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SOS rule application?

<latexit sha1_base64="u0hXpCkXAkWgjRQhb5nZCSwFy8E="></latexit>

(1� 2)⌦ (3� 4) �! m

1. a goal
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SOS rule application?
<latexit sha1_base64="Zz3LdgAUZG1g+dFdCuLnsID9C6U="></latexit>

(prod)
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n
<latexit sha1_base64="PYpP/TCT6uH5vLJN9qbsMscklm8="></latexit>n = n0 · n1

<latexit sha1_base64="u0hXpCkXAkWgjRQhb5nZCSwFy8E="></latexit>

(1� 2)⌦ (3� 4) �! m

2. take a rule
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SOS rule application?
<latexit sha1_base64="Zz3LdgAUZG1g+dFdCuLnsID9C6U="></latexit>

(prod)
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n
<latexit sha1_base64="PYpP/TCT6uH5vLJN9qbsMscklm8="></latexit>n = n0 · n1

3. unify  
(if possible)

<latexit sha1_base64="u0hXpCkXAkWgjRQhb5nZCSwFy8E="></latexit>

(1� 2)⌦ (3� 4) �! m

<latexit sha1_base64="IP4sdnDHwiMTLF8ugkFNuKuOJXA="></latexit>

E0 = 1� 2
<latexit sha1_base64="rGxp6ZilDdBQp2gBVXA+GIdNUw4="></latexit>

E1 = 3� 4
<latexit sha1_base64="ASjXtiWtaH9q4VU5h2mca2aOGDA="></latexit>n = m
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SOS rule application?

4. instantiate

<latexit sha1_base64="u0hXpCkXAkWgjRQhb5nZCSwFy8E="></latexit>

(1� 2)⌦ (3� 4) �! m

<latexit sha1_base64="2DsWFXNZl/QxldbdN01SZrwJUaI="></latexit>

(prod)
1� 2 �! n0 3� 4 �! n1

(1� 2)⌦ (3� 4) �! m
<latexit sha1_base64="zBowtOAslXCYvLGAw7MpM1fHfVQ="></latexit>m = n0 · n1
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SOS rule application?

5. recursively solve subgoals

<latexit sha1_base64="u0hXpCkXAkWgjRQhb5nZCSwFy8E="></latexit>

(1� 2)⌦ (3� 4) �! m

<latexit sha1_base64="2DsWFXNZl/QxldbdN01SZrwJUaI="></latexit>

(prod)
1� 2 �! n0 3� 4 �! n1

(1� 2)⌦ (3� 4) �! m
<latexit sha1_base64="zBowtOAslXCYvLGAw7MpM1fHfVQ="></latexit>m = n0 · n1
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SOS rule application?

6. combine results

<latexit sha1_base64="u0hXpCkXAkWgjRQhb5nZCSwFy8E="></latexit>

(1� 2)⌦ (3� 4) �! m

<latexit sha1_base64="HIhZXKpInuogyXDzdXWf9KyTLns="></latexit>

(prod)
1� 2 �! 3 3� 4 �! 7

(1� 2)⌦ (3� 4) �! m
<latexit sha1_base64="iD4d0qB8p6PKBinvLZL+Ny3sScc="></latexit>

m = 3 · 7
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SOS rule application?

7. return results

<latexit sha1_base64="VhNvpA3kYyZizjFIiflE40xdJOU="></latexit>

(prod)
1� 2 �! 3 3� 4 �! 7

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21
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Deduction process

<latexit sha1_base64="6cmQ7tQeJyJm0eVetX5QGs9mAiE="></latexit>

(rule name)
premises

conclusion
side condition

<latexit sha1_base64="kCPDJRxxUFzFjDlbeCLlpe+cOr4="></latexit>

goal
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Unsorted signature
<latexit sha1_base64="Xi63R30p1XSmd1zu1/tmUra+Yp8="></latexit>

(⌃, ar)

<latexit sha1_base64="OrAhQ9TlpsspDZdcFg7m/GNogL8="></latexit>

⌃ = {c, f, g, ...}

a set of function symbols 
(also called operators)

<latexit sha1_base64="Q9nmhE5U082cNqZRnwzBCp2wfEM="></latexit>

ar : ⌃ ! N

arity function 
(number of arguments)

each function symbol has an arity
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Running example

ar(0) = 0

ar(𝗌𝗎𝖼𝖼) = 1

ar(𝗉𝗅𝗎𝗌) = 2

Σ = {0,𝗌𝗎𝖼𝖼, 𝗉𝗅𝗎𝗌}

constant

unary

binary
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Equivalently
<latexit sha1_base64="Xi63R30p1XSmd1zu1/tmUra+Yp8="></latexit>

(⌃, ar)

<latexit sha1_base64="S6RPix5sZR77lCJ7fufeDkMwtYU="></latexit>

⌃n
M
= ar�1(n)

<latexit sha1_base64="cE4Dadd+jrN2Wdq4SYZcCm98pK8="></latexit>

= {f 2 ⌃ | ar(f) = n}
let

a signature is an arity-indexed family of sets of operators

<latexit sha1_base64="AaCtJ5tJhj5sb5CT+RdyWX+I0Rk="></latexit>

⌃ = {⌃n}n2N



1515

Running example

<latexit sha1_base64="3eytPG0mDN7gdhWQWZaKvCVVgLY="></latexit>

⌃0 = {0}
<latexit sha1_base64="VrNg7GdFmisd6hFhqEq25gGKqe8="></latexit>

⌃1 = {succ}
<latexit sha1_base64="SV+GuOswybGBRDY3/pUDM/DvKh0="></latexit>

⌃2 = {plus}
<latexit sha1_base64="8/J8U1bprbTC7ZGRFFlsGd9oNYI="></latexit>

⌃n = ? <latexit sha1_base64="5kEUInDBmonq7q0Xe7ZzympRS/g="></latexit>

if n > 2
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Terms over a signature
<latexit sha1_base64="M25Dd1dkzc4v5Ldjsouxg4OV7gQ="></latexit>

X = {x, y, z, ...} an infinite set of variables
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="AaCtJ5tJhj5sb5CT+RdyWX+I0Rk="></latexit>

⌃ = {⌃n}n2N a signature

denotes the set of all terms over
<latexit sha1_base64="ay8I2iMLDdpDeR9xvwiHPXcrvps="></latexit>

⌃, X

 is the least set such that:TΣ,X
<latexit sha1_base64="75xUoPcshd3N4iU5X0C2ZZLmxNw="></latexit>

• if x 2 X, then x 2 T⌃,X

• if c 2 ⌃0, then c 2 T⌃,X

• if f 2 ⌃n and t1, ..., tn 2 T⌃,X , then f(t1, ..., tn) 2 T⌃,X

<latexit sha1_base64="Yr5t/79T/yaTbyb2gq0atqTdf18="></latexit>

T⌃,X 3 t ::= x | c | f(t1, ..., tn)i.e.
<latexit sha1_base64="KJcBi51hxdgQFfgvZLSuNIh4eUk="></latexit>

x 2 X c 2 ⌃0 f 2 ⌃n
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Vars
<latexit sha1_base64="M25Dd1dkzc4v5Ldjsouxg4OV7gQ="></latexit>

X = {x, y, z, ...}
<latexit sha1_base64="AaCtJ5tJhj5sb5CT+RdyWX+I0Rk="></latexit>

⌃ = {⌃n}n2N

<latexit sha1_base64="oCd5lVZK/kjujkZfdbU2g6QGo48="></latexit>

vars : T⌃,X ! }(X)

<latexit sha1_base64="UgKK2PwZsKLO96y2AFgXu1mN0Nk="></latexit>

t 2 T⌃,X

<latexit sha1_base64="c8fy9MwuSGGu3zADF8bc7HGll+M="></latexit>

vars(t) set of variables that appears in the term t

<latexit sha1_base64="16XBpqNHUakcoBi03+Yj3l1IrRg="></latexit>

vars(x)
M
= {x}

<latexit sha1_base64="DmXMxXKsqpQDD+6eBqWT9GdgWRw="></latexit>

vars(c)
M
= ?

<latexit sha1_base64="E4ekvQxeOe6aOimB9X6rOKQZ2WM="></latexit>

vars(f(t1, ..., tn))
M
=

n[

i=1

vars(ti)
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Closed terms

<latexit sha1_base64="PHK7H2nm2pI+693PNCZz78DpS9g="></latexit>

T⌃
M
= vars�1(?)

<latexit sha1_base64="5arq0Ywa0SJp99SQWrwqMw+6Ubk="></latexit>

= {t 2 T⌃,X | vars(t) = ?}

<latexit sha1_base64="C1Hrf+E4zLFEAvceOsLo6t1SpcY="></latexit>

(obviously T⌃ ✓ T⌃,X)

a term with no variables is called closed
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Skill levels

beginner

novice

intermediate

advanced

does nothing

does one thing

does many things

multitasking
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Running example

<latexit sha1_base64="3eytPG0mDN7gdhWQWZaKvCVVgLY="></latexit>

⌃0 = {0}
<latexit sha1_base64="VrNg7GdFmisd6hFhqEq25gGKqe8="></latexit>

⌃1 = {succ}
<latexit sha1_base64="SV+GuOswybGBRDY3/pUDM/DvKh0="></latexit>

⌃2 = {plus}
<latexit sha1_base64="8/J8U1bprbTC7ZGRFFlsGd9oNYI="></latexit>

⌃n = ? <latexit sha1_base64="5kEUInDBmonq7q0Xe7ZzympRS/g="></latexit>

if n > 2
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Exercise
<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="iypTotTGaWv6PMw27SrsfR+SMbw="></latexit>

0
<latexit sha1_base64="hWi7f3S8gox2ow6d+6wZUahvbEM="></latexit>x

<latexit sha1_base64="oTkczcrFZwTNgQvevWDsfD82HsA="></latexit>

succ(0)
<latexit sha1_base64="y3Sm03gtB/ZjbqezKIdsbamT/PA="></latexit>

succ(x)

<latexit sha1_base64="tIRF8XnxsC3ZIDfX9OsF+5rHiOw="></latexit>

plus(succ(x), 0)

<latexit sha1_base64="+5hu7boap5ymN0fiQCMVHl5uSvM="></latexit>

plus(plus(x, succ(y)), plus(0, succ(x)))

<latexit sha1_base64="aOBthoBhgq70Q9wK/e2QCpwawpM="></latexit>

succ(plus(0), x)

<latexit sha1_base64="Rc5QpuP99iQRy5Ev/hmBKa7PRnA="></latexit>

succ(succ(0), plus(x))
<latexit sha1_base64="hG8Y+B46KLtdI9T0Aetjd23Zcpg="></latexit>

succ(plus(w, z))

<latexit sha1_base64="2DkcF2/l13ggSQ5kiCoFp/YwDgQ="></latexit>

t
<latexit sha1_base64="SiGTjDjheoMGQ5OH0Rz3BzQuzJQ="></latexit>

t 2?
<latexit sha1_base64="c8fy9MwuSGGu3zADF8bc7HGll+M="></latexit>

vars(t)

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="48093kYDmF3Kr5o4a7oNpieSFLk="></latexit>

T⌃
<latexit sha1_base64="Ix5dcmPmYqpcXx/SrhepW/v+5bM="></latexit>

T⌃,X

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
<latexit sha1_base64="iqfyda1TMQNwKqTRAG99PC88isk="></latexit>

{x}
let’s complete the schema

<latexit sha1_base64="C1Hrf+E4zLFEAvceOsLo6t1SpcY="></latexit>

(obviously T⌃ ✓ T⌃,X)
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Substitutions

<latexit sha1_base64="MhAD+27CNs9PXBRg6FzwscnZSFI="></latexit>

⇢ : X ! T⌃,X a substitution assigns terms to variables

we only consider substitutions that are identity everywhere, 
except for a finite number of cases, written

<latexit sha1_base64="q7yeG20F+cL+Xm75Nf4e7S9ukZY="></latexit>

⇢ = [x1 = t1 , ... , xn = tn]

all different

<latexit sha1_base64="QveYx6M9FmPdhh1ikCaDEW/xxqI="></latexit>

⇢(x) =

⇢
ti if x = xi

x otherwise
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Notation
<latexit sha1_base64="MhAD+27CNs9PXBRg6FzwscnZSFI="></latexit>

⇢ : X ! T⌃,X a substitution assigns terms to variables

<latexit sha1_base64="4Kwn6MoKWhJ7Wqr/uPEXBG4cyMA="></latexit>

⇢ : T⌃,X ! T⌃,Xoverloaded notation for the lifted function
<latexit sha1_base64="iKgSXyf4Qgfgx9Sa1PjJJy30tqY="></latexit>

⇢(t) denotes the term obtained by simultaneous application 
of the substitution to all variable occurrences in t

<latexit sha1_base64="2mXidXo3vpsUxQN+6YxcgaU+ILo="></latexit>

t⇢ alternative notation
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Example

<latexit sha1_base64="lJQTQJj+MpA4d2dbF4CB0P3qRJc="></latexit>

⇢
M
= [x = succ(y) , y = 0]

<latexit sha1_base64="liDcJjfH+gBGT/i0KayRai4ekbo="></latexit>

t⇢ =
<latexit sha1_base64="F3t6fTZxIQZzc1q2uAqff9YKnd8="></latexit>

plus( plus(succ(y), 0) , succ(succ(y)) )

<latexit sha1_base64="z92acbS0lbjzeHpvrIYxrpqkuYY="></latexit>

t
M
= plus( plus(x, y) , succ(x) )



2525

mgt relation
<latexit sha1_base64="XkLFwAI1PG95T6cyF8AEFEvrqYA="></latexit>

t is more general than t0 if 9⇢. t0 = t⇢
<latexit sha1_base64="2otCjxRCG/Bpl9/8f74ahSuMiAE="></latexit>

in which case, we also say t0 is an instance of t

<latexit sha1_base64="AtC0CO2gqq5dlFSoogyL2fwVMIQ="></latexit>

plus(x, succ(y))
<latexit sha1_base64="PwIm/gFGb+Z1cQu7cb3+s3HZdw8="></latexit>

plus(0, succ(succ(z)))mgt
<latexit sha1_base64="8vasmRenRqNOBDm6jlnv0P1csqU="></latexit>

plus(0, x)
<latexit sha1_base64="LdCFD2wlKLw4kEQ0ZtqBJYS66o4="></latexit>

plus(y, 0)mgt
<latexit sha1_base64="LdCFD2wlKLw4kEQ0ZtqBJYS66o4="></latexit>

plus(y, 0)
<latexit sha1_base64="8vasmRenRqNOBDm6jlnv0P1csqU="></latexit>

plus(0, x)mgt
<latexit sha1_base64="8vasmRenRqNOBDm6jlnv0P1csqU="></latexit>

plus(0, x)
<latexit sha1_base64="LdCFD2wlKLw4kEQ0ZtqBJYS66o4="></latexit>

plus(y, 0)
mgt

<latexit sha1_base64="gKUhhZ0dVhQ2yphXRocFdNJpgVc="></latexit>

plus(0, 0)
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mgt relation
mgt is transitive and reflexive

<latexit sha1_base64="FLgDqnPlGiUJTTR20PSrR/4lk1c="></latexit>

if (t1 mgt t2) and (t2 mgt t3), then (t1 mgt t3)

<latexit sha1_base64="V5u9jrJ2W/8GguQqKW5G0igFX3w="></latexit>

t mgt t

<latexit sha1_base64="oZQ6YXWmckU/8MAD/2L3mMFnbD8="></latexit>

there are terms t 6= t0 such that (t mgt t0) and (t0 mgt t)
<latexit sha1_base64="y3Sm03gtB/ZjbqezKIdsbamT/PA="></latexit>

succ(x)
<latexit sha1_base64="pDyzlsjh5Y22Lddbda2cXHnYKjY="></latexit>

succ(y)

mgt can be extended to substitutions pointwise
<latexit sha1_base64="uMb+a+rX6acS2/IKdTdkHoxirT0="></latexit>

⇢ mgt ⇢0 if 9⇢00. 8x. ⇢0(x) = ⇢00(⇢(x))



Unification
(in its simplest form: syntactic, first-order)

27
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From your forms

(over 8 answers)

Unification

38%

13%
25%

25%

5 stelle 4 stelle 3 stelle
2 stelle 1 stella
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Unification problem

Given a set of potential equalities
<latexit sha1_base64="QA568fDffD0NyvrHYsfDCwPzvPo="></latexit>

G = {`1
?
= r1, ..., `n

?
= rn}

<latexit sha1_base64="SoP2N24f4Ho2ebppFwb60eYVlvM="></latexit>

8i 2 [1, n]. ⇢(`i) = ⇢(ri)

<latexit sha1_base64="rFdTvL5YH+mLxhDV+Wd4/3E3NpE="></latexit>

where `1, ..., `n, r1, ..., rn 2 T⌃,X

?

<latexit sha1_base64="XS18mUak9WlWKLq8UoNMckWWj4s="></latexit>

can we find a substitution ⇢ such that

<latexit sha1_base64="UdjAeeIllmJB5cA+tYNOl84UrX0="></latexit>

we call such a ⇢ a solution of G
<latexit sha1_base64="/e6AaGPdekjWkMlZ50asBUBSXf4="></latexit>

sols(G) M
= {⇢ | 8i 2 [1, n]. ⇢(`i) = ⇢(ri)}
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Intuitively



3131

Intuitively



3232

Examples
<latexit sha1_base64="Mra+ysrsWJ6ioSj/seJUPg7MVHE="></latexit>

G = {plus(x, 0) ?
= plus(0, y)}

<latexit sha1_base64="9BFaRBRauMrUBUda3PY6KogDUks="></latexit>

sols(G) M
= {[x = 0, y = 0]}

<latexit sha1_base64="A4HV5r1uaSeXYz5UeHwZeVmtYf0="></latexit>

G = {succ(x) ?
= succ(succ(y))}

<latexit sha1_base64="KaBWncG/dQpUI/gUiABSyzkQAxA="></latexit>

sols(G) M
= {[x = succ(y)], [x = succ(0), y = 0], ...}
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Unification problem
More interestingly, can we solve the following problem?

Given a set of potential equalities
<latexit sha1_base64="QA568fDffD0NyvrHYsfDCwPzvPo="></latexit>

G = {`1
?
= r1, ..., `n

?
= rn}

<latexit sha1_base64="rFdTvL5YH+mLxhDV+Wd4/3E3NpE="></latexit>

where `1, ..., `n, r1, ..., rn 2 T⌃,X

?
<latexit sha1_base64="9V/GOpl1pY/4oARAUZ3CVC4M5aQ="></latexit>

can we find a most general solution ⇢

<latexit sha1_base64="iqp5p1+/rNPadjZ8Lwsnrffif10="></latexit>

⇢ 2 sols(G)
<latexit sha1_base64="OK7MwXTxSnxmBuGZRL/CCVin+C4="></latexit>

8⇢0 2 sols(G). ⇢ mgt ⇢0

and
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Unification algorithm
Idea:

Solutions may not exist  
and even if they exist may not be unique

<latexit sha1_base64="Bo+Pft3M1WOaKC02FGxJ1mlGh3c="></latexit>

we iteratively reduce the set G
by solution-preserving tranformations until
either a solution is found
or we can prove there is no solution

<latexit sha1_base64="l3ZxcqCWQN6xf5xb22sBQwX7JC8="></latexit>

G · · · G1 · · · Gn · · · {x1
?
= t1, ..., xk

?
= tk}
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Termination
<latexit sha1_base64="QA568fDffD0NyvrHYsfDCwPzvPo="></latexit>

G = {`1
?
= r1, ..., `n

?
= rn}

<latexit sha1_base64="8PvqL7UFFJqp1aAvPk7J7EEwSTE="></latexit>

G and G0 are equivalent if sols(G) = sols(G0)

the algorithm terminates successfully when we reach
<latexit sha1_base64="3OYB4vVKa4fLjT7IVbdEo5ywOwg="></latexit>

equivalent to G

all different
<latexit sha1_base64="eIFOeL7ZI6So9SZpg+G9viscMQA="></latexit>

{x1, ..., xk} \
k[

i=1

vars(ti) = ?

<latexit sha1_base64="cXlP/Z4z49tIaoGh5bUYDJttzPI="></latexit>

any such G0 defines a straightforward solution [x1 = t1, ..., xk = tk]

<latexit sha1_base64="KJlZUGTAwiMUiBw1z2jJhkTeVNM="></latexit>

G0 = {x1
?
= t1, ..., xk

?
= tk}
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Notation

<latexit sha1_base64="U7cEQifjWWxsBcilD+8EkgLUbWc="></latexit>

vars(G) M
=

n[

i=1

(vars(`i) [ vars(ri))

<latexit sha1_base64="/O1uX6N5eARff90fDTqZbdAN8uY="></latexit>

G⇢ M
= {`1⇢

?
= r1⇢, ..., `n⇢

?
= rn⇢}

<latexit sha1_base64="QA568fDffD0NyvrHYsfDCwPzvPo="></latexit>

G = {`1
?
= r1, ..., `n

?
= rn}
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Unification algorithm
<latexit sha1_base64="a8ZVG2jNKT0jUDkeAIQAu5y0XqQ=">AAACb3icbZDPbhMxEMad5V8J/9Jy4ICELAISXKJdQLQXRAUHOBaJtJXiKJr1ToJV27vYs60iyy/A03CFN+ExeAO8Sw60ZU6fvpnRN/MrG6085fmvQXbl6rXrN7ZuDm/dvnP33mh759DXrZM4lbWu3XEJHrWyOCVFGo8bh2BKjUflyfuuf3SKzqvafqZ1g3MDK6uWSgIlazF6IgzQFwk6fIhCto0IJDyBPHGow9sY3kQScTEa55 O8L35ZFBsxZps6WGwPXoqqlq1BS1KD97Mib2gewJGSGuNQtB6blAIrnCVpwaCfh/6dyJ+2HqjmDTquNO9N/HcjgPF+bco02R3vL/Y683+9WUvLvXlQtmkJreyCSGnsg7x0KnFCXimHRNBdjlxZLsEBETrFQcpktgncuUBPBtzaVekpi2eyNgZsFUSFS/waQ4+3YynKVukqKS5OEwanwK5StqhTKk+YYxwmzMVFqJfF4YtJ8XqSf3o13n+3Ab7FHrLH7Bkr2C7bZx/ZAZsyyb6x7+wH+zn4nT3IHmX872g22OzcZ+cqe/4HR/LA4w==</latexit>

G [ {t ?
= t}

<latexit sha1_base64="K6rV3fGKIbkNmEvmC81MNXqI2oI="></latexit>

G
becomes

<latexit sha1_base64="E9bYHf16sCp75nu+hKGRjDEfV6k="></latexit>

G [ {f(t1, ..., tm)
?
= g(u1, ..., uh)}

<latexit sha1_base64="sDgg7JwyjM05fGThFKZcId4nikY="></latexit>

if f 6= g or m 6= h

conflict

fails

delete

<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA=">AAACfHicbZDPbtNAEMY35l8J/1I4clkRkIoolg1V4YKo4ADHIpG2UjaKxutJuuru2t0dF6KVn4On4QrPwMsg1iYH2jKnT9/M6Jv5FbVWnrLs1yC5cvXa9RsbN4e3bt+5e2+0ef/AV42TOJGVrtxRAR61sjghRRqPaodgCo2Hxcn7rn94hs6ryn6mVY0zA0urFkoCRWs+yoUBOpagw4dWyKYWYbFF83w7TdNtmpunwhPIE4c6vG 3Dm/araOejcZZmffHLIl+LMVvX/nxz8FKUlWwMWpIavJ/mWU2zAI6U1NgOReOxjimwxGmUFgz6Weh/a/mTxgNVvEbHlea9if9uBDDer0wRJ7tP/MVeZ/6vN21o8XoWlK0bQiu7IFIa+yAvnYrQkJfKIRF0lyNXlktwQIROcZAymk2keC7QkwG3cmV8yuIXWRkDtgyixAWetqFn3bEURaN0GRUXZxGDU2CXMVtUMZVHzG07jJjzi1Avi4MXab6bZp92xnvv1sA32EP2iG2xnL1ie+wj22cTJtk39p39YD8Hv5PHybPk+d/RZLDeecDOVbL7B2SYxNI=</latexit>

G [ {f(t1, ..., tm)
?
= x}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE=">AAACfHicbZDPbtNAEMY35l8J/1I4clkRkIoolg1V4YKo4ADHIpG2UjaKxutJuuru2t0dF6KVn4On4QrPwMsg1iYH2jKnT9/M6Jv5FbVWnrLs1yC5cvXa9RsbN4e3bt+5e2+0ef/AV42TOJGVrtxRAR61sjghRRqPaodgCo2Hxcn7rn94hs6ryn6mVY0zA0urFkoCRWs+yoUBOpagw4dWyKYW4avwBPLEoQ5v2/CmXWzRPN9O03 Sb5uapaOejcZZmffHLIl+LMVvX/nxz8FKUlWwMWpIavJ/mWU2zAI6U1NgOReOxjpGwxGmUFgz6Weh/a/mTxgNVvEbHlea9if9uBDDer0wRJ7tP/MVeZ/6vN21o8XoWlK0bQiu7IFIa+yAvnYrQkJfKIRF0lyNXlktwQIROcZAymk2keC7QkwG3cmV8yuIXWRkDtgyixAWetqFn3YEVRaN0GRUXZxGDU2CXMVtUMZVH5m07jJjzi1Avi4MXab6bZp92xnvv1sA32EP2iG2xnL1ie+wj22cTJtk39p39YD8Hv5PHybPk+d/RZLDeecDOVbL7B4QNxNI=</latexit>

G [ {x ?
= f(t1, ..., tm)}

becomes

swap

<latexit sha1_base64="+eqvxyaTFuLh/FSIrMom/+ghfOQ="></latexit>

G [ {x ?
= t}

<latexit sha1_base64="umMzYYDJI/I7gtkG1BO5UwgvPqk="></latexit>

G[x = t] [ {x ?
= t}

<latexit sha1_base64="oz86B9YwvhW4o6wbU4aCvp3h1G0="></latexit>

if x 2 vars(G) \ vars(t)becomes

eliminate

<latexit sha1_base64="kXXN/DViZ4IUmmognv9iGsb7aGM="></latexit>

G [ {f(t1, ..., tm)
?
= f(u1, ..., um)}

<latexit sha1_base64="J7YsMAPhdjY+vPinFnp+YIB0HvQ="></latexit>

G [ {t1
?
= u1, ..., tm

?
= um}

becomes

decompose

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE=">AAACfHicbZDPbtNAEMY35l8J/1I4clkRkIoolg1V4YKo4ADHIpG2UjaKxutJuuru2t0dF6KVn4On4QrPwMsg1iYH2jKnT9/M6Jv5FbVWnrLs1yC5cvXa9RsbN4e3bt+5e2+0ef/AV42TOJGVrtxRAR61sjghRRqPaodgCo2Hxcn7rn94hs6ryn6mVY0zA0urFkoCRWs+yoUBOpagw4dWyKYW4avwBPLEoQ5v2/CmXWzRPN9O03 Sb5uapaOejcZZmffHLIl+LMVvX/nxz8FKUlWwMWpIavJ/mWU2zAI6U1NgOReOxjpGwxGmUFgz6Weh/a/mTxgNVvEbHlea9if9uBDDer0wRJ7tP/MVeZ/6vN21o8XoWlK0bQiu7IFIa+yAvnYrQkJfKIRF0lyNXlktwQIROcZAymk2keC7QkwG3cmV8yuIXWRkDtgyixAWetqFn3YEVRaN0GRUXZxGDU2CXMVtUMZVH5m07jJjzi1Avi4MXab6bZp92xnvv1sA32EP2iG2xnL1ie+wj22cTJtk39p39YD8Hv5PHybPk+d/RZLDeecDOVbL7B4QNxNI=</latexit>

G [ {x ?
= f(t1, ..., tm)}

<latexit sha1_base64="tcGQLNjb6OZVItVban99obIC9ns="></latexit>

if x 2 vars(f(t1, ..., tm))fails

occur-check
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Example
<latexit sha1_base64="LWYJkJXC7gv4U+fWew9d96KU/v0="></latexit>

G = {plus(succ(x), x) ?
= plus(y, 0)}

<latexit sha1_base64="kXXN/DViZ4IUmmognv9iGsb7aGM="></latexit>

G [ {f(t1, ..., tm)
?
= f(u1, ..., um)}

<latexit sha1_base64="J7YsMAPhdjY+vPinFnp+YIB0HvQ="></latexit>

G [ {t1
?
= u1, ..., tm

?
= um}

becomes

decompose

<latexit sha1_base64="aGN/OeBm4zXKuE+u7JFDVhV8aBs="></latexit>

{succ(x) ?
= y , x

?
= 0}

<latexit sha1_base64="+eqvxyaTFuLh/FSIrMom/+ghfOQ="></latexit>

G [ {x ?
= t}

<latexit sha1_base64="umMzYYDJI/I7gtkG1BO5UwgvPqk="></latexit>

G[x = t] [ {x ?
= t}

<latexit sha1_base64="oz86B9YwvhW4o6wbU4aCvp3h1G0="></latexit>

if x 2 vars(G) \ vars(t)becomes

eliminate

<latexit sha1_base64="6pUud5Pue2DXeVfKTMO2iQ7t08M="></latexit>

{succ(0) ?
= y , x

?
= 0}

<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA="></latexit>

G [ {f(t1, ..., tm)
?
= x}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

becomes

swap

<latexit sha1_base64="G7n3jUv20JqZRXNMS7/q/ErsP7o="></latexit>

{y ?
= succ(0) , x

?
= 0}

<latexit sha1_base64="J0UkCPSBxWHtTyo6JkP7i5UYS1k="></latexit>

⇢ = [y = succ(0) , x = 0]success!
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Example

<latexit sha1_base64="7kbNhdSNu6cjNEFyw3J3cW5vJp4="></latexit>

{plus(0, x) ?
= succ(y)}

<latexit sha1_base64="XUTRIoMBIPnoOorhv+gB5MXgK0E="></latexit>

plus 6= succ

<latexit sha1_base64="E9bYHf16sCp75nu+hKGRjDEfV6k="></latexit>

G [ {f(t1, ..., tm)
?
= g(u1, ..., uh)}

<latexit sha1_base64="sDgg7JwyjM05fGThFKZcId4nikY="></latexit>

if f 6= g or m 6= h

conflict

fails

failure!
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Example

<latexit sha1_base64="+eqvxyaTFuLh/FSIrMom/+ghfOQ="></latexit>

G [ {x ?
= t}

<latexit sha1_base64="umMzYYDJI/I7gtkG1BO5UwgvPqk="></latexit>

G[x = t] [ {x ?
= t}

<latexit sha1_base64="oz86B9YwvhW4o6wbU4aCvp3h1G0="></latexit>

if x 2 vars(G) \ vars(t)becomes

eliminate

<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA="></latexit>

G [ {f(t1, ..., tm)
?
= x}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

becomes

swap

<latexit sha1_base64="R1cSBVrYdNuTmvMctHNSN+Q7gLI="></latexit>

G = {succ(x) ?
= y , succ(y)

?
= x}

<latexit sha1_base64="ywYys3DuaG6Hv5yXibavQCFtW0o="></latexit>

{succ(x) ?
= y , x

?
= succ(y)}

<latexit sha1_base64="APpwLO81vljlxjUS0L8Al952B+Q="></latexit>

{succ(succ(y)) ?
= y , x

?
= succ(y)}

<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA="></latexit>

G [ {f(t1, ..., tm)
?
= x}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

becomes

swap

<latexit sha1_base64="YXoH77oYTewkkw6sN484v8EUmDU="></latexit>

{y ?
= succ(succ(y)) , x

?
= succ(y)}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

<latexit sha1_base64="tcGQLNjb6OZVItVban99obIC9ns="></latexit>

if x 2 vars(f(t1, ..., tm))fails

occur-check

<latexit sha1_base64="NUPSVhpYiA3OMemm/dcJL6B9Gcs="></latexit>

y 2 vars(succ(succ(y)))

failure!
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Exercise
<latexit sha1_base64="WxVunrvcC/nrsZygGkatg3glPrc="></latexit>

{plus(x, succ(x)) ?
= plus(0, y) , plus(y, z)

?
= plus(z, w)}

<latexit sha1_base64="kXXN/DViZ4IUmmognv9iGsb7aGM="></latexit>

G [ {f(t1, ..., tm)
?
= f(u1, ..., um)}

<latexit sha1_base64="J7YsMAPhdjY+vPinFnp+YIB0HvQ="></latexit>

G [ {t1
?
= u1, ..., tm

?
= um}

becomes

decompose

<latexit sha1_base64="+eqvxyaTFuLh/FSIrMom/+ghfOQ="></latexit>

G [ {x ?
= t}

<latexit sha1_base64="umMzYYDJI/I7gtkG1BO5UwgvPqk="></latexit>

G[x = t] [ {x ?
= t}

<latexit sha1_base64="oz86B9YwvhW4o6wbU4aCvp3h1G0="></latexit>

if x 2 vars(G) \ vars(t)becomes

eliminate

<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA="></latexit>

G [ {f(t1, ..., tm)
?
= x}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

becomes

swap

<latexit sha1_base64="E9bYHf16sCp75nu+hKGRjDEfV6k="></latexit>

G [ {f(t1, ..., tm)
?
= g(u1, ..., uh)}

<latexit sha1_base64="sDgg7JwyjM05fGThFKZcId4nikY="></latexit>

if f 6= g or m 6= h

conflict

fails

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

<latexit sha1_base64="tcGQLNjb6OZVItVban99obIC9ns="></latexit>

if x 2 vars(f(t1, ..., tm))fails

occur-check

<latexit sha1_base64="a8ZVG2jNKT0jUDkeAIQAu5y0XqQ="></latexit>

G [ {t ?
= t}

<latexit sha1_base64="K6rV3fGKIbkNmEvmC81MNXqI2oI="></latexit>

G
becomes

delete


