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Exponential distribution



Probability law

Cumulative distribution function (probability law)

X: Q=R

Fx(z)2P(X<z)=PHwec Q| X(w) <z}

P(X < a) = Fx(a)
P(X > CL) =1 —Fx(a)
P(a < X <b) = Fx(b) — Fx(a)



Probability density

X : Q=R

integrable fx : 0, +00)

such that F'x(a / fx(x

i.e. Pla < X <b) :/ fx(x) do

note that P(X = a) is usually 0 when X is continuous



(Negative) Exp distribution

rate A\
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Properties

memoryless P(X > a+ b X > a) = P(X > b)

(it is the only memoryless distribution)

(X1,M\1) (X2,X2) (independent, exponentially distributed)

X (w) = min{ X, (W), Xo(w)} (X, A1 + \o)

p) 21— g Quthe)e related to sojourn time
B in CTMC
exploited in PEPA

P(X <

P(X; < X,) & Al related to embedded DTMC
At A2 oxoloited in PEPA



(homogeneous) CTMC



CTMC

(2, A, P) probability space (X, homogeneous

Markov chain
P(X:, 4at =2 X, =xp, -+, X¢y = 20) = P(Xar = 2| Xo = 24

let T; be the time spent in state ¢
before making a transitions to any other state

P(TZ >t—|—At‘TZ‘ >t) :P(TZ > At)

the random variable 7’ is memoryless
it must be exponentially distributed

rate \;, mean 1/);



CTMC

(2, A, P) probability space (X, homogeneous

Markov chain
P(X:, 4at =2 X, =xp, -+, X¢y = 20) = P(Xar = 2| Xo = 24

let I ; be the time spent in state ¢
before making a transitions to state 3

P(Ti’j > 1+ At‘TZ"j > t) — P(Ti,j > At)

the random variable 7; ; 1s memoryless
it must be exponentially distributed
rate )\i,j1 mean 1/)\7;73'

1; = Ijl;? 13, Ai = 27; Aij
¥i (/



Embedded DTMC

(€2, A, P) probability space

pij =P

Tz' — min T@j

JFi
/\ 1 <1k
k#i,]
0  pi1o PIN I
P21 0 P2, N
PN,1 PN,2 il

|0

Aij
= P (T@',j < min Tz,k> = 2/

0 CANI/AN S AN2/AN - 0

homogeneous
X
X Markov chain

A=) Aij

J 70

k#1,7

0 AMo/A1 o AN/
21/ Ao 0 o Ao N/ Ag




Embedded DTMC

(€2, A, P) probability space

0 P12
P21 0

. PN,1 PN,2
T=m-P

ZW@Zl

1=1

homogeneous
X feer .
X Markov chain
PIN 0 AMo/A1 o AinN/AL
P2, N A2 1/ A2 0 o Ao N/ Ag
0 CANI/AN S AN2/AN - 0

(if ergodic) we get a steady state distribution

but the embedded DTMC ignores
the amount of time spent in each state



Balance equations

. homogeneous
lit
(22, A, P) probability space { X} Markov chain

let p; be the long time proportion of time spent in state ¢
with respect to the time spent in other states

the flow in/out of each state ¢« must balance

A;p; outgoing flow
rate at which transitions out of state 2 occur

Ak.iDk
rate at which transitions into state ¢ occur from state k

Z Ak,iDk incoming flow
ki

rate at which transitions into state ¢ occur from other states
|2



Infinitesimal matrix gen

(€2, A, P) probability space

outgoing flow

)\
A2.1

AN 1

AiDi =

A=) A

A1.2
X

AN 2

J70

A1N

A2 N

_)\N )

homogeneous
X
X Markov chain

Z Ak,iPk incoming flow
ki



S’ra’rlonary distributions

P12 - P1.N T =ma. P
. P21 0O -+ panN N
B 5 2=
. pNng1 PNg2 - 0] =
i —)\1 )\1,2 T >\1,N ) D - Q —
0 A21 —A2 -+ AN N
- > -
I )\le )\N,Z c e _)\N ) 1=1
m; proportion of transitions into state ¢ Y
-
1/X; mean time spent into state i Pi = Z ZW /A,
j

if Vi,7. \; = A\; then Vi. p; = m;

| 4



Example

A server can serve up to two requests

one/two new requests arrive with rate \

one/two requests are served with rate p

represent the system as a CTMC, by defining its

infinitesimal generator matrix
embedded DTMC
find the steady state distribution when A = u



Example

A server can serve up to two requests

one/two new requests arrive with rate \

one/two requests are served with rate p

represent the system as a CTMC, by defining its
infinitesimal generator matrix

embedded DTMC
find the steady state distribution when A = u




A server can serve up to two rec

one/two new requests arrive wit

Example

uests

N rate \

one/two requests are served with rate p

represent the system as a CTMC, by defining its

find the steady state distribution when A = u

—2A

= B

infinitesimal generator matrix

embedded DTMC

0

/A +
1/2

1/2
0
1/2

1/2
AN+
0




Q

—2A

A
A

Example

find the steady state distribution when A = 1

AN A A
DA A
Ap —2X2u

P =

001/2 1¥22 | 1/2
WA+ 0  0/2 A/JXA+
- 1/2/21/2 1/0 0




Example

find the steady state distribution when A = 1

2N A A
Q= X —2x A P =
A A 24

—2Ap1 + Ap2 + Aps
AD1 — 2Ap2 + Ap3
AD1 + Ap2 — 2Ap3

P1 + P2 T+ P3

— O O O

p=1[1/3,1/3, 1/3]

0 1/2 1/2
1/2 0 1/2
- 1/2 1/2 0
Tty =
Tt T =
%W1+%7T2 =

1 —|—7T2—|—7T3

r=\1/3, 1/3, 1/3



CTMCas LTS

ac: S =5 =R ac 1§ = A j

embedded DTMC

Niiif g
QD S%D(S) ap 1) = D kti Niyk |
0 otherwise

can we derive a notion of equivalence between states?
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