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HOFL, type inference
and operational semantics



[Ex. 1] Determine the type of the HOFL term

t < rec z. ((Ay. if y then 0 else 0) x).

Then compute its (lazy) canonical form.



Ex. 1, typing

t=recx. ((\y.if ythenOelse0) z) :int

int int int int it int

int

it — int

int

int



Ex. 1 canonical form?

t=recx. ((My.if ythenOelse0) z ) :int

t—+c N\ ((My.if ythenOelse0) z)["/,] — ¢
=((Ay.if ythenOelse0)t)—c
o Ay. if y then O else 0 — A\’ ¢, ¢'[' /] — c
N/=y.t'—it... (if y then 0 else 0 )[*/,] — ¢
= (if tthen O else 0 ) — ¢

N t—=n, 0—c¢ (tdoesntmatterif n=0)

same goal from which we started:
no canonical form



[Ex. 2| Determine the type of the HOFL term

def

map = Af. Ax. ((f fst(x)), (f snd(z)))

Then, compute the (lazy) canonical forms of the terms

t < map (A\z. 2 X 2) (1,2) ty < fst (map (Az. 2 x z) (1,2))



Ex. 2, typing

mapé):;f.)\z.((ifst(x)), (jsnd(x)))

T — T T1 *T1

— —
T — T T1 % To T — T T1 * To
| T1 | | TQZTll
T | | T
T XxT

T1 *T1 —> T *T

map

(Ty = T) > T %71 = T*T

(Th = 7) 2> T1%T] = T*T



Ex. 2a, canonical form

map = Xf . Xz . (( f fst(z) ), ( fsnd(z)))
t = map (\z. 2 x 2) (1,2)

t1 —c¢ N (map Mz. 2x2)) = 't , ¢'[F2 /] — ¢
;\ map — )\f,- ny | t//[)\z. QXZ/f’] N WV, t/[(1,2)/x/] e

N=far=aae.. Az ((f fst(z)), (f snd(2)))[** 2% /5] = A/ ', [0 /] = ¢
= (Az. ((Mz. 2 x 2) fst(z)), (Az. 2 x 2) snd(x)))) = Mz’. ¢/, /[ /] = ¢
Na/mati—(...) (Az. 2 x 2) fst(z)), (Az. 2 x 2) snd(x)))[("?)/,] = ¢
= (((M\z. 2 x 2) £st(1,2)), (\z. 2 x 2) snd(1,2))) — ¢

Ne=(((Az. 2xz) fst(1,2)),((Az. 2xz) snd(1,2)))
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Ex. 2b, canonical form

t1 = ( ((Az. 2 x 2z) fst(1,2)), ((Az. 2 x z) snd(1,2)) )

fst(t1) — ¢ N t1 — (t7,85) , t] — ¢

\;k’lz()\z. 2xz) fst(1,2) , th=(Az. 2Xxz) snd(1,2) ()\Z 2 X Z) fSt(172) — C
"Mz 2x 2z =\, VB2 ) ) e

\z’:z,t’:2><z (2 X Z)[fSt(l’z)/z] — C
= (2 x fst(1,2)) — ¢

\c niXno 2—=nq, fSt(l,Q) — N9

Noa=2 (1,2) = (t1,15) , 1 — no

\t/=1,ty=2 1 = no
Nno=1 C="n1Xng = 2X1 =2




Domain theory



[Ex. 3| Let (D,Cp) be a CPO and f : D — D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by Cp).



Ex 3, CPO of fixpoints

D,Ep) CPO f: D — D continuous
FP,={d | d= f(d) } setofall fixpoints of f

(FPf,©) 2 Cpn (FPy x FP;) CPO?
itis a PO (because FP; C D)
we prove it is complete  take a chain {d;};en C FP;

we show that |_| d, as computed in D is a fixpoint of f

1€EN
f (l_l di) _ Ll f(d;) by continuity

= | | d; each d; is a fixpoint
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HOFL denotational semantics



[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if ¢ then ¢, else t;

e the semantics of ¢; if the semantics of ¢ 1s 17 , and
e the semantics of ¢y otherwise.

Is it possible? If not, why?



Ex. 4, convergence test

[if ¢ then t, else t1]p £ Cond=( [t]p, [tolp . [ti]p )

dy if v = |n| for some n
di otherwise

Cond> (v, doy, d1) = {

Any problem?  Cond: is not monotone on v !

Counterexample lz, Cz, [1] Take dy Zp. dy

(Lz,,do,d1) Tz, xp.xp, ([1],do,d1)

Condf(J_ZL,dQ,dl) — dl ZDT d() — COndi_(Llj,do,dl)
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Ex. 4, convergence test

For example take do = [0 dy = [1]

lif rec x. x then 0 else 1|p = |1
-

/—ZJ_

lif 1 then 0 else 1]p = |0]

asS a consequence
t 2 \z. if z then O else 1 : int — int

has no possible semantics in D, yine = |21 — 7, |1

because |[t]p is not continuous (not monotone)



[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t—0 tog—>cg t1 — t—n n#() to > ¢y 1 =
if ¢t then ty else t; — ¢ if t then tgelset; — ¢

Without changing the denotational semantics, prove that:
1. for any term t and canonical form ¢, we havet — ¢ = Vp. [[t] p = [c] p;

2. in general t|} % t] (exhibit a counterexample).



Ex. 5.1, correctness

t—0 tg—cg t1 —c t—n n#() to = co t1 — 1
if ¢t then t; else t; — ¢ if tthen tgelset; — ¢

t—c = Vp. [t]p=|c]p

P(t —c) =Vp. [t]p = []p

we extend the proof of correctness (by rule induction)
to consider the new rules



Ex. 5.1, correctness

P(t — ¢) 2 Vp. [t]p = [clp

t—>0 tog—>cy t1 — assume
if t thentyelset; — co Pt — 0) = Vp. [t]p =[0]p = |0
P(to — co) = Vp. [tolp = [colp

P(ty — c1) = Vp. [ti]p = [er]p

we want to prove
P(if t then tj else t; — cg) = Vp. [if t then t( else t1]p = [co]p

[if ¢ then ¢, else t1]p = Cond.([t]p, [to]p, [t1]p) by def

= Cond,(|0], [co]p, [c1]p) by ind. hyp.
= [co]p by Cond




Ex. 5.1, correctness

P(t —c) = Vp. [t]p = [c]p

t—n n#0 tog—cy t1 =1
if t then tjelset; — ¢

assume P(t —n)=Vp. [tlp=[n]p=|n| n#0

P(to — co) = Vp. [tolp = [colp

P(ty — c1) = Vp. [t:]p = [er]p

we want to prove
P(if t then t; else t; — ¢;) = Vp. [if ¢ then ty else t1]p = [c1]p

[if ¢ then ¢, else t1]p = Cond,([t]p, [to]p, [t1]p) by def
= Cond, (|1, [collp, [c1]lp) by ind. h.
= [ea]p by Cond
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Ex. b.2, inconsistency

we want to find aterm ¢ suchthat ¢ t 1
take ¢t2if 0 then 1 else rec . = : int

[t]p = Cond.,([0] p, [1] p, [rec z. z]p)

— Cond’int(LOJv UJ ) J_ZJ_) — UJ t 4

t—c . 0—>0,1—¢c, recx.xr—c

*
N1 Tec . x — c

)\ x[rec XI. x/x] N C]_

—rec . T — Cq t T
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[Ex. 6] Determine the type of the HOFL term

t < rec f. (Ax.1, fst(f) 0 )

Then, compute the (lazy) denotational semantics of t.
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Ex. 6, typing

t=rec f. (Xx. 1, (fst( f)0)) : (int — int) * int

- L i |

(int = 71)x1m T int  (int — 71) % T2int

T — int it — T
T1

(T — int) x 1

(int — 1) *x 0 = (T — int) x 1y

mt =1
T = mnt
To — T1

T =T =To = 1int
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Ex. 6, den semantics

t=rec f. (Ax. 1, (fst( f)0)) : (int — int) * int

[1]p = fie My. [(Aa. 1,8t(f) 0)]pl* /]

= fix Mdy. | ([Mz. 1p[* /4], [fst(f) O]p[* /f] ) |
o= pl™ /]

= fiz Mdy. | ([ M. [1]0'[* /2] |, (et o < [fst(f)]p". »([0]p")) ) |
= fix Mdy. | (| Ady. 1] |, (let o <= 7w ([f]p")- ¢ [0]) ) ]
= fir Mdy. | ([ Mdg. [1] ], (let p <= 7] dy. ¢ [0]) ) ]

24



Ex. 6, den semantics

[t]p = fix Adg. | ([ Ady. [1] ], (let o <=7y dp. ¢ [0]) ) |
fo = J-D( nt—int) % int

fi=[ ([ Ade. [1] |, (let p =77 fo. ¢ [0]) ) ]
= [ ([ Adz. [1] |, LDy, ) |
fo=1([Ads. [1] |, (let ¢ =77 f1. ¢ [0]) ) |
= [ ([ Ads. [1] |, (let o <= [ Adg. [1] |. ¢ [0]) ) ]
= | ([ Ads. [1] |5 (Adg. [1]) [0] ) |
= | (L Ade. [1] ], [1] )] maximal element!



Ex. 6, den semantics

t=rec f. (Ax. 1, (fst( f)0)) : (int — int) * int
[tlp = fir Adp. | (| Ade. [1] ], (let p <=7y dp. ¢ [0]) ) |
[tlp=[ ([ Ade- [1] ], [1]) ]
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