

Declarative style
Any experience of functional programming?

Have you ever used a spreadsheet?

The value of a cell is defined in terms of those of other cells: 
what is to be computed, not how it must be computed

we do not specify the order in which cells are calculated: 
cells are computed according to their dependencies

we do not decide how to allocate memory:
only those cells which are in use are allocated

we specify the value of a cell by an expression:
its parts can be evaluated in any order
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Functional style: HO
Higher-Order: 
functions as values,
functions as parameters,
functions are returned,
functions are composed

a list in T*

length (filter test xs)

a predicate in T->Bool

a function in (T->Bool) -> T* -> T*

a function in T* -> Int

how many elements of a
list will pass the test?
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Purity: no side effects
the result of a function is determined only by its input

a variable is just a name bound to some (HO) value:
shorthands for expressions

variables do not vary

programs are typically shorter, maybe less efficient;
closer to semantics, ease verification of correctness;
more robust, easier to maintain
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Haskell: a purely functional programming language

http://www.haskell.org/
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Haskell: origins
named after mathematical logician Haskell B. Curry

1987: Haskell project begun
1998: first version appear
2003: the Haskell Report was published
          (first stable version)

Graham Hutton, “Programming in Haskell”, ch.1-8,14,15
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Features
Referential 
transparency

if a function is called twice with the same 
argument, it returns the same result;
compiler can reason on program’s behaviour;
one can deduce a function is correct and build
more complex functions by composition

Statically 
typed

type inference: you don’t have to label all data,
their types can be figured out;
many possible errors are caught at compile time

Polymorphism one definition of function works for many types

Overloading different definitions of the same function-name
for different types

Laziness calculation starts only if some result is needed;
infinite data structures can be manipulated
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More features (less bugs)
Purity: no side effects

Typeful: types are pervasive, no dubious use of types

Concise: shorter programs, less typing (on the keyboard)

High level: closer to the algorithm description

Memory managed: programmers can focus on the algorithm

Compositionality: solve problems by composing functions that 
solve smaller problems

Data encapsulation and polymorphism not exclusive to OOP:
modules and type classes
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A taste of Haskell
f(x) = 2x+ 3

<latexit sha1_base64="0GN0LOVnXI/AiRD+ABP3r4LC8qk=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoMQEcJujOhFCHrxGME8YBPC7KQTh8w+mOmVhCX4FV715E28+i0e/Bd31z1oYp2Kqm66upxACo2m+WnklpZXVtfy64WNza3tneLuXkv7oeLQ5L70VcdhGqTwoIkCJXQCBcx1JLSd8XXitx9AaeF7dzgNoOeykSeGgjOMJXtYnhzTS1qdnJz2iyWzYqagi8TKSIlkaPSLX92Bz0MXPOSSaW1bZoC9iCkUXMKs0A01BIyP2QjsmHrMBd2L0sgzehRqhj4NQFEhaSrC742IuVpPXSeedBne63kvEf/z7BCHF71IeEGI4PHkEAoJ6SHNlYi7ADoQChBZkhyo8ChniiGCEpRxHothXE4h7sOa/36RtKoVq1Y5u62V6ldZM3lyQA5JmVjknNTJDWmQJuHEJ0/kmbwYj8ar8Wa8/4zmjGxnn/yB8fENhQWUKQ==</latexit>

g(x, y) = x2 + xy + y2

<latexit sha1_base64="qETVShCApuqzJixd8v/7x7hoKV0=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBYMguwejFhOjFIybySGAhs0ODE2Yfmek1bAgf4Fd41ZM349XP8OC/uIscFKxTpao7XV1OIIVG0/w0Uiura+sb6c3M1vbO7l52/6Ch/VBxqHNf+qrlMA1SeFBHgRJagQLmOhKazug68ZsPoLTwvTuMArBdNvTEQHCGsdTL5oaF8Wl0Qi/puFsujqNi1C33snmzZM5Al4k1J3kyR62X/er0fR664CGXTOu2ZQZoT5hCwSVMM51QQ8D4iA2hHVOPuaDtySz8lB6HmqFPA1BUSDoT4ffGhLlaR64TT7oM7/Wil4j/ee0QBxf2RHhBiODx5BAKCbNDmisRtwK0LxQgsiQ5UOFRzhRDBCUo4zwWw7imTNyHtfj9MmmUS1aldHZbyVev5s2kySE5IgVikXNSJTekRuqEk4g8kWfyYjwar8ab8f4zmjLmOznyB8bHN+fbl6A=</latexit>

abs(x) =

⇢
x if x � 0

�x otherwise

<latexit sha1_base64="ODV63pUKKC92+XlbbMW9lnSzwRM="></latexit>

abs(f(g(2, 3)))

<latexit sha1_base64="5cls3KCrDnZREnJ3shf5uLeuTDI=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjFZEkN2EaNHohePmMgjASS9Q4MTZh+Z6TUhGy5+hVc9eTNe/RMP/osLclC0TpWq7nR1eZGShhznw8osLa+srmXXcxubW9s7+d29hgljLbAuQhXqlgcGlQywTpIUtiKN4HsKm97ocuo371EbGQY3NI6w68MwkAMpgFLpFjxjD+yhXT4+KRaLvXzBKTkz8L/EnZMCm6PWy392+qGIfQxIKDCm7ToRdRPQJIXCSa4TG4xAjGCI7ZQG4KPpJrPUE34UG6CQR6i5VHwm4s+NBHxjxr6XTvpAd2bRm4r/ee2YBufdRAZRTBiI6SGSCmeHjNAyrQN5X2okgmly5DLgAjQQoZYchEjFOO0nl/bhLn7/lzTKJbdSOr2uFKoX82ay7IAdMpu57IxV2RWrsToTTLNH9sSerQfrxXq13r5HM9Z8Z5/9gvX+BUoFlRo=</latexit>

f x = 2*x + 3

g (x,y) = x^2 + x*y + y^2

abs x
    | x>=0      = x
    | otherwise = -x

abs(f(g(3,2)))

{x | x 2 X ^ f(x) > 5}

<latexit sha1_base64="DZIHuGgborapRhGh4KpUGyMUo6E=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArCVpJ0MYygnlAdgmzk5s4ZPbBzF1NWNL5CX6FrVZ2YusPWPgv7q4pNHqqwzn3cu85biiFRtP8MHILi0vLK/nVwtr6xuZWcXunpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u7oIvXbt6C0CPxrnITgeGzoi4HgDBOpV9y347HtiT4d28KnHWrfQX8IdFAeH53V7GmvWDIrZgb6l1gzUiIzNHrFT7sf8MgDH7lkWnctM0QnZgoFlzAt2JGGkPERG0I3oT7zQDtxlmNKDyPNMKAhKCokzUT4uREzT+uJ5yaTHsMbPe+l4n9eN8LBqRMLP4wQfJ4eQiEhO6S5EklBQPtCASJLPweadMGZYoigBGWcJ2KUNFZI+rDm0/8lreOKVa3Urqql+vmsmTzZIwekTCxyQurkkjRIk3ByTx7JE3k2HowX49V4+x7NGbOdXfILxvsXJF+crw==</latexit>

[ x | x<-X , f x > 5 ]
set comprehension list comprehension

math. notation Haskell notation
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The power of recursion
No assignments: no loops

(loops over lists exist: list comprehension)

Recursion is used in place of loops

power2 n
       | n==0 = 1
       | n>0  = 2 * power2(n-1)
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Haskell: some principles
evaluate expressions (syntactic terms)

to yield values (abstract entities regarded as answers)

every value has an associated type
the association is called typing
you can think of types as sets of values

as expressions denote values
types are denoted by type expressions

values are first-class (passed around, returned as results)
types are not first-class
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Haskell: GHCi
Interactive shell or interpreter, executing read-eval-print loop

programmers enter expressions/declarations one at a time

they are type checked, compiled and executed

if an expression does not parse correctly 
or does not pass the type-checking phase of the compiler, 
no code is generated and no code is executed

once an identifier is defined it is available at subsequent lines
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GHCi expressions

typical interaction:

Prelude> expression
value
it :: type

prompt user’s input

output

special identifier 
bound to the value of 
the last expression entered 

read “has type”

inferred type
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GHCi declarations

typical interaction:

Prelude> let id = expression
id :: type

keyword

defining symbol
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GHCi declarations

more generally:

Prelude> let id arguments = expression
id :: argtype -> restype

function name formal parameters

arguments types result type
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GHCi session


