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Derivations
Given a logical system R, a derivation in R, is written

<latexit sha1_base64="q0uaOy8t1BNKNBsx93jO1WSz2eY=">AAAB/XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlBQxkQeUiJFa3Pm+SU80N3a6QoivgKWqjoEC3fQsG/YBsXkDDVaGZXOzterKQh2/60lpZXVtfWSxvlza3tnd3K3n7LRIkW2BSRinTHA4NKhtgkSQo7sUYIPIVtb3yd+e0H1EZG4T1NYnQDGIZyIAVQKnX9XssHM+rf8Um/UrVrdg6+SJyCVFmBRr/y1fMjkQQYklBgTNexY3KnoEkKhbNyLzEYgxjDELspDSFA407zyDN+nBigiMeouVQ8F/H3xhQCYyaBl04GQCMz72Xif143ocGlO5VhnBCGIjtEUmF+yAgt0y6Q+1IjEWTJkcuQC9BAhFpyECIVk7ScctqHM//9Immd1pzzmn17Vq1fFc2U2CE7YifMYReszm5YgzWZYBF7Ys/sxXq0Xq036/1ndMkqdg7YH1gf34/WlXI=</latexit>

d �R y

where
<latexit sha1_base64="I3ZFG6FPSRVEoSsRTSUgQgCdI3o=">AAADDnicbVHLitRAFK3E19i+enQlbgo7wgwMIRnwASIMunE5NnbPQFcTKpWbTjFJJVbdDN2GBj/Br3CrK3fi1l9w4b9YyUTmZa0O595T99xz4yqXBoPgt+NeuXrt+o2Nm4Nbt+/cvTfcvD81Za0FTESZl/ow5gZyqWCCEnM4rDTwIs7hID5609YPjkEbWar3uKpgXvCFkqkUHC0VbToPG2bSAYthIVUjEQr5EdYD1iIKEjPQ1E tebbFUc9GwDzVP1s1qvc2komOPSkO5onwpy4KWKfXG3steW3Y6lkOKvTiJwh3f93eSSLVfMC0XGW57NLWtpiyAJqDlcefLWG0UsmnCTRaN6fJUeYZTHmVs9rTCOTW1yChmHKnXD/snWZ4MO+9XqhQ0KAFU1zn0xv0BA5WcRrCOhqPAD7pHL4OwByPSv/1o+IclpagLUChybswsDKy5hmuUIm9DrQ1UXBzxBcwsVLwAM2+6G67pk9pwLGll85Y57Ug4q2h4YcyqiG1nwTEzF2st+b/arMb0xbyRqqrRrtwOQmmXbgcZYQO3SdBEakDkrXOw6VDBNUe056BcCEvW9ioDm0d4cfvLYLrrh8/84N3uaO91n8wGeUQeky0Skudkj7wl+2RChPPJ+eJ8db65n93v7g/350mr6/SaB+Tcc3/9BcOP8pY=</latexit>

• either d = ( y ) 2 R is an axiom of R;

• or d =
⇣

d1,...,dn

y

⌘
for some derivations d1 �R x1, ..., dn �R xn

such that (x1,...,xn

y ) 2 R is an inference rule of R.

<latexit sha1_base64="RIU6g1F5QP+xQWj0sNGdwRSAT3A="></latexit>

DR
M
= {d | d �R y}
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Immediate subderivation

Example

<latexit sha1_base64="Xj2TGQizzLN75BC/4LWbKNKhBuY="></latexit>

Take A = DR
<latexit sha1_base64="OyI4rHqRP7H2UD8hUpI1/YQculM="></latexit>

�=

⇢ ✓
di,

d1, ..., dn
y

◆ ���� d1 �R x1, ..., dn �R xn,

✓
x1, ..., xn

y

◆
2 R

�

<latexit sha1_base64="p4FPWCMLMQBP2GVUqHwMr4Fd3Ok="></latexit>

(immediate subderivation relation)

<latexit sha1_base64="JYSpTJVdxVWeopcv3KkF+0YC9w8="></latexit>

R =

⇢

N �! n
,
E0 �! n0 E1 �! n1

E0 � E1 �! n0 + n1
,
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n0 · n1

�

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3

<latexit sha1_base64="Dm/NYxbtSMYCzROWg3vG1TfG2Vg="></latexit>�<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2

<latexit sha1_base64="Dm/NYxbtSMYCzROWg3vG1TfG2Vg="></latexit>�
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Lemma

<latexit sha1_base64="AHSyc0/nEKALCFBLdvuY5gJROT4="></latexit>

Any descending chain in � induces a descending chain in <
<latexit sha1_base64="i0/ALRm9gf4EejFAmjS428AN83E="></latexit>

Since < is w.f., so is �

<latexit sha1_base64="OWjXL06kvBU46jSmDH0DDtdD8aM="></latexit>

DR,� is w.f.

<latexit sha1_base64="FGXEJGSXZhw7szjLLXDAK2MOkvw="></latexit>

Let height : DR ! N defined as:
<latexit sha1_base64="WBdmAcUqqdfK9K+WylK0BkV8ZOE="></latexit>

height
⇣

y

⌘ M
= 1 if ( y ) 2 R

height
⇣

d1,...,dn

y

⌘ M
= 1 +maxi2[1,n] height(di) if d1 �R x1, ..., dn �R xn, (

x1,...,xn

y ) 2 R

<latexit sha1_base64="ovFzwOV0yNd6RViI4T04CkzMR+I="></latexit>

By definition, if d � d0 then height(d) < height(d0)
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Induction on derivation 
principle

<latexit sha1_base64="JxLorkYxjA/Pqttar1OiavSrUm4="></latexit>

8x1,...,xn

y 2 R. 8d1 �R x1, ..., d1 �R xn. (P (d1) ^ · · · ^ P (dn)) ) P (d1,...,dn

y )

8d. P (d)
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Corollary

<latexit sha1_base64="fSVLjhf26Kwo2sHOrJ6UPuSZCHs="></latexit>

Because �+ is the transitive closure of a w.f. relation

<latexit sha1_base64="kfkwUUfpEgVNvT1EMoZ5N2PaFnE="></latexit>

DR,�+ is w.f.

Example
<latexit sha1_base64="JYSpTJVdxVWeopcv3KkF+0YC9w8="></latexit>

R =

⇢

N �! n
,
E0 �! n0 E1 �! n1

E0 � E1 �! n0 + n1
,
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n0 · n1

�

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2

<latexit sha1_base64="fQbpTTffaNJFw2e8c7I8XKeiVo8="></latexit>

�+
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Typical properties
It is very often the case that the property of a derivation 
is only concerned with the conclusion of the derivation

in such cases we can avoid to mention derivations at all

<latexit sha1_base64="EbhVV/kLnymDX2EsxsEd/hAiAMM="></latexit>

d �R y ) P (d) , Q(y)

<latexit sha1_base64="eGGPDwIlONYQC8Er3cjncZh8SA0="></latexit>

P

✓
d1, ..., dn

y

◆
M
= Q(y)
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<latexit sha1_base64="7jiVHmCi1uOOFjemf6EKoYltFM8="></latexit>

8x1,...,xn

y 2 R. ({x1, ..., xn} ✓ IR ^ P (x1) ^ · · · ^ P (xn)) ) P (y)

8x 2 IR. P (x)

we assume derivations exist 
and that we can build a larger one 
but don’t need to mention this fact

<latexit sha1_base64="nZkFBgLffmUclfrYfqLqoJqX/vI="></latexit>

IR
M
= {y |�R y}

Rule induction principle



1111

Rule induction simplified

<latexit sha1_base64="C7/MXh4DT+Z8D27UY2o4aAUti4w="></latexit>

8x1,...,xn

y 2 R. (P (x1) ^ · · · ^ P (xn)) ) P (y)

8x 2 IR. P (x)

assuming that premises are theorems 
may be not even necessary
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Induction schemes
<latexit sha1_base64="ik0hovhUHTFjIGR00O4VCj3dIjI="></latexit>

P (n)
<latexit sha1_base64="lv+adS4wLYKWVPj2vtpxxo7gJ4I="></latexit>

mathematical induction
<latexit sha1_base64="8xiBD/VpvKPJSU6kdtEpP8D+pdQ="></latexit>

properties of numbers

<latexit sha1_base64="ccUEkgJP2CiJG473Q1vcgrBPukk="></latexit>

properties of terms
<latexit sha1_base64="c4ESAkkI9Dc6cSyfoX0/FBhcXxE="></latexit>

P (t)
<latexit sha1_base64="9HQW40FhFRLQXSDZfWkG2oV/mn0="></latexit>

structural induction

<latexit sha1_base64="K9Yu6VlLPlwUrAQTLY5GlyEGngY="></latexit>

properties of formulas
<latexit sha1_base64="ictm57Ae/yGi2ZViLMmdyOlE3Go="></latexit>

P(F)
<latexit sha1_base64="KuFbH9eTd1CmiL6i2x/JAcJHTHA="></latexit>

rule induction

<latexit sha1_base64="3zo068DoVaseIGwu9N2K2pbYBMM="></latexit>

two proof obligations: P (0) and P (n) ) P (n+ 1)

<latexit sha1_base64="kJBH8+p1ZuyuHLM9D3XNMd+a3+A="></latexit>

one proof obligation for each function symbol

<latexit sha1_base64="KEp3NP/uJSmEOBviQST+m0nNjnw="></latexit>

one proof obligation for each inference rule
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Determinacy: two views

<latexit sha1_base64="ccUEkgJP2CiJG473Q1vcgrBPukk="></latexit>

properties of terms
<latexit sha1_base64="c4ESAkkI9Dc6cSyfoX0/FBhcXxE="></latexit>

P (t)
<latexit sha1_base64="9HQW40FhFRLQXSDZfWkG2oV/mn0="></latexit>

structural induction

<latexit sha1_base64="K9Yu6VlLPlwUrAQTLY5GlyEGngY="></latexit>

properties of formulas
<latexit sha1_base64="ictm57Ae/yGi2ZViLMmdyOlE3Go="></latexit>

P(F)
<latexit sha1_base64="KuFbH9eTd1CmiL6i2x/JAcJHTHA="></latexit>

rule induction

<latexit sha1_base64="DbwAbv1MlBDx9Rj0MBQkfmB+OCc="></latexit>

P (c)
M
= 8�,�1,�2. hc,�i �! �1 ^ hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="NBFPQGWCaYqFT9NifQWPchpKkI8="></latexit>

P (hc,�i �! �1)
M
= 8�2. hc,�i �! �2 ) �1 = �2
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Determinacy of commands
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="NBFPQGWCaYqFT9NifQWPchpKkI8="></latexit>

P (hc,�i �! �1)
M
= 8�2. hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="wsXjsF+xfwGirl50YO1os4PElxY="></latexit>

8c,�,�1. P (hc,�i �! �1) ?
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Base case
<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="aq0tbV1ENsmFkeHRXwpWFQkNCs8=">AAAC+XicnVFNixNBEO0Zv9b4lVVvXhqDsIKEmSgqwsLievAYxewupEOo6anMNumPsbtnlzCM/8WbePDir/Hf2JOM4GY9WafHe1VdXe9lpRTOJ8mvKL5y9dr1Gzs3e7du37l7r797/8iZynKccCONPcnAoRQaJ154iSelRVCZxONsedjqx2donTD6k1+VOFNQaLEQHHyg5v0f4z0mQRcSKVPgT7NF7ZaibJ4xJwoFzHaaNLqwoj j1YK05pxv1KctxgZ8pWxgLUnbsfDT8Qv//0fmIfdzm9v9I8/4gGSbropdB2oEB6Wo8342es9zwSqH2XIJz0zQp/awG6wWX2PRY5bAEvoQCpwFqUOhm9drYhj6pHHhDS7RUSLom8e+JGpRzK5WFzvZOt6215L+0aeUXr2e10GXlUfN2kRfBkXaR41aExJDmwqL30P4cqdCUgwXv0QoKnAeyChFeWOi8AruyeThK4zk3SoHO601GTb1OwqKsWVYJmQdE2VmwwYouDRO20nq/aZpesDndNvUyOBoN05fD5MOLwcHbzvAd8og8JnskJa/IAXlPxmRCePQwehMdRu/iOv4af4u/b1rjqJt5QC5U/PM3msT0+A==</latexit>

P (hskip,�i �! �)
M
= 8�2. hskip,�i �! �2 ) � = �2

<latexit sha1_base64="DD/YRObc7UN7x1zCVjIKP3cGkXI=">AAACjXicbZDLbtQwFIY94VaGS6ewREgWUyQWKEpGKmUBqIIFLIvUaUcaj0Ynzklqje2kttOqsvJqvAd7tvAMOGmEoOWsfv/n5vNltRTWJcn3UXTr9p2797bujx88fPR4e7Lz5NhWjeE455WszCIDi1JonDvhJC5qg6AyiSfZ5lOXPzlHY0Wlj9xljSsFpRaF4OCCtZ4sPLMFPYIN0l1mRalgPdulNnZxeEvQpUTKFLjTrPB2I+ r29VUVM32OyUqXRpSnDoypLuifEe16Mk3ipA96U6SDmJIhDtc7o+csr3ijUDsuwdplmtRu5cE4wSW2Y9ZYrIFvoMRlkBoU2pXvEbT0ZWPBVbRGQ4WkvYl/d3hQ1l6qLFR219jruc78X27ZuOLtygtdNw417xY5EZh0iyw3IrBFmguDzkH3c6RCUw4GnEMjKHAezCbAHjONF7xSCnTuWY4FnrW+J2tQepY1QuZBUXYeDjZiIF+F+dS/b9t2HICm1/HdFMezOH0TJ19n04OPA9ot8oy8IK9ISvbJAflCDsmccPKN/CA/ya9oO9qL3kUfrkqj0dDzlPwT0effWi3J9w==</latexit>

Take �2 s.t. hskip,�i �! �2
<latexit sha1_base64="DW3cojqXAN6peI0ySzUHp0eM0mA=">AAACXXicbVBNbxMxEHW2LZTQj7QcOKBKFmmlnqLdHIBLpQouHItEmkpxFM16J8Gq7V3s2VSVtX+BX8MV/gcn/greNId+MJd5em9Gb+bllVae0vRPJ9nY3Hr2fPtF9+XO7t5+7+Dw0pe1kziSpS7dVQ4etbI4IkUaryqHYHKN4/z6U6uPl+i8Ku1Xuq1wamBh1VxJoEjNeqdB+DkfI78BS5xKXrlyifxYeLUwcHbXZsPjZtbrp4 N0VfwpyNagz9Z1MTvoHImilLVBS1KD95MsrWgawJGSGpuuqD1WIK9hgZMILRj007B6qeEntYf2GnRcab4i8f5GAOP9rcnjpAH65h9rLfk/bVLT/MM0KFvVhFa2RqQ0roy8dCpmhbxQDomgvRy5slyCAyJ0ioOUkaxjeF1h8UaWxoAtgihwjt+bIFo/hzqIvFa6iIiLZXzYKbCL6CJito6Hs6ZpujHQ7HF8T8HlcJC9G6Rfhv3zj+tot9kb9padsoy9Z+fsM7tgIybZD/aT/WK/O3+TrWQn2bsbTTrrnVfsQSWv/wF6GbcI</latexit>

We want to prove � = �2
<latexit sha1_base64="daoe/6l9pCy2qrdTJLcSFzGshfs="></latexit>

hskip,�i �! �2

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="NtI0RtWrHWo13tGzrtD2DlyrlxM="></latexit>

is applicable, hence �2 = �
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Base case
<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="LQywpaZItpLVS/e+QZ6jBGrgtEI="></latexit>

We assume ha,�i �! n

<latexit sha1_base64="LWR30SfELNuP75yPHCnJi3p9+rw="></latexit>

P (hx := a,�i �! �[n/x])
M
= 8�2. hx := a,�i �! �2 ) �[n/x] = �2

<latexit sha1_base64="PmDQokk6bpk3r1cTXhauODK8GTw=">AAAChHicbZDbbhMxEIadBdoSDk3hEiFZpEhcVKvdIA5CKqrghjuK1LSV4iia9U62VnzY2t6WytrH4mEQt/AeeJMIQctc/f5/j8fzFbUUzmfZ915y6/adjc2tu/179x883B7sPDp2prEcx9xIY08LcCiFxrEXXuJpbRFUIfGkWHzs8pMLtE4YfeSvapwqqLSYCw4+WrPB58DcnB7BAukuc6JSMBvtUpf6NJ4l6Eoi/fpuH/ZWIb NLi0mjKyuqMw/Wmkv6p7OdDYZZmi2L3hT5WgzJug5nO72nrDS8Uag9l+DcJM9qPw1gveAS2z5rHNbAF1DhJEoNCt00LDdv6fPGgTe0RkuFpEsT/+4IoJy7UkW8qcCfuetZZ/4vmzR+/nYahK4bj5p3g7yIKLpBjlsRkSIthUXvofs5UqEpBwveoxUUOI9mExn3mcZLbpQCXQZW4hzP28C6eRZlYEUjZBkVZRdxYStWwJmJ79Ow37ZtPwLNr+O7KY5Haf46zb6Mhgcf1mi3yBPyjLwgOXlDDsgnckjGhJNv5Af5SX4lG8le8jJ5tbqa9NY9j8k/lbz/DUfPxXA=</latexit>

Take �2 s.t. hx := a,�i �! �2
<latexit sha1_base64="gwjib9+RysXQOXmqRqr/G/hqReA=">AAACdHicbVBNb9NAEN2YrxK+UjgC0oq0Eqdg5wBcKiq4cCwSaSplrWi8noRVd9dmd5y2Wvnn8Gu4woE/wpm1mwO0zOnpvRm9N6+otfKUpr8GyY2bt27f2bk7vHf/wcNHo93Hx75qnMSZrHTlTgrwqJXFGSnSeFI7BFNonBenHzp9vkHnVWU/00WNuYG1VSslgSK1HL0Lwq/4HPkZWOJU8dpVG+R7wqu1gYUgPKfeJRS6wTbY9t V5fnCpLqd77XI0TidpP/w6yLZgzLZztNwdPBdlJRuDlqQG7xdZWlMewJGSGtuhaDzWIE9hjYsILRj0eegztHy/8dCFRMeV5j2Jf18EMN5fmCJuGqAv/qrWkf/TFg2t3uZB2bohtLIzIqWxN/LSqVgh8lI5JIIuOXJluQQHROgUBykj2cROh8LimayMAVsGUeIKv7ZBdH4OdRBFo3QZEReb+LBTYNfRRcTKHQ8HbdsOY6HZ1fqug+PpJHs9ST9Nx4fvt9XusKfsBXvJMvaGHbKP7IjNmGTf2Hf2g/0c/E6eJeNk/3I1GWxvnrB/Jpn8AR0rwZM=</latexit>

We want to prove �[n/x] = �2
<latexit sha1_base64="igjqGpsZDA1+rFLcGnJ1fvN19Eg="></latexit>

hx := a,�i �! �2

<latexit sha1_base64="ckz76WU3tfhgzF/2zq2gWk4Hub8="></latexit>

is applicable, hence �2 = �[m/x]
<latexit sha1_base64="4d5JRiwQLHxzYuCZVuHqAmzih0M="></latexit>

with ha,�i �! m
<latexit sha1_base64="cj/WUcxPRN4sZiW5mpnOvllXcfw="></latexit>

since we assumed ha,�i �! n
<latexit sha1_base64="QIZfS7MND/ucYc+ESdZsy2UFQws="></latexit>

by determinacy of Aexp we have n = m and thus �2 = �[m/x] = �[n/x]
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Inductive case
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="ALotSD0xAZM2IKs9xDUygbDng+M=">AAAC73iclVHLbtNAFB2bVwmvFJZsRkSoRUKRHRAvqVIFG5YBkbZSJrKuxzfuqPNwZ8atIsv8BjvEgg2fxN8wTiKgDRvu6uice+fcOTevpHA+SX5G8ZWr167f2LrZu3X7zt17/e37B87UluOEG2nsUQ4OpdA48cJLPKosgsolHuYn7zr98AytE0Z/8osKZwpKLeaCgw9U1v8+3mUSdCmR8ix5ypwoFTC7Ypg0urSiPPZgrTmnK3 Vn5wkrcI6nlM2NBSl/89lo+Jn+/3PZiH3cZPf+yFl/kAyTZdFNkK7BgKxrnG1Hz1hheK1Qey7BuWmaVH7WgPWCS2x7rHZYAT+BEqcBalDoZs0yzpY+rh14Qyu0VEi6JPHviQaUcwuVh04F/thd1jryX9q09vNXs0boqvaoeWfkRcilM3LcinAnpIWw6D10myMVmnKw4D1aQYHzQNbhcBcMnVdgF7YIn9J4zo1SoItmdaG2Yd0WFmXD8lrIIiDKzkIMVqxvYoIrbfbatu2FmNPLoW6Cg9EwfTFMPjwf7L9dB75FHpJHZJek5CXZJ+/JmEwIj3pREr2O3sSn8Zf4a/xt1RpH65kH5ELFP34BLHPtBA==</latexit>

P (hc0,�i �! �00)
M
= 8�00

2 . hc0,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="TQS3rYKmZgXvISN71ypZg4M645c=">AAAC7nicnVFNb9QwEHXCV7t8dAtHLhYr1CKhJVkqKIdKFVw4LohtK61X0cSZTa06dmo7rVZR+BncEAcu/CX+Dc5uQLTLiTk9vTfjN36TllJYF0U/g/DGzVu372xs9u7eu/9gq7/98MjqynCccC21OUnBohQKJ044iSelQShSicfp2btWP75AY4VWn9yixFkBuRJzwcF5Kul/H+8yCSqXSHkSP2dW5AXs7DCz4pjUKjciP3VgjL 6knf6MZTjHc8rm2oCUv+lkNPxM/+O5ZMQ+rpEHf8SkP4iG0bLoOog7MCBdjZPt4CXLNK8KVI5LsHYaR6Wb1WCc4BKbHqsslsDPIMephwoKtLN6mWZDn1YWnKYlGiokXZL490QNhbWLIvWdBbhTe11ryX9p08rN92e1UGXlUPHWyAkfSmtkuRH+TEgzYdA5aDdHKhTlYMA5NIIC556s/N2uGFpXgFmYzH9K4SXXRQEqq1f3aWrWbmFQ1iythMw8ouzCx2BEdxDtXWl90DRNz8ccXw91HRyNhvGrYfRhb3D4tgt8gzwmT8guiclrckjekzGZEB5sBi+C/eBNWIZfwq/ht1VrGHQzj8iVCn/8Al9y7NU=</latexit>

P (hc1,�00i �! �0)
M
= 8�0

2. hc1,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="F6ZkOPsHX+3ECPj7wdw7Jn5yuA4=">AAACpXicbZDPbtNAEMY35l8J/1I4clmRIjhUlR0kQEJIFVy4IBUpSSuykTVeT5xVdtdmd9wqsvxuvAYvwBUegXUSIdoyp0/fzO4388sqrTzF8Y9edOPmrdt39u72791/8PDRYP/x1Je1kziRpS7dWQYetbI4IUUazyqHYDKNp9nqY9c/PUfnVWnHtK5wbqCwaqEkULDSwddG+AUfwwr5gfCqMJCODriv5ZLTEiiYGmyhkcs0Fo fvZJocbseE2/pCl7ZwqlgSOFde8L+ftOlgGB/Fm+LXRbITQ7ark3S/90rkpawNWpIavJ8lcUXzBhwpqbHti9pjBXIFBc6CtGDQz5sNhJY/rz1QySt0XGm+MfHfFw0Y79cmC5MGaOmv9jrzf71ZTYu380bZqia0sgsiFQ7vgrx0KtBFniuHRNBtjlxZLsEBETrFQcpg1gH3pUBPBtza5eEoixeyNAZs3ogcF/itbUS3hUPdiKxWOg+Ki/OAwakd9DKk8uZ927b9gDm5CvW6mI6OktdH8ZfR8PjDDvgee8qesZcsYW/YMfvETtiESfad/WS/2O/oRfQ5GkfT7WjU2715wi5VlP4B3KLTCA==</latexit>

Take �2 such that hc0 ; c1,�i �! �2
<latexit sha1_base64="/TWmmfmf4vq2dSM8UQzxFWbSMds=">AAACXnicbVBNbxMxEHWWUkqgNIULUlXJIkXAJdrNAbhUquDCsZWaplIcRbPeSbBqexd7NlVl7W/g13CF38GNn4I3zaFfc5mn92b0Zl5eaeUpTf92kkcbjzefbD3tPnu+/WKnt/vyzJe1kziSpS7deQ4etbI4IkUazyuHYHKN4/zia6uPl+i8Ku0pXVU4NbCwaq4kUKRmvQ9B+DkfI78ES5xKXrlyifxAeLUw8O7wus+GB82s10 8H6ar4fZCtQZ+t63i229kXRSlrg5akBu8nWVrRNIAjJTU2XVF7rEBewAInEVow6Kdh9VPD39Ye2nPQcaX5isSbGwGM91cmj5MG6Lu/q7XkQ9qkpvnnaVC2qgmtbI1IaVwZeelUDAt5oRwSQXs5cmW5BAdE6BQHKSNZx/S6wuKlLI0BWwRR4Bx/NEG0fg51EHmtdBERF8v4sFNgF9FFxHAdD4dN03RjoNnd+O6Ds+Eg+zhIT4b9oy/raLfYHnvD3rOMfWJH7Bs7ZiMm2U/2i/1mfzr/ks1kO9m5Hk06651X7FYlr/8D8nm3OQ==</latexit>

We want to prove �0 = �2

<latexit sha1_base64="7h/vvxDB3V4SGQ1MiaJ+RvOK+ak=">AAAC83icnVFNb9NAEF2brxKgpHDksiJCFKmK7FC1SCioggvHgEhbKRtZ4/XEXXW9a3bXrSLL/BFuiAMXfhD/hnViJNpwYk5P783sm32TllJYF0W/gvDGzVu372zd7d27/2D7YX/n0bHVleE45Vpqc5qCRSkUTp1wEk9Lg1CkEk/S83etfnKBxgqtPrllifMCciUWgoPzVNL/MdllElQukfIkYnuveRLvMSvyAphZ80xqlRuRnz kwRl/Stfr8BctwgZ8pW2gDUnZ0Mhp+of/3YjJiHzdcxn+0pD+IhtGq6CaIOzAgXU2SneAlyzSvClSOS7B2Fkelm9dgnOASmx6rLJbAzyHHmYcKCrTzehVpQ59VFpymJRoqJF2R+PdEDYW1yyL1nQW4M3tda8l/abPKLV7Na6HKyqHirZETPpLWyHIj/K2QZsKgc9BujlQoysGAc2gEBc49WfnjXTG0rgCzNJn/lMJLrosCVFavD9TUrN3CoKxZWgmZeUTZhY/BiO4c2rvSetw0Tc/HHF8PdRMcj4bxwTD6sD84etsFvkWekKdkl8TkkByR92RCpoQH28F+MA7ehFX4NfwWfl+3hkE385hcqfDnb8Q172A=</latexit>

P (hc0 ; c1,�i �! �0)
M
= 8�2. hc0 ; c1,�i �! �2 ) �0 = �2
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="wjz4TLm6Mh3munrrgwAPzV3JJeo="></latexit>

hc0 ; c1,�i �! �2

<latexit sha1_base64="9xMy8exVnCqJmQadABl+d5WEOpI=">AAAC5XichVHJjtNAEG2bbQhbBo5cWmRYDqNgBwm4jDSCC8dBIjMjpSOr3K44renFdLcniix/AjfEgQvfxd/QTiwxCxJ1enqvnqrqVV5J4XyS/I7iGzdv3b6zc3dw7/6Dh4+Gu4+Pnaktxyk30tjTHBxKoXHqhZd4WlkElUs8yc8+dvrJOVonjP7i1xXOFZRaLAQHH6hs+LNhbkGXqDnSPeZEqSCbHGzBy2yyR1fCL4MiQZcSKc +S/a3I7JZh0ujSinLpwVqzor114wVdXLSm+3/F/9iDu82Go2ScbIpeB2kPRqSvo2w3esMKw2uF2nMJzs3SpPLzBqwXXGI7YLXDCvgZlDgLUINCN282Ibb0ee3AG1qhpULSDYkXHQ0o59YqD50K/NJd1TryX9qs9ov380boqvYh5m6QF+HybpDjVoTvIC2ERe+h2xyp0JSDBe/RCgqcB7IO77o00HkFdm2LcJTGFTdKhbAbVuACv7YN67awKBuW10IWAVF2HmKwok/dhKm0OWjbdhBiTq+Geh0cT8bp23HyeTI6/NAHvkOekmfkFUnJO3JIPpEjMiU8ItGL6HWUxGX8Lf4e/9i2xlHveUIuVfzrD+CN5+A=</latexit>

hence �2 = �0
2 with hc0,�i �! �00

2 and hc1,�00
2 i �! �0

2
<latexit sha1_base64="H/dXvmSuSv2W6h+7yIGPELZhP0U=">AAACsnicbVFda9swFJW9r9b7aNo+joFYMtpBCXYY214KpXvZYwZLWxYFcy3fOKKy5ElyQjD+oXveH5mcpLC1u09H59wvnZtVUlgXx7+C8NHjJ0+f7e1Hz1+8fHXQOzy6sro2HCdcS21uMrAohcKJE07iTWUQykzidXb7pdOvl2is0Oq7W1c4K6FQYi44OE+lvZYpLVSOykUNs3N6uab+WXMnlkgX60q7BVph6WB8yiSoQiLlaX zGrChKYGbDMKlVYUSxcGCMXtGteHLyfnBGV74L+FaDO/L8DqSjQZv2+vEw3gR9CJId6JNdjNPD4A3LNa9LvzCXYO00iSs3a8A4wSW2EastVsBvocCphwpKtLNm41NL39UWnKYVGiok3ZD4d0UDpbXrMvOZJbiFva915P+0ae3mn2eNUFXtUPFukBPeqW6Q5cZbaZDmwqBz0G2O3mPKwYBzaAQFzj1Z+4tETOGK67IElTcsxzn+bBvWzTMoG5bVQuYeUbb0HzZiew+mfX/anLdtG3lDk/v2PQRXo2HycRh/G/UvLnfW7pHX5C05JQn5RC7IVzImE8LJ72A/OAqOww/hjxBCvk0Ng13NMfknQvkH3yPUZA==</latexit>

By inductive hypothesis P (hc0,�i �! �00), we have �00 = �00
2

<latexit sha1_base64="Nc3T1Kh0KejXqssUG8DOUh+3dac=">AAACkXicbZBNb9NAEIY35quEr5QeuaxIUTmgyA4ShQNSBBJC4lIk0lbKRtZ4PXFW3V27u+NWkeV/xK/hhuDHsA4+0JY5vXrfGc3Mk1VaeYrjn4Po1u07d+/t3B8+ePjo8ZPR7tNjX9ZO4lyWunSnGXjUyuKcFGk8rRyCyTSeZGcfu/zkAp1Xpf1GmwqXBgqrVkoCBSsdfWqEX3GwOad17fm+0GALjVymySvhVWHg4EC4v57QpS 2cKtYEzpWXvM/T6X6bjsbxJN4WvymSXoxZX0fp7uC1yEtZG7QkNXi/SOKKlg04UlJjOxS1xwrkGRS4CNKCQb9stg+3/EXtgUpeoeNK862J/040YLzfmCx0GqC1v5515v+yRU2rt8tG2aomtLJbRCp83i3y0qlAEnmuHBJBdzlyZbkEB0ToFAcpg1kHtFcWejLgNi4PT1m8lKUxgXcjclzheduI7gqHuhFZrXQeFBcXAYNTPfUybOXN+7ZthwFzch3qTXE8nSRvJvHX6Xj2oQe+w56x5+wlS9ghm7HP7IjNmWTf2Q/2i/2O9qJ30Szqe6NBP7PHrlT05Q8bAcuI</latexit>

and thus hc1,�00i �! �0
2

<latexit sha1_base64="ALotSD0xAZM2IKs9xDUygbDng+M="></latexit>

P (hc0,�i �! �00)
M
= 8�00

2 . hc0,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="TQS3rYKmZgXvISN71ypZg4M645c="></latexit>

P (hc1,�00i �! �0)
M
= 8�0

2. hc1,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="3bSwrE81jtGUG93V9Ndi8mY3lPk=">AAACtnicbVFdb9MwFHXC1wgMuiHBA0KyaNE2aaqaSoy9TJrGC49FotukukQ3zm1qzbGD7bSqojzwM/kF/A2cLg+wcV98fI7vh89NSymsG41+BeGDh48eP9l5Gj17vvviZW9v/9LqynCcci21uU7BohQKp044idelQShSiVfpzedWv1qhsUKrb25T4ryAXImF4OA8lfR+MqWFylC5qGZ2QS821F8r7sQK6XJTardEKywdTA6ZBJ VLpDyJj5kVeQEHB8xsOSa1yo3Ilw6M0WvayUeDY7pG6ksougRfcNAJZ92ZjAdN0uuPhqNt0Psg7kCfdDFJ9oJ3LNO8KvzQXIK1s3hUunkNxgkusYlYZbEEfgM5zjxUUKCd11uvGvqhsuA0LdFQIemWxL8zaiis3RSpf1mAW9q7Wkv+T5tVbnE6r4UqK4eKt42c8G61jSw33k6DNBMGnYN2cvQ+Uw4GnEMjKHDuycpvJWIK11wXBaisZhku8EdTs7afQVmztBIy84iylf+wEbc7YdrXp/VZ0zSRNzS+a999cDkexifDj1/H/fOLztod8pa8J4ckJp/IOflCJmRKOPkd7Aavgzfhafg9xDC/fRoGXc4r8k+E5R8jRdY6</latexit>

By inductive hypothesis P (hc1,�00i �! �0), we then have �0 = �0
2
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Inductive case
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypothesis)

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ=">AAACkHicbZFNb9QwEIa94assX9ty5GKxQuKAVgkg6AVRQEiIU5HYttJ6tZo4k9Sq7QR70rKy8ov4NRyBP4OzzYG2zOn1O2O948d5o5WnNP01Sq5dv3Hz1tbt8Z279+4/mGzvHPi6dRLnsta1O8rBo1YW56RI41HjEEyu8TA/+dD3D0/ReVXbr7RucGmgsqpUEihaq8lHocFWGnn+THhVGRDu/Cx0bSunqmMC5+ozLgi/0yYv5L rFLggDdJyXoSy7bjWZprN0U/yqyAYxZUPtr7ZHL0RRy9agJanB+0WWNrQM4EhJjd1YtB4bkCdQ4SJKCwb9MmzyO/6k9UA1b9BxpfnGxH9vBDDer00eJ/sl/eVeb/6vt2ip3F0GZZuW0Mo+iFRk0Qd56VQEibxQDomg3xy5slyCAyJ0ioOU0Wwj2QuBngy4tSvioyyeydoYsEUQBZb4bcDoUAeRt0oXUXFxGjE4NfxDHVN5eNN13Thizi5DvSoOns+yV7P0y8vp3vsB+BZ7xB6zpyxjr9ke+8T22ZxJ9oP9ZL/Zn2Qn2U3eJu/OR5PRcOchu1DJ578Yuc4a</latexit>

hb,�i �! ↵
<latexit sha1_base64="6us51y8tKgrA86TI1DVCyR+c1Sg=">AAAC53iclVFNb9NAEF2brxI+msKRy4oKESQU2QEBl0oVXDgGRNpK2cgaryfuqvthdtetIsv8BW6IAxd+Fv+GdWIk2nBhTk/vzeybfZNXUjifJL+i+Nr1Gzdv7dwe3Ll77/7ucO/BkTO15TjjRhp7koNDKTTOvPASTyqLoHKJx/nZu04/PkfrhNGf/KrChYJSi6Xg4AOVDX9MR0yCLiVSnqXPmROlAmY3DJNGl1aUpx6sNRd0oz 59xgpc4mfKlsaClD2dTcZf6P++lU3Yx633D/5o2XA/GSfrotsg7cE+6Wua7UUvWGF4rVB7LsG5eZpUftGA9YJLbAesdlgBP4MS5wFqUOgWzTrGlj6pHXhDK7RUSLom8e+JBpRzK5WHTgX+1F3VOvJf2rz2yzeLRuiq9qh5Z+RFiKQzctyKcB+khbDoPXSbIxWacrDgPVpBgfNA1uFglwydV2BXtgif0njBjVKgi2ZzmrZh3RYWZcPyWsgiIMrOQwxW9OcwwZU2B23bDkLM6dVQt8HRZJy+GicfXu4fvu0D3yGPyGMyIil5TQ7JezIlM8KjOBpFaTSJRfw1/hZ/37TGUT/zkFyq+OdvI53rfg==</latexit>

P (hc1,�i �! �0)
M
= 8�2. hc1,�i �! �2 ) �0 = �2

<latexit sha1_base64="iNBF6Dn8aofWoCoTA5HjcSVEeyw="></latexit>

P (hif b then c0 else c1,�i �! �0)
M
= 8�2. hif b then c0 else c1,�i �! �2 ) �0 = �2

<latexit sha1_base64="IPYUhwJaiQcApNWhpGs1nEJiWRY=">AAAC3HicbVHLbtNAFB2bVwmPprBESCNSHgsU2UECNkgVbFgWqWkrZUJ0Pb52RpmHmRm3iizv2CEWbPg3voQt49QqtOWuzpz7OHPPzSopnE+SX1F87fqNm7e2bg/u3L13f3u48+DQmdpynHIjjT3OwKEUGqdeeInHlUVQmcSjbPWhyx+doHXC6AO/rnCuoNSiEBx8oBbDH0wboXPUftAwV9ADWCHdZU6UChaTXepqvqR+CT6QEn QpkTIFfpkVjShaRjN2/vZL1IHhi+Qvh9Lhhktfns1kth8ijS6tKJcerDWn9FyxXQxHyTjZBL0K0h6MSB/7i53oFcsNr1VYgktwbpYmlZ83YL3gEtsBqx1WwFdQ4ixADQrdvNl419KntQNvaIWWCkk3JP7b0YBybq2yUNnt5C7nOvJ/uVnti7fzRuiq9qh5J+RFWLwTctyKcBSkubDoPXQ/Ryo05WDBe7SCAueBrMOVLgg6r8CubR6W0njKjVKg84blWOCXttm4blE2LKuFzAOi7CTYYEVvugmqtHnXtu0g2JxeNvUqOJyM09fj5NNktPe+N3yLPCJPyAuSkjdkj3wk+2RKOPkdPY6eRc/jz/HX+Fv8/aw0jvqeh+RCxD//AFfn53o=</latexit>

Take �2 such that hif b then c0 else c1,�i �! �2
<latexit sha1_base64="/TWmmfmf4vq2dSM8UQzxFWbSMds=">AAACXnicbVBNbxMxEHWWUkqgNIULUlXJIkXAJdrNAbhUquDCsZWaplIcRbPeSbBqexd7NlVl7W/g13CF38GNn4I3zaFfc5mn92b0Zl5eaeUpTf92kkcbjzefbD3tPnu+/WKnt/vyzJe1kziSpS7deQ4etbI4IkUazyuHYHKN4/zia6uPl+i8Ku0pXVU4NbCwaq4kUKRmvQ9B+DkfI78ES5xKXrlyifxAeLUw8O7wus+GB82s10 8H6ar4fZCtQZ+t63i229kXRSlrg5akBu8nWVrRNIAjJTU2XVF7rEBewAInEVow6Kdh9VPD39Ye2nPQcaX5isSbGwGM91cmj5MG6Lu/q7XkQ9qkpvnnaVC2qgmtbI1IaVwZeelUDAt5oRwSQXs5cmW5BAdE6BQHKSNZx/S6wuKlLI0BWwRR4Bx/NEG0fg51EHmtdBERF8v4sFNgF9FFxHAdD4dN03RjoNnd+O6Ds+Eg+zhIT4b9oy/raLfYHnvD3rOMfWJH7Bs7ZiMm2U/2i/1mfzr/ks1kO9m5Hk06651X7FYlr/8D8nm3OQ==</latexit>

We want to prove �0 = �2
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<latexit sha1_base64="F6FcYy0BeU51DV2c+CZDnVCAC+Y=">AAAC1HicbVFNb9NAEF2brxI+moI4IcGKFIkDiuxUKlyQKnrhWCSSVspG0Xg9dlbdD7O7bhUZnxAHLvw/fgV/gXVqAW2Z09s3M/tm3mSVFM4nyc8ovnHz1u07W3cH9+4/eLg93Hk0c6a2HKfcSGNPMnAohcapF17iSWURVCbxODs97PLHZ2idMPqTX1e4UFBqUQgOPlDL4XemjdA5aj9omCvoodFO5GipXyEtDUi6yyToUiJlCv wqKxpRtIxm7M87VOrA8GXyl0PpcMOlr5kTpQJm+0+k0aUV5cqDteacXmSXk912ORwl42QT9DpIezAifRwtd6I9lhteqzA8l+DcPE0qv2jAesEltgNWO6yAn0KJ8wA1KHSLZuNZS1/WDryhVVhVSLoh8d+OBpRza5WFym4ndzXXkf/LzWtfvF00Qle1R807IS/C4p2Q41aEYyDNhUXvoZscqdCUgwXv0QoKnAeyDte5JOi8Aru2eVhK4zk3SoHOG5ZjgZ/bZuO6RdmwrBYyD4iys2CDFb3pJqjS5l3btoNgc3rV1OtgNhmn++Pk42R08L43fIs8JS/IK5KSN+SAfCBHZEo4+RU9iZ5Fz+NZ/CX+Gn+7KI2jvucxuRTxj9+wAuT2</latexit>

Consider the goal hif b then c0 else c1,�i �! �2

<latexit sha1_base64="NWu6P8NU9rtRx52hGZ45y/zVZco=">AAACpnicbZDPbtNAEMY35l8Jf5rCkcuKFNEDiuwgAZdKFVw4oSKRplI2MuP1xFl1d212x40iyw/HY/AEXOENWCeRoC1z+vR9M5qZX1Zp5SmOf/SiW7fv3L23d7//4OGjx/uDgydnvqydxIksdenOM/ColcUJKdJ4XjkEk2mcZhcfunx6ic6r0n6hdYVzA4VVCyWBgpUOZo3wC75EK5EfCq8KA+n4eCtepuNDvlK0DIkGW2jkMk 1ebUPhto7QpS2cKpYEzpUr/ne0TQfDeBRvit8UyU4M2a5O04Pea5GXsjZoSWrwfpbEFc0bcKSkxrYvao8VyAsocBakBYN+3mwotPxF7YFKXqHjSvONif9ONGC8X5ssdBqgpb+edeb/sllNi3fzRtmqpsCpW0QqfN4t8tKpgBd5rhwSQXc5cmW5BAdE6BQHKYNZB95XFnoy4NYuD09ZXMnSGLB5I3Jc4Le2Ed0VDnUjslrpPCguLgMGp3bUy7CVN8dt2/YD5uQ61JvibDxK3oziz+Phyfsd8D32jD1nRyxhb9kJ+8hO2YRJ9p39ZL/Y7+go+hRNoum2NertZp6yKxV9/QNBMdOc</latexit>

hence �2 = �0
2 with hc1,�i �! �0

2

<latexit sha1_base64="7zfMzCjzpPL59WKDmlRsfeeQL5U=">AAACXHicbZC7bhNBFIbHS4DgEHBAokFIIxwElbWbAmiQItNQBgknkTyWdXb2rBllLsvM2YA12kfgaWjhQWh4FsaLC0g41a//3L+y0SpQnv8cZDd2bt66vXtnuHd3/9790cGD0+BaL3EmnXb+vISAWlmckSKN541HMKXGs/Li7SZ/dok+KGc/0LrBhYGVVbWSQMlajp5HEWo+XfMKCb1RFuSau5ofCgP0MdRxil+a7rBbjsb5JO +DXxfFVozZNk6WB4MnonKyNWhJaghhXuQNLSJ4UlJjNxRtwAbkBaxwnqQFg2ER+486/qwNQI436LnSvDfx744IJoS1KVNlf+fV3Mb8X27eUv16EZVtWkIrN4tIaewXBelVQoW8Uh6JYHM5cmW5BA+U6CgOUiazTeyGwuJn6YwBW0VRYY2futgz86ijKFulq6S4uEwPewV2lbYIl+bz+KbrumECWlzFd12cHk2Kl5P8/dH4eLpFu8ses6fsBSvYK3bM3rETNmOSfWXf2Hf2Y/Ar28n2sv0/pdlg2/OQ/RPZo9+9Obc8</latexit>

By determinacy of Bexp
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="ZGegb7SzUF9h+6a5tE/SkIR0vx4="></latexit>

By inductive hypothesis P (hc1,�i �! �0), we then have �0 = �0
2 = �2

<latexit sha1_base64="dw/bIM1Bl05BISXT5PJjpvFWBUE=">AAACSHicbVDLbhNBEJw1jwTzcsgRIY2wkDhZuzkELpEiuHAMEk4ieSyrd7btjDKPZaYnyBrtt3CFX+EP+AtuiBuzxgdI6FOpqruru+pWq0Bl+b0Y3Lp95+7O7r3h/QcPHz0e7T05DS56iVPptPPnNQTUyuKUFGk8bz2CqTWe1Zdve/3sCn1Qzn6gdYtzAyurlkoCZWox2k8iLLmzes3pArmPGrvFaFxOyk3xm6DagjHb1slir3 gmGiejQUtSQwizqmxpnsCTknnhUMSALchLWOEsQwsGwzxtru/4ixiAHG/Rc6X5hsS/JxKYENamzp0G6CJc13ryf9os0vL1PCnbRkIreyNSGjdGQXqVY0HeKI9E0F+OXFkuwQMResVBykzGnNNQWPwknTFgmyQaXOLHLonez6NOoo5KNxlxcZUf9grsKrsIl/fzdNR13TAHWl2P7yY4PZhUh5Py/cH4+M022l32lD1nL1nFXrFj9o6dsCmTbM0+sy/sa/Gt+FH8LH79aR0U25l99k8NBr8BUkayOQ==</latexit>

only the rule

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ="></latexit>

hb,�i �! ↵
<latexit sha1_base64="6us51y8tKgrA86TI1DVCyR+c1Sg="></latexit>

P (hc1,�i �! �0)
M
= 8�2. hc1,�i �! �2 ) �0 = �2
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Inductive case
<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="zTRXi61drFRxH5FGAAe1/w/91iA=">AAACanicbVDJbhNBEG0PWzCbE04oQmphkDhZM5FYLkgBLhyDhJNIbsuq6Sk7rfQy9GIUteZL+Bqu8AX8Ax9BjfEBEur06tXyql7dahViWf4cFNeu37h5a+f28M7de/cfjHb3joNLXuJUOu38aQ0BtbI4jSpqPG09gqk1ntTn7/v6yRp9UM5+ihctzg2srFoqCZGoxehFFmHJ31rQbuVS4NHxeIacdqxVn0vazcE2xFLmjIoRm2 4xGpeTchP8Kqi2YMy2cbTYHTwWjZPJoI1SQwizqmzjPIOPSmrshiIFbEGewwpnBC0YDPO8+a/jz1IAOqxFz5XmGxL/nshgQrgwNXUaiGfhcq0n/1ebpbh8Pc/Ktimilb1QVBo3QkF6RcYhb5THGKG/HLmy5IgHMsErDlISmcjJobD4RTpjyKksGlzi5y6LXs+jzqJOSjeEuFjTw16BXZGKcLSf5zdd1w3J0OqyfVfB8cGkejkpPx6MD99trd1h++wJe84q9oodsg/siE2ZZF/ZN/ad/Rj8KvaKR8X+n9ZisJ15yP6J4ulvt/K9SA==</latexit>

Analogous to the previous case and thus omitted
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

Base case
<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ=">AAACkHicbZFNb9QwEIa94assX9ty5GKxQuKAVgkg6AVRQEiIU5HYttJ6tZo4k9Sq7QR70rKy8ov4NRyBP4OzzYG2zOn1O2O948d5o5WnNP01Sq5dv3Hz1tbt8Z279+4/mGzvHPi6dRLnsta1O8rBo1YW56RI41HjEEyu8TA/+dD3D0/ReVXbr7RucGmgsqpUEihaq8lHocFWGnn+THhVGRDu/Cx0bSunqmMC5+ozLgi/0yYv5L rFLggDdJyXoSy7bjWZprN0U/yqyAYxZUPtr7ZHL0RRy9agJanB+0WWNrQM4EhJjd1YtB4bkCdQ4SJKCwb9MmzyO/6k9UA1b9BxpfnGxH9vBDDer00eJ/sl/eVeb/6vt2ip3F0GZZuW0Mo+iFRk0Qd56VQEibxQDomg3xy5slyCAyJ0ioOU0Wwj2QuBngy4tSvioyyeydoYsEUQBZb4bcDoUAeRt0oXUXFxGjE4NfxDHVN5eNN13Thizi5DvSoOns+yV7P0y8vp3vsB+BZ7xB6zpyxjr9ke+8T22ZxJ9oP9ZL/Zn2Qn2U3eJu/OR5PRcOchu1DJ578Yuc4a</latexit>

hb,�i �! ↵

<latexit sha1_base64="bbAZm7E5y5ugQG7IqdcVzmx0VBU="></latexit>

P (hwhile b do c,�i �! �)
M
= 8�2. hwhile b do c,�i �! �2 ) � = �2

<latexit sha1_base64="99AwkYdAu0elGTO6l5plnHgFxEc=">AAACx3icbZFNbxMxEIa9y0dD+ErKkYtFisQBRZsgUS5IFVzgVqSmrRRH0ax3smvFH4vtTYiWPfAzufJL8KarirbM6fU7M57x47SUwvkk+R3F9+4/eHjQe9R//OTps+eD4eG5M5XlOONGGnuZgkMpNM688BIvS4ugUokX6fpzm7/YoHXC6DO/K3GhINdiJTj4YC0HP5k2Qmeofb9mbkXPYI30iDmRK1hOj6ireEF9AT6YEnQukT IFvkhX9bYQEhtGU3ZtZSac+durdma7eml0bkVeeLDWbOn15c1yMErGyT7oXTHpxIh0cbocRu9YZnilwr5cgnPzSVL6RQ3WCx6W6bPKYQl8DTnOg9Sg0C3qPaaGvq4ceENLtFRIujfx344alHM7lYbK9j3udq41/5ebV371YVELXVYeNW8H+YBmP8hxKwJ/pJmw6D20myMVmnKw4D1aQYHzYFbhQ24MdF6B3dksPErjlhulQGc1y3CF35t6T9yirFlaCZkFRdkmYLCig27CVFp/bJqmHzBPbkO9K86n48n7cfJtOjr51AHvkZfkFXlDJuSYnJAv5JTMCCd/ol40jA7jr7GJN/GPq9I46npekBsR//oLDH7fLQ==</latexit>

Take �2 such that hwhile b do c,�i �! �2
<latexit sha1_base64="DW3cojqXAN6peI0ySzUHp0eM0mA=">AAACXXicbVBNbxMxEHW2LZTQj7QcOKBKFmmlnqLdHIBLpQouHItEmkpxFM16J8Gq7V3s2VSVtX+BX8MV/gcn/greNId+MJd5em9Gb+bllVae0vRPJ9nY3Hr2fPtF9+XO7t5+7+Dw0pe1kziSpS7dVQ4etbI4IkUaryqHYHKN4/z6U6uPl+i8Ku1Xuq1wamBh1VxJoEjNeqdB+DkfI78BS5xKXrlyifxYeLUwcHbXZsPjZtbrp4 N0VfwpyNagz9Z1MTvoHImilLVBS1KD95MsrWgawJGSGpuuqD1WIK9hgZMILRj007B6qeEntYf2GnRcab4i8f5GAOP9rcnjpAH65h9rLfk/bVLT/MM0KFvVhFa2RqQ0roy8dCpmhbxQDomgvRy5slyCAyJ0ioOUkaxjeF1h8UaWxoAtgihwjt+bIFo/hzqIvFa6iIiLZXzYKbCL6CJito6Hs6ZpujHQ7HF8T8HlcJC9G6Rfhv3zj+tot9kb9padsoy9Z+fsM7tgIybZD/aT/WK/O3+TrWQn2bsbTTrrnVfsQSWv/wF6GbcI</latexit>

We want to prove � = �2
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<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ="></latexit>

hb,�i �! ↵

<latexit sha1_base64="cfx4DmiaH9Fo+wv1eWjXIbkHcpc=">AAACv3icbZFNb9NAEIbX5qNt+ErhyGVFisQBRU6QKBekQi8ci0TaStkoGq8nzqr7YXbHjSLLPxR+DevUQrRlTu++M6OZeTavtAqUZb+S9MHDR4/39g8GT54+e/5iePjyPLjaS5xJp52/zCGgVhZnpEjjZeURTK7xIr867fIX1+iDcvYHbStcGCitWikJFK3lkIR1yhZoadCIsOKnzgZVoOe0Rl460PxIaLClRi4M0DpfNZu10t gKnou/VuHiW74XQZUGhO/rtbOlV+WawHu34TfZ5fSoXQ5H2TjbBb8vJr0YsT7OlofJB1E4WZu4p9QQwnySVbRowJOScZmBqANWIK+gxHmUFgyGRbPD0/K3dQByvIpXKc13Jv7b0YAJYWvyWNndE+7mOvN/uXlNq0+LRtmqJrSyG0QRzW5QkF5F7sgL5ZEIus2RK8sleCBCrzhIGc06fsStgYEM+K0v4lEWN9IZA7ZoRIEr/Nk2O+IedSPyWukiKi6uIwaveuguTuXN57ZtBxHz5C7U++J8Op58HGffp6OTrz3wffaavWHv2IQdsxP2jZ2xGZPsd8KSg2SQfknL1KbVTWma9D2v2K1It38AlC3cqQ==</latexit>

Consider the goal hwhile b do c,�i �! �2
<latexit sha1_base64="7zfMzCjzpPL59WKDmlRsfeeQL5U=">AAACXHicbZC7bhNBFIbHS4DgEHBAokFIIxwElbWbAmiQItNQBgknkTyWdXb2rBllLsvM2YA12kfgaWjhQWh4FsaLC0g41a//3L+y0SpQnv8cZDd2bt66vXtnuHd3/9790cGD0+BaL3EmnXb+vISAWlmckSKN541HMKXGs/Li7SZ/dok+KGc/0LrBhYGVVbWSQMlajp5HEWo+XfMKCb1RFuSau5ofCgP0MdRxil+a7rBbjsb5JO +DXxfFVozZNk6WB4MnonKyNWhJaghhXuQNLSJ4UlJjNxRtwAbkBaxwnqQFg2ER+486/qwNQI436LnSvDfx744IJoS1KVNlf+fV3Mb8X27eUv16EZVtWkIrN4tIaewXBelVQoW8Uh6JYHM5cmW5BA+U6CgOUiazTeyGwuJn6YwBW0VRYY2futgz86ijKFulq6S4uEwPewV2lbYIl+bz+KbrumECWlzFd12cHk2Kl5P8/dH4eLpFu8ses6fsBSvYK3bM3rETNmOSfWXf2Hf2Y/Ar28n2sv0/pdlg2/OQ/RPZo9+9Obc8</latexit>

By determinacy of Bexp
<latexit sha1_base64="mOluWpXiZxRJU9upjZ/CP3fN3/w="></latexit>

hence �2 = �
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<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

Inductive case
<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="eposdK99YrB9IZa0kOKMhBzuCbA=">AAACkHicbZFNbxMxEIad5auEr7QcuVhESBxQtAEEvSAKCAlxKhJpK8VRNOudbK36Y7FnWyJrfxG/hiPwZ/Cme6Atc3r9zljv+HFRaxUoz38NsmvXb9y8tXV7eOfuvfsPRts7B8E1XuJMOu38UQEBtbI4I0Uaj2qPYAqNh8XJh65/eIo+KGe/0rrGhYHKqpWSQMlajj4KDbbSyItnIqjKgPDnZ6Gdrbyqjgm8d2dcEH6nTV4sdI NtFAbouFhForZdjsb5JN8UvyqmvRizvvaX24MXonSyMWhJaghhPs1rWkTwpKTGdiiagDXIE6hwnqQFg2ERN/ktf9IEIMdr9FxpvjHx3xsRTAhrU6TJbslwudeZ/+vNG1rtLqKydUNoZRdEKrHogoL0KoFEXiqPRNBtjlxZLsEDEXrFQcpkNonshcBABvzal+lRFs+kMwZsGUWJK/zWY/SooygapcukuDhNGLzq/8GlVB7ftG07TJinl6FeFQfPJ9NXk/zLy/He+x74FnvEHrOnbMpesz32ie2zGZPsB/vJfrM/2U62m73N3p2PZoP+zkN2obLPfwFOJ842</latexit>

hb,�i �! tt
<latexit sha1_base64="/IpdY/geGn7dYPHv2DSOR8fERPo=">AAAC63iclVFNbxMxEPUu0Jbw0RSOXCwi1CJV0W6AwqVSBReOAZG2UhxFs97J1qo/tra3VbRa/gQ3xIELP4p/gzeJgDZcmNPze2O/8ZuslML5JPkZxbdu39nY3LrbuXf/wcPt7s6jY2cqy3HEjTT2NAOHUmgceeElnpYWQWUST7Lzd61+conWCaM/+XmJEwWFFjPBwQdq2v0+3GMSdCGR8n3mRKGA2eWZSaMLK4ozD9aaK7pUd3 efd1iOM7zosJmxIOVvYTrof/7fx6YD9nGdPfwjT7u9pJ8siq6DdAV6ZFXD6U70guWGVwq15xKcG6dJ6Sc1WC+4xKbDKocl8HMocBygBoVuUi+ibOizyoE3tERLhaQLEv++UYNybq6y0KnAn7mbWkv+SxtXfvZmUgtdVh41b428CLm0Ro5bEXaENBcWvYd2cqRCUw4WvEcrKHAeyCos7Zqh8wrs3ObhUxqvuFEKdF4v19PUrJ3CoqxZVgmZB0TZZYjBitVOTHCl9WHTNJ0Qc3oz1HVwPOinB/3kw8ve0dtV4FvkCXlK9khKXpMj8p4MyYjwaCPaj15FB7GKv8Rf42/L1jha3XlMrlX84xdDBeuS</latexit>

P (hc,�i �! �00)
M
= 8�00

2 . hc,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="daRol66oHG/ykT5q+xVFoxXlq94="></latexit>

P (hwhile b do c,�00i �! �0)
M
= 8�0

2. hwhile b do c,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="bIBrfU6ZWPuQSSUT5eV/wLiJF0w="></latexit>

P (hwhile b do c,�i �! �0)
M
= 8�2. hwhile b do c,�i �! �2 ) �0 = �2

<latexit sha1_base64="99AwkYdAu0elGTO6l5plnHgFxEc=">AAACx3icbZFNbxMxEIa9y0dD+ErKkYtFisQBRZsgUS5IFVzgVqSmrRRH0ax3smvFH4vtTYiWPfAzufJL8KarirbM6fU7M57x47SUwvkk+R3F9+4/eHjQe9R//OTps+eD4eG5M5XlOONGGnuZgkMpNM688BIvS4ugUokX6fpzm7/YoHXC6DO/K3GhINdiJTj4YC0HP5k2Qmeofb9mbkXPYI30iDmRK1hOj6ireEF9AT6YEnQukT IFvkhX9bYQEhtGU3ZtZSac+durdma7eml0bkVeeLDWbOn15c1yMErGyT7oXTHpxIh0cbocRu9YZnilwr5cgnPzSVL6RQ3WCx6W6bPKYQl8DTnOg9Sg0C3qPaaGvq4ceENLtFRIujfx344alHM7lYbK9j3udq41/5ebV371YVELXVYeNW8H+YBmP8hxKwJ/pJmw6D20myMVmnKw4D1aQYHzYFbhQ24MdF6B3dksPErjlhulQGc1y3CF35t6T9yirFlaCZkFRdkmYLCig27CVFp/bJqmHzBPbkO9K86n48n7cfJtOjr51AHvkZfkFXlDJuSYnJAv5JTMCCd/ol40jA7jr7GJN/GPq9I46npekBsR//oLDH7fLQ==</latexit>

Take �2 such that hwhile b do c,�i �! �2
<latexit sha1_base64="/TWmmfmf4vq2dSM8UQzxFWbSMds=">AAACXnicbVBNbxMxEHWWUkqgNIULUlXJIkXAJdrNAbhUquDCsZWaplIcRbPeSbBqexd7NlVl7W/g13CF38GNn4I3zaFfc5mn92b0Zl5eaeUpTf92kkcbjzefbD3tPnu+/WKnt/vyzJe1kziSpS7deQ4etbI4IkUazyuHYHKN4/zia6uPl+i8Ku0pXVU4NbCwaq4kUKRmvQ9B+DkfI78ES5xKXrlyifxAeLUw8O7wus+GB82s10 8H6ar4fZCtQZ+t63i229kXRSlrg5akBu8nWVrRNIAjJTU2XVF7rEBewAInEVow6Kdh9VPD39Ye2nPQcaX5isSbGwGM91cmj5MG6Lu/q7XkQ9qkpvnnaVC2qgmtbI1IaVwZeelUDAt5oRwSQXs5cmW5BAdE6BQHKSNZx/S6wuKlLI0BWwRR4Bx/NEG0fg51EHmtdBERF8v4sFNgF9FFxHAdD4dN03RjoNnd+O6Ds+Eg+zhIT4b9oy/raLfYHnvD3rOMfWJH7Bs7ZiMm2U/2i/1mfzr/ks1kO9m5Hk06651X7FYlr/8D8nm3OQ==</latexit>

We want to prove �0 = �2

(inductive hypotheses)
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<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

Inductive case (ctd)
<latexit sha1_base64="eposdK99YrB9IZa0kOKMhBzuCbA=">AAACkHicbZFNbxMxEIad5auEr7QcuVhESBxQtAEEvSAKCAlxKhJpK8VRNOudbK36Y7FnWyJrfxG/hiPwZ/Cme6Atc3r9zljv+HFRaxUoz38NsmvXb9y8tXV7eOfuvfsPRts7B8E1XuJMOu38UQEBtbI4I0Uaj2qPYAqNh8XJh65/eIo+KGe/0rrGhYHKqpWSQMlajj4KDbbSyItnIqjKgPDnZ6Gdrbyqjgm8d2dcEH6nTV4sdI NtFAbouFhForZdjsb5JN8UvyqmvRizvvaX24MXonSyMWhJaghhPs1rWkTwpKTGdiiagDXIE6hwnqQFg2ERN/ktf9IEIMdr9FxpvjHx3xsRTAhrU6TJbslwudeZ/+vNG1rtLqKydUNoZRdEKrHogoL0KoFEXiqPRNBtjlxZLsEDEXrFQcpkNonshcBABvzal+lRFs+kMwZsGUWJK/zWY/SooygapcukuDhNGLzq/8GlVB7ftG07TJinl6FeFQfPJ9NXk/zLy/He+x74FnvEHrOnbMpesz32ie2zGZPsB/vJfrM/2U62m73N3p2PZoP+zkN2obLPfwFOJ842</latexit>

hb,�i �! tt
<latexit sha1_base64="/IpdY/geGn7dYPHv2DSOR8fERPo=">AAAC63iclVFNbxMxEPUu0Jbw0RSOXCwi1CJV0W6AwqVSBReOAZG2UhxFs97J1qo/tra3VbRa/gQ3xIELP4p/gzeJgDZcmNPze2O/8ZuslML5JPkZxbdu39nY3LrbuXf/wcPt7s6jY2cqy3HEjTT2NAOHUmgceeElnpYWQWUST7Lzd61+conWCaM/+XmJEwWFFjPBwQdq2v0+3GMSdCGR8n3mRKGA2eWZSaMLK4ozD9aaK7pUd3 efd1iOM7zosJmxIOVvYTrof/7fx6YD9nGdPfwjT7u9pJ8siq6DdAV6ZFXD6U70guWGVwq15xKcG6dJ6Sc1WC+4xKbDKocl8HMocBygBoVuUi+ibOizyoE3tERLhaQLEv++UYNybq6y0KnAn7mbWkv+SxtXfvZmUgtdVh41b428CLm0Ro5bEXaENBcWvYd2cqRCUw4WvEcrKHAeyCos7Zqh8wrs3ObhUxqvuFEKdF4v19PUrJ3CoqxZVgmZB0TZZYjBitVOTHCl9WHTNJ0Qc3oz1HVwPOinB/3kw8ve0dtV4FvkCXlK9khKXpMj8p4MyYjwaCPaj15FB7GKv8Rf42/L1jha3XlMrlX84xdDBeuS</latexit>

P (hc,�i �! �00)
M
= 8�00

2 . hc,�i �! �00
2 ) �00 = �00

2
<latexit sha1_base64="daRol66oHG/ykT5q+xVFoxXlq94="></latexit>

P (hwhile b do c,�00i �! �0)
M
= 8�0

2. hwhile b do c,�00i �! �0
2 ) �0 = �0

2

<latexit sha1_base64="cfx4DmiaH9Fo+wv1eWjXIbkHcpc=">AAACv3icbZFNb9NAEIbX5qNt+ErhyGVFisQBRU6QKBekQi8ci0TaStkoGq8nzqr7YXbHjSLLPxR+DevUQrRlTu++M6OZeTavtAqUZb+S9MHDR4/39g8GT54+e/5iePjyPLjaS5xJp52/zCGgVhZnpEjjZeURTK7xIr867fIX1+iDcvYHbStcGCitWikJFK3lkIR1yhZoadCIsOKnzgZVoOe0Rl460PxIaLClRi4M0DpfNZu10t gKnou/VuHiW74XQZUGhO/rtbOlV+WawHu34TfZ5fSoXQ5H2TjbBb8vJr0YsT7OlofJB1E4WZu4p9QQwnySVbRowJOScZmBqANWIK+gxHmUFgyGRbPD0/K3dQByvIpXKc13Jv7b0YAJYWvyWNndE+7mOvN/uXlNq0+LRtmqJrSyG0QRzW5QkF5F7sgL5ZEIus2RK8sleCBCrzhIGc06fsStgYEM+K0v4lEWN9IZA7ZoRIEr/Nk2O+IedSPyWukiKi6uIwaveuguTuXN57ZtBxHz5C7U++J8Op58HGffp6OTrz3wffaavWHv2IQdsxP2jZ2xGZPsd8KSg2SQfknL1KbVTWma9D2v2K1It38AlC3cqQ==</latexit>

Consider the goal hwhile b do c,�i �! �2
<latexit sha1_base64="7zfMzCjzpPL59WKDmlRsfeeQL5U=">AAACXHicbZC7bhNBFIbHS4DgEHBAokFIIxwElbWbAmiQItNQBgknkTyWdXb2rBllLsvM2YA12kfgaWjhQWh4FsaLC0g41a//3L+y0SpQnv8cZDd2bt66vXtnuHd3/9790cGD0+BaL3EmnXb+vISAWlmckSKN541HMKXGs/Li7SZ/dok+KGc/0LrBhYGVVbWSQMlajp5HEWo+XfMKCb1RFuSau5ofCgP0MdRxil+a7rBbjsb5JO +DXxfFVozZNk6WB4MnonKyNWhJaghhXuQNLSJ4UlJjNxRtwAbkBaxwnqQFg2ER+486/qwNQI436LnSvDfx744IJoS1KVNlf+fV3Mb8X27eUv16EZVtWkIrN4tIaewXBelVQoW8Uh6JYHM5cmW5BA+U6CgOUiazTeyGwuJn6YwBW0VRYY2futgz86ijKFulq6S4uEwPewV2lbYIl+bz+KbrumECWlzFd12cHk2Kl5P8/dH4eLpFu8ses6fsBSvYK3bM3rETNmOSfWXf2Hf2Y/Ar28n2sv0/pdlg2/OQ/RPZo9+9Obc8</latexit>

By determinacy of Bexp

<latexit sha1_base64="beRPqFlIgNkIZj1bMHFRscVxUtE=">AAADAXichVHLbhMxFPUMrxIeTWEJC4sUwQJFkyABm0pV2SDBokikrRRH0R3PzcSqH4PtaRSNZsXXsEMs2PAl/A2eyfBoi8RdHZ/jc699blpI4XyS/IjiK1evXb+xdbN36/adu9v9nXtHzpSW44QbaexJCg6l0Djxwks8KSyCSiUep6evG/34DK0TRn/w6wJnCnItFoKDD9S8/61ibkGXqDnSXeZErmA+3tuAJ/PxLl0JvwyKBJ 1LpPzZRmJ2c2bS6NyKfOnBWrOinbF1gs7+GJkCv0wX1WopJNaMpuw3lZlw/tW4sf6neehdz/uDZJi0RS+DUQcGpKvD+U70nGWGlwq15xKcm46Sws8qsF7w8KIeKx0WwE8hx2mAGhS6WdUGXNPHpQNvaIGWCklbEv92VKCcW6s03Gw+5S5qDfkvbVr6xatZJXRR+rCCZpAP+bSDHLcibA5pJix6D83LkQpNOVjwHq2gwHkgy7DKcwOdV2DXNguf0rjiRqmwiopluMCPddXGblFWLC2FzAKi7CzEYEWXuglTabVX13UvxDy6GOplcDQejl4Mk/fjwf5BF/gWeUAekadkRF6SffKGHJIJ4dHD6CB6G72LP8Wf4y/x183VOOo898m5ir//BCFS9Cc=</latexit>

hence �2 = �0
2 with hc,�i �! �00

2 and hwhile b do c,�00
2 i �! �0

2
<latexit sha1_base64="eYnX8/X9ispDEFflFpYnjB4tKSM=">AAACsHicbVFdb9MwFHXCx0b4auERIVm0aEOaqqQPwMukabzwWCS6Vaqr6Ma5Tc0cO9hOqyrKD+WRf4LTdhJs3Kdzz7lfPs4qKayL419B+ODho8dHx0+ip8+ev3jZ67+6sro2HKdcS21mGViUQuHUCSdxVhmEMpN4nd186fTrNRortPruthUuSiiUWAoOzlNpr2FKC5WjclHD7JJebqlPa+7EGulqW2m3QissHU5OmQRVSKT8jF lRlMDMLmdSq8KIYuXAGL2he/Hk5MPwjG78DPCDhrfk+S1Ix8M27Q3iUbwLeh8kBzAgh5ik/eAtyzWvS38ul2DtPIkrt2jAOMElthGrLVbAb6DAuYcKSrSLZudSS9/XFpymFRoqJN2R+HdHA6W12zLzlSW4lb2rdeT/tHntlp8XjVBV7VDxbpET3qdukeXGG2mQ5sKgc9Bdjt5hysGAc2gEBc49Wfv/iJjCDddlCSpvWI5L/Nk2rNtnUDYsq4XMPaJs7R9sxP43mPbzaXPetm3kDU3u2ncfXI1HycdR/G08uLg8WHtM3pB35JQk5BO5IF/JhEwJJ7+Do6AX9MNxOAvTEPalYXDoeU3+ifDHH0FT08E=</latexit>

By inductive hypothesis P (hc,�i �! �00), we have �00 = �00
2

<latexit sha1_base64="3GQcX5S8WkmhXLWcGGDvI7RLMJ0=">AAACq3icbZBNbxMxEIad5auEj6Zw5GKRonKAaDdIwAWpggvHIkhbEUdh1jvZWPXHYnsbRdb+Pf4D/4ErnPEuK0Rb5vT6HY/emSevpHA+Tb8PkmvXb9y8tXN7eOfuvfu7o70Hx87UluOMG2nsaQ4OpdA488JLPK0sgsolnuRn79r+yTlaJ4z+5LcVLhSUWqwEBx+t5ehLYG5F/bp2dJ9J0KVEyhT4db4Km7WQ2DCas79WYeKbP2 NOlAoODpjtJ6TRpRXl2oO1ZkP7/nK63yxH43SSdkWviqwXY9LX0XJv8IIVhtcKtecSnJtnaeUXAawXPO4zZLXDCvgZlDiPUoNCtwgdioY+qR14Qyu0VEjamfjvRADl3Fbl8Wd7krvca83/9ea1X71eBKGr2qPmbZCPdLogx62IjJEWwqL30G6OVGjKwYL3aAUFzqNZR+gXAp1XYLe2iEdp3HCjFOgisAJX+LUJHXSLMrC8FrKIirLziMGKnrqJqTS8aZpmGDFnl6FeFcfTSfZykn6Yjg/f9sB3yCPymDwlGXlFDsl7ckRmhJNv5Af5SX4lz5OPyeeE/fmaDPqZh+RCJfgbBITW9w==</latexit>

thus hwhile b do c,�00i �! �0
2

<latexit sha1_base64="89qtPUQcvN+c7ip9P+FGx96FsZk=">AAACv3icbZFNb9NAEIbX5qsNH03hyGVFilokFNlFAi5IpVw4Bom0lbJRtF5PnFX3w+yOE1mWfyj8GtbGQrRlTu++M6OZeTYrlfSYJD+j+N79Bw8f7e2PHj95+uxgfPj8wtvKCZgLq6y7yrgHJQ3MUaKCq9IB15mCy+z6S5e/3ILz0prvWJew1Lwwci0Fx2Ctxtgwv6bnNZUmrwTKLdBNXVrcgJeeHs1OmOKmUECZ5rjJ1s1uIx W0jGbsr5Xb8BZvmZeF5sfHzA0dyprCyWKD3Dm7o0P+zVG7Gk+SadIHvSvSQUzIELPVYfSO5VZUGgwKxb1fpEmJy4Y7lCKsM2KVh5KLa17AIkjDNfhl0+Np6evKc7S0BEelor0J/3Y0XHtf6yxUdhf527nO/F9uUeH647KRpqwQjOgGYYDTD/LCBZYOaC4dIPJucwiQqeCOI4KTlAsRzCp8xI2BHjV3tcvDUQZ2wmrNTd6wHNbwo2165g5Uw7JKqjwoyrYBg5MDdBum0uZT27ajgDm9DfWuuDidpu+nybfTydn5AHyPvCSvyAlJyQdyRr6SGZkTQX5FJNqPRvHnuIhNXP4pjaOh5wW5EXH9G5Tl3CQ=</latexit>

By inductive hypothesis P (hwhile b do c,�00i �! �0)
<latexit sha1_base64="ef7Gzh60J0lopV8ppOw39oe3604=">AAACenicbVDLbhNBEBwvr2BeDhy5jOIgQEhm10SBS6QILhyDhJNIHmvVO9s2o8xjmUcia7SfwddwhY/gXzgwa/ZAEvrSpapuVXdVjRTO5/mvQXbj5q3bd7buDu/df/Dw0Wj78bEzwXKccSONPa3AoRQaZ154iaeNRVCVxJPq7EOnn5yjdcLoz37d4ELBSoul4OATVY5eR+aWdHiBlBvNZaiR7jInVgqeH/S9nPaonO625WicT/ JN0eug6MGY9HVUbg/esNrwoFB7LsG5eZE3fhHBesEltkMWHDbAz2CF8wQ1KHSLuPmspc+CA29og5YKSTck/rsRQTm3VlWaVOC/uKtaR/5Pmwe/fLeIQjfBo+adkRcSN0aOW5EiQ1oLi95DdzlSoSkHC96jFRQ4T2RIGV4ydF6BXds6PaXxghulQNeR1bjEr21k3RUWZWRVELJOiLLzFIMVoFfJm5nkSuNB27bDFHNxNdTr4Hg6KfYn+afp+PB9H/gWeUp2yAtSkLfkkHwkR2RGOPlGvpMf5Ofgd7aTvcxe/R3NBv3OE3Kpsr0/BUXCtg==</latexit>

we conclude �0 = �0
2 = �2

<latexit sha1_base64="dw/bIM1Bl05BISXT5PJjpvFWBUE=">AAACSHicbVDLbhNBEJw1jwTzcsgRIY2wkDhZuzkELpEiuHAMEk4ieSyrd7btjDKPZaYnyBrtt3CFX+EP+AtuiBuzxgdI6FOpqruru+pWq0Bl+b0Y3Lp95+7O7r3h/QcPHz0e7T05DS56iVPptPPnNQTUyuKUFGk8bz2CqTWe1Zdve/3sCn1Qzn6gdYtzAyurlkoCZWox2k8iLLmzes3pArmPGrvFaFxOyk3xm6DagjHb1slir3 gmGiejQUtSQwizqmxpnsCTknnhUMSALchLWOEsQwsGwzxtru/4ixiAHG/Rc6X5hsS/JxKYENamzp0G6CJc13ryf9os0vL1PCnbRkIreyNSGjdGQXqVY0HeKI9E0F+OXFkuwQMResVBykzGnNNQWPwknTFgmyQaXOLHLonez6NOoo5KNxlxcZUf9grsKrsIl/fzdNR13TAHWl2P7yY4PZhUh5Py/cH4+M022l32lD1nL1nFXrFj9o6dsCmTbM0+sy/sa/Gt+FH8LH79aR0U25l99k8NBr8BUkayOQ==</latexit>

only the rule
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Determinacy of commands

<latexit sha1_base64="NBFPQGWCaYqFT9NifQWPchpKkI8=">AAAC5XiclVHLbtNAFB2bVwmPprBkMyICFQkFO1TAplIFG5YBkbZSJoquxzfuqPNwZ8atIsv8ATvEgg3fxd8wTlyJNmy4qzPn3Necm5VSOJ8kv6P4xs1bt+9s3e3du//g4XZ/59GhM5XlOOFGGnucgUMpNE688BKPS4ugMolH2emHVj86R+uE0V/8ssSZgkKLheDgAzXv/xzvMgm6kEj5S+ZEoYDZ9ZtJowsrihMP1poLulbn6QuW4wLPKFsYC1Je8qPhV/qfrUbs82b7/Utx3h8kw2QVdBOkHRiQLsbzneg1yw2vFGrPJTg3TZPSz2qwXnCJTY9VDkvgp1DgNEANCt2sXpnY0GeVA29oiZYKSVck/l1Rg3JuqbK QqcCfuOtaS/5Lm1Z+8W5WC11WHjVvB3kRPGkHOW5FuA7SXFj0HtrNkQpNOVjwHq2gwHkgq3CuKwOdV2CXNg+f0njBjVKg83p9maZm7RYWZc2ySsg8IMrOgw1WdPcwYSqt95um6QWb0+umboLD0TB9M0w+7Q0O3neGb5En5CnZJSl5Sw7IRzImE8IjEj2PXkVJXMTf4u/xj3VqHHU1j8mViH/9AfwK6xw=</latexit>

P (hc,�i �! �1)
M
= 8�2. hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="wsXjsF+xfwGirl50YO1os4PElxY="></latexit>

8c,�,�1. P (hc,�i �! �1) ?
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Badge exercise
Suppose we extend the syntax of arithmetic expressions  

a ::= x | n | a op a | x++ 

where x++ evaluates to the current value of x but then 
increment x as a side-effect 

1. Redefine the operational semantics of Aexp, Bexp and 
Com to take side-effects into account and discuss all 
problematic issues and the subsequent design choices 

2.  Find two arithmetic expressions a0 and a1 such that the 
evaluation of a0+a1 is different from a1+a0, if possible


