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probabilistic bisimilarities



Bisimulation revisited

(S, L, —)

\ \ \Iabelled transitions

labels
states

alternative presentation of transitions
a:8—=8S—=p(L)  apg={u|lptq}

generalization to sets of targets

718 x 9(S) = p(L) v(p, 1) ={u|3gel p-q}
Y(p,I) = | Japq
| set of targets qEUI

source



Bisimulation revisited

a:S5 =5 — (L) apg={p|pq}
v: 8 x p(S) = (L) v, 1) = Japg




Bisimulation revu5|’r 61 N

apqg={plpq}

take the equivalence =R induced by a relation R
(if R is a bisimulation, then =g is a bisimulation)

take the set of equivalence classes induced by =r: S|=p
take J € S|=, and p,g € J (i.e., p =r q)
if p 2 ¢/ for some u,p’ then ¢ & ¢’ for some ¢’ with p' =g ¢’
(and vice versa) (ile. AT € S=x. P, ¢ € 1)
now consider the function @ : (S x S) = (S x 9)

p ®(R) ¢ =VI € Si=. v(p, I) = (g, )
by the above argument, a bisimulation is such if R C ®(R)

~ = U R  is the largest bisimulation

— 5



Bisimulation revisited

a:S — S — p(l)
apqg={p|pq}

v: 5 x p(S) = p(L)

v(p, 1) =|Japq
qel

O : (S xS) — oS x S)
p®R)qg=VIeE S=. v(p,I)=~(q,1)
bisimulation R C ®(R)

bisimilarity ~ £ U R

RC®(R)
6



Bisimulation for CTMC

a p@cﬂ{?u— ﬁﬁ q}

TS 8 p(d)Sr-pR)

Ig) Eﬂ@@pi)\w

2 ggf 053¢y ) =43 05
i PAM) jg =W € K- 0, ) = et L))
CTMC bisimulation R C dRR )

CTMC bisimilarity =22 | || ] RR
HUIPR(R)
7




Bisimulation for CTMC

&C:S%S%R
Oécij:)\i’j

Wc S x p(S) =
ZO‘CZ]—Z)‘@J
1€l 1€l

Do (S x S) — oS x )
? q)c(R) 9 2V e S|ER. ’yc(i,l) — ’yc(j, I)

CTMC bisimulation R C dc(R)

CTMC bisimilarity ~ 2 U R

RC®c(R)
g



Bisimulation for CTMC

ac:S—S—R ac tJ = Nij
’)/C'SXKJ(S)%R ’yc(i,]):Z(Xcij:Z)\i’j
jel jel







Bisimulation for DTMC

apve S S IR}
OzDiZdOécij:)\i,j Oépi:*
b B SESIOATR) {x)
(i, I) = Y apclii B ¥ Jipc i j =pEX)= *

jel jehel jel

Sy p(S X S) = p(SxS)
i ®p(R) j 2 VI € Sip- 100, 1) = 700, I

DTMC bisimulation R C ds(R)

DTMC bisimilarity ~, £ U R

RC?5(R)
|



Bisimulation for DTMC

&DZS%D(S)U{*}
D 1 =d aq)i:::*

D 2S5 X p(5) = [0,1] U {x}
VD(@I):ZO&D@']':ZC%,;' Yp (2, I) = *

jel jel

Op:p(Sx8)— p(S xS
i ®p(R) j=VI € Si=,. 7o (i, 1) = vp(4,1)

DTMC bisimulation R C ®p(R)



Bisimulation for DTMC

any two deadlock states 2, 7 are DTMC bisimilar

VI o iy I) = % = 7o (j, )

any deadlock state ¢ is separated from any non-deadlock state £

3L v (i, 1) = % # ok, T) € [0,1

If there are no deadlock states, then ~p =S x S



reactive PTS



DTMC with actions

also called Markov decision processes
Reactive probabillistic transition systems

ar:S— L—D(S)U{x}

\
\ \ reaction

| label (stimulus)
source state

1 51 1 S1
> 0 <
/ \

~

s 1€y \2€ N cappuccino
/ \ \

¥ N\ \
O O cappuccino

O O
2/3 2/3 | /2/3 2/3\
/ \| /M\
| | | |
1/3 1/3

S7 e 1/3 1/3 o 53 S @ o 53

@)
A e ~
|
|

coffee

O
A
|
|
|
|



Reactive bisimulation

ar:S—>L—>DS)U {x}
CVRSKZCZ CYRSZZ*

Yr: S X L x p(S)—|0,1]
’YR(S,K,]):ZO(RSKU ’YR(S,K,]):O

Pr: (S xS)— (S x.95)
sPr(R)u=Wle L.VI€S—,. vr(s,0,I) =yr(u,l,I)

reactive bisimulation R C ®z(R)

reactive bisimilarity ~p £ U R

RCPr(R)
16



Larsen-Skou logic: syntax

o = tt true
01 N o conjunction
— negation
(€) 40 diamond operator

\ \ probability
label



Larsen- Skou semantics

— @

defined inductively on the structure of the formula

s = tt

S F 1 N\ p2
s = it
3:<€>q90

where [o] ={uec S| u k= ¢}

Op Is just

iff s= ¢ and s

S = ¢
ift VR(&& ﬂ@ﬂ) >

(€)1

any state satisfies true

— 2 s satisfies both ¢ and o

s does not satisfy ¢

the sum of all probabilities
to reach a state u
that satisfies ¢

Is greater than or equal to ¢q



Example

_ > ° < -
coffee  ~ 1€ / \ 2€ N\ cappuccino
/ %/ \\
/ o o \
/2/3 2/3\
/M\
I \
S2 o 1/3 1/3 ® 53
I¢ 7 1
Yr(s1, 1€, [(coffee)tt]) > 5

s1 = (1€) 1 (coffee); tt

|(coffee)1tt]| = {u | u = (coffee) tt}
= {u | Yr(u, coffee, [tt]) > 1}

(| e coffe §) > 1)

= {s2}
V(51 1€, {52)) = 5 > &

19




Reactive bis as logic

TH. s1>~r sy iff Vo.s1 EFp& so =0

it is even sufficient to consider
formulas without negation!

Logical characterisation of reactive bisimilarity

consequences.

to show that two reactive PTS are reactive bisimilar:
exhibit a reactive bisimulation that relates them

to show that two reactive PTS are not reactive bisimilar:
exhibit a LS formula that distinguishes between them

20



