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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

8.3 Functional Domains 179

...
...

...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

8.3 Functional Domains 179

...
...

...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

8.3 Functional Domains 179

...
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...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

8.3 Functional Domains 179

...
...

...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>
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...
...

...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

8.3 Functional Domains 179

...
...

...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>
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...
...

...
... . .

.
v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v
e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.
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CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

fixed n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

the set {en,m}m2N

<latexit sha1_base64="fM/oIVYZIu0CUm4YOmORalfNJL8=">AAACEXicbVDLSsNAFJ3UV62vqksRBovgQkoiFV2KblxJBauFJoTJeFsHZyZh5kaQkJWf4Fe41ZU7cesXuPBfTGoWvs7qcM693HNPlEhh0XXfndrE5NT0TH22MTe/sLjUXF45t3FqOPR4LGPTj5gFKTT0UKCEfmKAqUjCRXR9VPoXN2CsiPUZ3iYQKDbSYig4w0IKm+t+RiHM9LbK/TzMlC+0rxheRVF2kudhs+W23THoX+JVpEUqdMPmh38Z81SBRi6ZtQPPTTDImEHBJeQNP7WQMH7NRjAoqGYKbJCN38jpZmoZxjQBQ4WkYxG+b2RMWXuromKyjGh/e6X4nzdIcbgfZEInKYLm5SEUEsaHLDei6AfopTCAyMrkQIWmnBmGCEZQxnkhpkVhjaIP7/f3f8n5TtvrtHdPO62Dw6qZOlkjG2SLeGSPHJBj0iU9wskdeSCP5Mm5d56dF+f1a7TmVDur5Aect08JgZ30</latexit>

forms a chain (a row in the picture)
and thus has a lub (      is a CPO)E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

G

m2N
en,m

<latexit sha1_base64="4qOZwL7W+QAGwEHZFHaFn5f7nj4=">AAACFnicbVC7TsNAEDzzDOEVoKQ5JUKiQJGNQFAiaKhQkEhAii3rfCzhxN3Z3K2RIss9n8BX0EJFh2hpKfgX7OACCFONZna1sxMlUlh03Q9nYnJqema2NlefX1hcWm6srPZsnBoOXR7L2FxEzIIUGrooUMJFYoCpSMJ5dHNU+ud3YKyI9RkOEwgUG2hxJTjDQgobTT8SA3vL0yTMlC+0rxheR1F2kucUwkxvqTxstNy2OwIdJ15FWqRCJ2x8+pcxTxVo5JJZ2/fcBIOMGRRcQl73UwsJ4zdsAP2CaqbABtnol5xupJZhTBMwVEg6EuHnRsaUtUMVFZNlVPvXK8X/vH6KV/tBJnSSImheHkIhYXTIciOKkoBeCgOIrEwOVGjKmWGIYARlnBdiWrRWL/rw/n4/TnrbbW+nvXu60zo4rJqpkXXSJJvEI3vkgByTDukSTu7JI3kiz86D8+K8Om/foxNOtbNGfsF5/wI44aAw</latexit>

G

m2N
en,m

<latexit sha1_base64="4qOZwL7W+QAGwEHZFHaFn5f7nj4=">AAACFnicbVC7TsNAEDzzDOEVoKQ5JUKiQJGNQFAiaKhQkEhAii3rfCzhxN3Z3K2RIss9n8BX0EJFh2hpKfgX7OACCFONZna1sxMlUlh03Q9nYnJqema2NlefX1hcWm6srPZsnBoOXR7L2FxEzIIUGrooUMJFYoCpSMJ5dHNU+ud3YKyI9RkOEwgUG2hxJTjDQgobTT8SA3vL0yTMlC+0rxheR1F2kucUwkxvqTxstNy2OwIdJ15FWqRCJ2x8+pcxTxVo5JJZ2/fcBIOMGRRcQl73UwsJ4zdsAP2CaqbABtnol5xupJZhTBMwVEg6EuHnRsaUtUMVFZNlVPvXK8X/vH6KV/tBJnSSImheHkIhYXTIciOKkoBeCgOIrEwOVGjKmWGIYARlnBdiWrRWL/rw/n4/TnrbbW+nvXu60zo4rJqpkXXSJJvEI3vkgByTDukSTu7JI3kiz86D8+K8Om/foxNOtbNGfsF5/wI44aAw</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>
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<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

fixed n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

the set {en,m}m2N

<latexit sha1_base64="fM/oIVYZIu0CUm4YOmORalfNJL8=">AAACEXicbVDLSsNAFJ3UV62vqksRBovgQkoiFV2KblxJBauFJoTJeFsHZyZh5kaQkJWf4Fe41ZU7cesXuPBfTGoWvs7qcM693HNPlEhh0XXfndrE5NT0TH22MTe/sLjUXF45t3FqOPR4LGPTj5gFKTT0UKCEfmKAqUjCRXR9VPoXN2CsiPUZ3iYQKDbSYig4w0IKm+t+RiHM9LbK/TzMlC+0rxheRVF2kudhs+W23THoX+JVpEUqdMPmh38Z81SBRi6ZtQPPTTDImEHBJeQNP7WQMH7NRjAoqGYKbJCN38jpZmoZxjQBQ4WkYxG+b2RMWXuromKyjGh/e6X4nzdIcbgfZEInKYLm5SEUEsaHLDei6AfopTCAyMrkQIWmnBmGCEZQxnkhpkVhjaIP7/f3f8n5TtvrtHdPO62Dw6qZOlkjG2SLeGSPHJBj0iU9wskdeSCP5Mm5d56dF+f1a7TmVDur5Aect08JgZ30</latexit>

forms a chain (a row in the picture)
and thus has a lub (      is a CPO)E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

G

m2N
en,m

<latexit sha1_base64="4qOZwL7W+QAGwEHZFHaFn5f7nj4=">AAACFnicbVC7TsNAEDzzDOEVoKQ5JUKiQJGNQFAiaKhQkEhAii3rfCzhxN3Z3K2RIss9n8BX0EJFh2hpKfgX7OACCFONZna1sxMlUlh03Q9nYnJqema2NlefX1hcWm6srPZsnBoOXR7L2FxEzIIUGrooUMJFYoCpSMJ5dHNU+ud3YKyI9RkOEwgUG2hxJTjDQgobTT8SA3vL0yTMlC+0rxheR1F2kucUwkxvqTxstNy2OwIdJ15FWqRCJ2x8+pcxTxVo5JJZ2/fcBIOMGRRcQl73UwsJ4zdsAP2CaqbABtnol5xupJZhTBMwVEg6EuHnRsaUtUMVFZNlVPvXK8X/vH6KV/tBJnSSImheHkIhYXTIciOKkoBeCgOIrEwOVGjKmWGIYARlnBdiWrRWL/rw/n4/TnrbbW+nvXu60zo4rJqpkXXSJJvEI3vkgByTDukSTu7JI3kiz86D8+K8Om/foxNOtbNGfsF5/wI44aAw</latexit>

G

m2N
en,m

<latexit sha1_base64="4qOZwL7W+QAGwEHZFHaFn5f7nj4=">AAACFnicbVC7TsNAEDzzDOEVoKQ5JUKiQJGNQFAiaKhQkEhAii3rfCzhxN3Z3K2RIss9n8BX0EJFh2hpKfgX7OACCFONZna1sxMlUlh03Q9nYnJqema2NlefX1hcWm6srPZsnBoOXR7L2FxEzIIUGrooUMJFYoCpSMJ5dHNU+ud3YKyI9RkOEwgUG2hxJTjDQgobTT8SA3vL0yTMlC+0rxheR1F2kucUwkxvqTxstNy2OwIdJ15FWqRCJ2x8+pcxTxVo5JJZ2/fcBIOMGRRcQl73UwsJ4zdsAP2CaqbABtnol5xupJZhTBMwVEg6EuHnRsaUtUMVFZNlVPvXK8X/vH6KV/tBJnSSImheHkIhYXTIciOKkoBeCgOIrEwOVGjKmWGIYARlnBdiWrRWL/rw/n4/TnrbbW+nvXu60zo4rJqpkXXSJJvEI3vkgByTDukSTu7JI3kiz86D8+K8Om/foxNOtbNGfsF5/wI44aAw</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

we form the chain of all row-lubs(
G

m2N
en,m

)

n2N

<latexit sha1_base64="/4CVAlVDR5IYpWSSQFo3+ftLums="></latexit>

<latexit sha1_base64="ANjLy3PZ0HJ++c/4h46pP1oyMYM=">AAACFnicbVC7TsNAEDzzJrwClDQnIiQKFNkIAWUEDRUCiSRIsWWdL5tw4u5s7tZIkeWeT+AraKGiQ7S0FPwLdnDBa6rRzK52dqJECouu++5MTE5Nz8zOzdcWFpeWV+qrax0bp4ZDm8cyNpcRsyCFhjYKlHCZGGAqktCNro9Lv3sLxopYX+AogUCxoRYDwRkWUljf9CMxtDc8TcJM+UL7iuFVFGWneU4hzHZ3VB7WG27THYP+JV5FGqTCWVj/8PsxTxVo5JJZ2/PcBIOMGRRcQl7zUwsJ49dsCL2CaqbABtn4l5xupZZhTBMwVEg6FuH7RsaUtSMVFZNlVPvbK8X/vF6Kg8MgEzpJETQvD6GQMD5kuRFFSUD7wgAiK5MDFZpyZhgiGEEZ54WYFq3Vij6839//JZ3dprff9M73Gq2jqpk5skE2yTbxyAFpkRNyRtqEkzvyQB7Jk3PvPDsvzuvX6IRT7ayTH3DePgHZ+p/y</latexit> G

m2N
e2,m

<latexit sha1_base64="uzr4bwBnL4l7Pg4j503VF357FIw=">AAACFnicbVC7TsNAEDzzJrwClDQnIiQKFNkIAWUEDRUCiSRIsWWdL5tw4u5s7tZIkeWeT+AraKGiQ7S0FPwLdnDBa6rRzK52dqJECouu++5MTE5Nz8zOzdcWFpeWV+qrax0bp4ZDm8cyNpcRsyCFhjYKlHCZGGAqktCNro9Lv3sLxopYX+AogUCxoRYDwRkWUljf9CMxtDc8TcJM+UL7iuFVFGWneU4hzLwdlYf1htt0x6B/iVeRBqlwFtY//H7MUwUauWTW9jw3wSBjBgWXkNf81ELC+DUbQq+gmimwQTb+JadbqWUY0wQMFZKORfi+kTFl7UhFxWQZ1f72SvE/r5fi4DDIhE5SBM3LQygkjA9ZbkRREtC+MIDIyuRAhaacGYYIRlDGeSGmRWu1og/v9/d/SWe36e03vfO9RuuoamaObJBNsk08ckBa5ISckTbh5I48kEfy5Nw7z86L8/o1OuFUO+vkB5y3T9hon/E=</latexit> G

m2N
e1,m

<latexit sha1_base64="xPaoQm1gef9gSIHTw9gQJwXXbhM=">AAACFnicbVC7TsNAEDzzJrwClDQnIiQKFNkIAWUEDRUCiSRIsWWdL5tw4u5s7tZIkeWeT+AraKGiQ7S0FPwLdnDBa6rRzK52dqJECouu++5MTE5Nz8zOzdcWFpeWV+qrax0bp4ZDm8cyNpcRsyCFhjYKlHCZGGAqktCNro9Lv3sLxopYX+AogUCxoRYDwRkWUljf9CMxtDc8TcJM+UL7iuFVFGWneU4hzNwdlYf1htt0x6B/iVeRBqlwFtY//H7MUwUauWTW9jw3wSBjBgWXkNf81ELC+DUbQq+gmimwQTb+JadbqWUY0wQMFZKORfi+kTFl7UhFxWQZ1f72SvE/r5fi4DDIhE5SBM3LQygkjA9ZbkRREtC+MIDIyuRAhaacGYYIRlDGeSGmRWu1og/v9/d/SWe36e03vfO9RuuoamaObJBNsk08ckBa5ISckTbh5I48kEfy5Nw7z86L8/o1OuFUO+vkB5y3T9bWn/A=</latexit> G

m2N
e0,m
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

8.3 Functional Domains 179

...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

fixed the set
forms a chain (a column in the picture)
and thus has a lub (      is a CPO)E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

m

<latexit sha1_base64="e8mL/1QZM5BNdXDDpAU3JRQLUhA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccmdbd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQIoQOCpTQjzUwFUjoBbPbzO89gjYiCu9xHoOv2DQUE8EZplJbjao1t+7moKvEK0iNFGiNql/DccStghC5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKUhU2D8JA+6oGfWMIxoDJoKSXMRfm8kTBkzV0E6qRg+mGUvE//zBhYn134iwtgihDw7hEJCfshwLdIGgI6FBkSWJQcqQsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt3/JF+</latexit>

{en,m}n2N

<latexit sha1_base64="qj3eyW/i4ZhK7zVz2qAuACtiREE=">AAACEXicbVBNS8NAEN3Ur1q/oh5FWCyCBymJVPRY9OJJKtgPaErZbKd16WYTdidCCTn5E/wVXvXkTbz6Czz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L6HQS9RxkHppVj2hvIDhne8n12nas8tOxZmAzhN3SspkinrP/vL6IY8DUMglM6bjOhF2E6ZRcAlpyYsNRIyP2BA6GVUsANNNJm+k9DA2DEMagaZC0okIvycSFhgzDvysMz/RzHq5+J/XiXFw3k2EimIExfNFKCRMFhmuRZYP0L7QgMjyy4EKRTnTDBG0oIzzTIyzwEpZHu7s9/OkeVJxq5XTm2q5djFNpkj2yAE5Ii45IzVyReqkQTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbCx6d9Q==</latexit>

G

n2N
en,m

<latexit sha1_base64="huu2J4BGJz2u830Fh33E6CWzBDI=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElHQdqzy07FmYDOE3dKymSKes/+8vohjwNQyCUzpuM6EXYTplFwCWnRiw1EjI/YEDoZVSwA000mv6T0IDYMQxqBpkLSiQi/NxIWGDMO/Gwyj2pmvVz8z+vEODjrJkJFMYLi+SEUEiaHDNciKwloX2hAZHlyoEJRzjRDBC0o4zwT46y1YtaHO/v9PGkeV9xq5eS6Wq6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+AY6hqAx</latexit>

G

n2N
en,m

<latexit sha1_base64="huu2J4BGJz2u830Fh33E6CWzBDI=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElHQdqzy07FmYDOE3dKymSKes/+8vohjwNQyCUzpuM6EXYTplFwCWnRiw1EjI/YEDoZVSwA000mv6T0IDYMQxqBpkLSiQi/NxIWGDMO/Gwyj2pmvVz8z+vEODjrJkJFMYLi+SEUEiaHDNciKwloX2hAZHlyoEJRzjRDBC0o4zwT46y1YtaHO/v9PGkeV9xq5eS6Wq6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+AY6hqAx</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>



1313

Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

fixed the set
forms a chain (a column in the picture)
and thus has a lub (      is a CPO)E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

we form the chain of all column-lubs

m

<latexit sha1_base64="e8mL/1QZM5BNdXDDpAU3JRQLUhA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccmdbd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQIoQOCpTQjzUwFUjoBbPbzO89gjYiCu9xHoOv2DQUE8EZplJbjao1t+7moKvEK0iNFGiNql/DccStghC5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKUhU2D8JA+6oGfWMIxoDJoKSXMRfm8kTBkzV0E6qRg+mGUvE//zBhYn134iwtgihDw7hEJCfshwLdIGgI6FBkSWJQcqQsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt3/JF+</latexit>

{en,m}n2N

<latexit sha1_base64="qj3eyW/i4ZhK7zVz2qAuACtiREE=">AAACEXicbVBNS8NAEN3Ur1q/oh5FWCyCBymJVPRY9OJJKtgPaErZbKd16WYTdidCCTn5E/wVXvXkTbz6Czz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L6HQS9RxkHppVj2hvIDhne8n12nas8tOxZmAzhN3SspkinrP/vL6IY8DUMglM6bjOhF2E6ZRcAlpyYsNRIyP2BA6GVUsANNNJm+k9DA2DEMagaZC0okIvycSFhgzDvysMz/RzHq5+J/XiXFw3k2EimIExfNFKCRMFhmuRZYP0L7QgMjyy4EKRTnTDBG0oIzzTIyzwEpZHu7s9/OkeVJxq5XTm2q5djFNpkj2yAE5Ii45IzVyReqkQTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbCx6d9Q==</latexit>

G

n2N
en,m

<latexit sha1_base64="huu2J4BGJz2u830Fh33E6CWzBDI=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElHQdqzy07FmYDOE3dKymSKes/+8vohjwNQyCUzpuM6EXYTplFwCWnRiw1EjI/YEDoZVSwA000mv6T0IDYMQxqBpkLSiQi/NxIWGDMO/Gwyj2pmvVz8z+vEODjrJkJFMYLi+SEUEiaHDNciKwloX2hAZHlyoEJRzjRDBC0o4zwT46y1YtaHO/v9PGkeV9xq5eS6Wq6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+AY6hqAx</latexit>

(
G

n2N
en,m

)

m2N

<latexit sha1_base64="3QByVeFXXpQgFlUJuylx27DsBZ0="></latexit>

G

n2N
en,m

<latexit sha1_base64="huu2J4BGJz2u830Fh33E6CWzBDI=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElHQdqzy07FmYDOE3dKymSKes/+8vohjwNQyCUzpuM6EXYTplFwCWnRiw1EjI/YEDoZVSwA000mv6T0IDYMQxqBpkLSiQi/NxIWGDMO/Gwyj2pmvVz8z+vEODjrJkJFMYLi+SEUEiaHDNciKwloX2hAZHlyoEJRzjRDBC0o4zwT46y1YtaHO/v9PGkeV9xq5eS6Wq6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+AY6hqAx</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>

<latexit sha1_base64="8mL/uNBXGX99TfixPp4FDYHIZcg=">AAACFnicbVC7TsNAEDyHVwgvAyXNKRESBYpshIAygoYKBYk8pDiKzpdNOOV8NndrpMhyzyfwFbRQ0SFaWgr+BTukgISpRjO72tnxIykMOs6nVVhYXFpeKa6W1tY3Nrfs7Z2mCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/NFF7rfuQRsRqhscR9AN2FCJgeAMM6lnlz1fDM0dj6NeojyhvIDhre8nV2lKIZMOnbRnV5yqMwGdJ+6UVMgU9Z795fVDHgegkEtmTMd1IuwmTKPgEtKSFxuIGB+xIXQyqlgApptMfknpfmwYhjQCTYWkExF+byQsMGYc+NlkHtXMern4n9eJcXDWTYSKYgTF80MoJEwOGa5FVhLQvtCAyPLkQIWinGmGCFpQxnkmxllrpawPd/b7edI8qronVff6uFI7nzZTJHukTA6IS05JjVySOmkQTh7IE3kmL9aj9Wq9We8/owVrurNL/sD6+Abah5/y</latexit> G

n2N
en,0

<latexit sha1_base64="DuSF5tm5bYWr3BRUBS3M3HkjcGY=">AAACFnicbVC7TsNAEDyHVwgvAyXNKRESBYpshIAygoYKBYk8pDiKzpdNOOV8NndrpMhyzyfwFbRQ0SFaWgr+BTukgISpRjO72tnxIykMOs6nVVhYXFpeKa6W1tY3Nrfs7Z2mCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/NFF7rfuQRsRqhscR9AN2FCJgeAMM6lnlz1fDM0dj6NeojyhvIDhre8nV2lKIZMO3bRnV5yqMwGdJ+6UVMgU9Z795fVDHgegkEtmTMd1IuwmTKPgEtKSFxuIGB+xIXQyqlgApptMfknpfmwYhjQCTYWkExF+byQsMGYc+NlkHtXMern4n9eJcXDWTYSKYgTF80MoJEwOGa5FVhLQvtCAyPLkQIWinGmGCFpQxnkmxllrpawPd/b7edI8qronVff6uFI7nzZTJHukTA6IS05JjVySOmkQTh7IE3kmL9aj9Wq9We8/owVrurNL/sD6+AbcF5/z</latexit> G

n2N
en,1

<latexit sha1_base64="sP8bB5AG77+lYdY3WvwxgByCINE=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJEdIaCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElH1bRnl52KMwGdJ+6UlMkU9Z795fVDHgegkEtmTMd1IuwmTKPgEtKiFxuIGB+xIXQyqlgApptMfknpQWwYhjQCTYWkExF+byQsMGYc+NlkHtXMern4n9eJcXDWTYSKYgTF80MoJEwOGa5FVhLQvtCAyPLkQIWinGmGCFpQxnkmxllrxawPd/b7edKsVtyTint9XK6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+Abdp5/0</latexit> G

n2N
en,2
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

the diagonal elements
also forms a chain
and thus has a lub (      is a CPO)E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

{ek,k}k2N

<latexit sha1_base64="Rp1eO/qN4DHrunT6hYEzeRLsmw4=">AAACEXicbVBNS8NAEN3Ur1q/oh5FWCyCBymJVPRY9OJJKtgPaErZbKd16WYTdidCCTn5E/wVXvXkTbz6Czz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L6HQS0bHo9RLs+oJ5QUM73w/uU7Tnl12Ks4EdJ64U1ImU9R79pfXD3kcgEIumTEd14mwmzCNgktIS15sIGJ8xIbQyahiAZhuMnkjpYexYRjSCDQVkk5E+D2RsMCYceBnnfmJZtbLxf+8ToyD824iVBQjKJ4vQiFhsshwLbJ8gPaFBkSWXw5UKMqZZoigBWWcZ2KcBVbK8nBnv58nzZOKW62c3lTLtYtpMkWyRw7IEXHJGamRK1InDcLJA3kiz+TFerRerTfr/ae1YE1ndskfWB/f/gOd7Q==</latexit>

G

k2N
ek,k

<latexit sha1_base64="cOA3NN37rVllszK7UcnH3RdYnLo=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvGXlCeQHDW99PrtKUQiYdjdKeXXYqzgR0nrhTUiZT1Hv2l9cPeRyAQi6ZMR3XibCbMI2CS0iLXmwgYnzEhtDJqGIBmG4y+SWlB7FhGNIINBWSTkT4vZGwwJhx4GeTeVQz6+Xif14nxsFZNxEqihEUzw+hkDA5ZLgWWUlA+0IDIsuTAxWKcqYZImhBGeeZGGetFbM+3Nnv50nzuOJWKyfX1XLtfNpMgeyTEjkkLjklNXJJ6qRBOHkgT+SZvFiP1qv1Zr3/jC5Y05098gfWxzctwaAp</latexit>

G

k2N
ek,k

<latexit sha1_base64="cOA3NN37rVllszK7UcnH3RdYnLo=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvGXlCeQHDW99PrtKUQiYdjdKeXXYqzgR0nrhTUiZT1Hv2l9cPeRyAQi6ZMR3XibCbMI2CS0iLXmwgYnzEhtDJqGIBmG4y+SWlB7FhGNIINBWSTkT4vZGwwJhx4GeTeVQz6+Xif14nxsFZNxEqihEUzw+hkDA5ZLgWWUlA+0IDIsuTAxWKcqYZImhBGeeZGGetFbM+3Nnv50nzuOJWKyfX1XLtfNpMgeyTEjkkLjklNXJJ6qRBOHkgT+SZvFiP1qv1Zr3/jC5Y05098gfWxzctwaAp</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>
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Switch Lemma
CPO

a set of elements (not a chain) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

such that if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · · v en =
F

m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

{ek,k}k2N

<latexit sha1_base64="Rp1eO/qN4DHrunT6hYEzeRLsmw4=">AAACEXicbVBNS8NAEN3Ur1q/oh5FWCyCBymJVPRY9OJJKtgPaErZbKd16WYTdidCCTn5E/wVXvXkTbz6Czz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L6HQS0bHo9RLs+oJ5QUM73w/uU7Tnl12Ks4EdJ64U1ImU9R79pfXD3kcgEIumTEd14mwmzCNgktIS15sIGJ8xIbQyahiAZhuMnkjpYexYRjSCDQVkk5E+D2RsMCYceBnnfmJZtbLxf+8ToyD824iVBQjKJ4vQiFhsshwLbJ8gPaFBkSWXw5UKMqZZoigBWWcZ2KcBVbK8nBnv58nzZOKW62c3lTLtYtpMkWyRw7IEXHJGamRK1InDcLJA3kiz+TFerRerTfr/ae1YE1ndskfWB/f/gOd7Q==</latexit>

(
G

n2N
en,m

)

m2N

<latexit sha1_base64="3QByVeFXXpQgFlUJuylx27DsBZ0="></latexit>

(
G

m2N
en,m

)

n2N

<latexit sha1_base64="/4CVAlVDR5IYpWSSQFo3+ftLums="></latexit>

{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

we prove that
all sets we have seen
have the same 
set of upper bounds
and thus the same
least upper bound

G

k2N
ek,k

<latexit sha1_base64="cOA3NN37rVllszK7UcnH3RdYnLo=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvGXlCeQHDW99PrtKUQiYdjdKeXXYqzgR0nrhTUiZT1Hv2l9cPeRyAQi6ZMR3XibCbMI2CS0iLXmwgYnzEhtDJqGIBmG4y+SWlB7FhGNIINBWSTkT4vZGwwJhx4GeTeVQz6+Xif14nxsFZNxEqihEUzw+hkDA5ZLgWWUlA+0IDIsuTAxWKcqYZImhBGeeZGGetFbM+3Nnv50nzuOJWKyfX1XLtfNpMgeyTEjkkLjklNXJJ6qRBOHkgT+SZvFiP1qv1Zr3/jC5Y05098gfWxzctwaAp</latexit>

G

n2N

G

m2N
en,m

<latexit sha1_base64="J5mIeAWL5ikNxg3C62arYYDSnqA=">AAACMHicbVC7TsNAEDyHVwivACXNiQiJAkU2CoKCAkFDhYJEACm2rPOxhFPuzuZujYQs/wyfwFfQQgUFQrR8BXZIEQJTjWZmtbsTJVJYdN03pzIxOTU9U52tzc0vLC7Vl1fObZwaDh0ey9hcRsyCFBo6KFDCZWKAqUjCRdQ/Kv2LOzBWxPoM7xMIFOtpcS04w0IK6/t+JHr2lqdJmGlfaF8xvImi7CTPRxz126FQhLdUHtYbbtMdgP4l3pA0yBDtsP7uX8U8VaCRS2Zt13MTDDJmUHAJec1PLSSM91kPugXVTIENssGXOd1ILcOYJmCokHQgwuhExpS19yoqkuWpdtwrxf+8borXe0EmdJIiaF4uQiFhsMhyI4r6gF4JA4isvByo0JQzwxDBCMo4L8S06LNW9OGNf/+XnG83vVZz57TVODgcNlMla2SdbBKP7JIDckzapEM4eSBP5Jm8OI/Oq/PhfP5EK85wZpX8gvP1Db46q/Y=</latexit>

G

m2N

G

n2N
en,m

<latexit sha1_base64="fw6Fd09teNxZgNpdRnrxKz5w9Rc=">AAACMHicbVC7TsNAEDyHVwivACXNiQiJAkU2CoKCAkFDhYJEACm2rPOxhFPuzuZujYQs/wyfwFfQQgUFQrR8BXZIEQJTjWZ2tbMTJVJYdN03pzIxOTU9U52tzc0vLC7Vl1fObZwaDh0ey9hcRsyCFBo6KFDCZWKAqUjCRdQ/Kv2LOzBWxPoM7xMIFOtpcS04w0IK6/t+JHr2lqdJmClfaF8xvImi7CTPRxz926FQSFsqD+sNt+kOQP8Sb0gaZIh2WH/3r2KeKtDIJbO267kJBhkzKLiEvOanFhLG+6wH3YJqpsAG2eDLnG6klmFMEzBUSDoQYXQjY8raexUVk2VUO+6V4n9eN8XrvSATOkkRNC8PoZAwOGS5EUV9QK+EAURWJgcqNOXMMEQwgjLOCzEt+qwVfXjj3/8l59tNr9XcOW01Dg6HzVTJGlknm8Qju+SAHJM26RBOHsgTeSYvzqPz6nw4nz+jFWe4s0p+wfn6Br4gq/Y=</latexit>

=

<latexit sha1_base64="eI98TI2cnvvZzgQ9DvZBHuwz+dw=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoheh6MVjC9YW2lA229e6dLMJu2+FEvoLvOrJm3j1B3nwv5jEHLR1TsPMe7x5E8RSGHTdT6e0srq2vlHerGxt7+zuVfcP7k1kNYcOj2SkewEzIIWCDgqU0Is1sDCQ0A2mN5nffQRtRKTucBaDH7KJEmPBGaZS+2pYrbl1NwddJl5BaqRAa1j9GowibkNQyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopVSwE4yd50Dk9sYZhRGPQVEiai/B7I2GhMbMwSCdDhg9m0cvE/7y+xfGlnwgVWwTFs0MoJOSHDNcibQDoSGhAZFlyoEJRzjRDBC0o4zwVbVpJJe3DW/x+mdyf1b1G/bzdqDWvi2bK5Igck1PikQvSJLekRTqEEyBP5Jm8ONZ5dd6c95/RklPsHJI/cD6+AS0skU4=</latexit>

=

<latexit sha1_base64="eI98TI2cnvvZzgQ9DvZBHuwz+dw=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoheh6MVjC9YW2lA229e6dLMJu2+FEvoLvOrJm3j1B3nwv5jEHLR1TsPMe7x5E8RSGHTdT6e0srq2vlHerGxt7+zuVfcP7k1kNYcOj2SkewEzIIWCDgqU0Is1sDCQ0A2mN5nffQRtRKTucBaDH7KJEmPBGaZS+2pYrbl1NwddJl5BaqRAa1j9GowibkNQyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopVSwE4yd50Dk9sYZhRGPQVEiai/B7I2GhMbMwSCdDhg9m0cvE/7y+xfGlnwgVWwTFs0MoJOSHDNcibQDoSGhAZFlyoEJRzjRDBC0o4zwVbVpJJe3DW/x+mdyf1b1G/bzdqDWvi2bK5Igck1PikQvSJLekRTqEEyBP5Jm8ONZ5dd6c95/RklPsHJI/cD6+AS0skU4=</latexit>

E = (E,v)

<latexit sha1_base64="6S1yl0RX1J6uHtYuxz7jVcMqVF4=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhgoRdiehFCErAYwRjAkkIvZM2Dpl9ZKZXCEtOfoJf4VVP3sSrX+DBf3E35uCrTkVVN11dbqikIdt+tzIzs3PzC9nF3NLyyupafn3jygSRFlgXgQp00wWDSvpYJ0kKm6FG8FyFDXdwlvqNW9RGBv4ljULseND35bUUQInUzW+3PaAbASqujvkJL1b322ZoItcg4XCvmy/YJXsC/pc4U1JgU9S6+Y92LxCRhz4JBca0HDukTgyapFA4zrUjgyGIAfSxlVAfPDSdePLGmO9GBijgIWouFZ+I+H0jBs+Ykecmk2lo89tLxf+8VkTXx51Y+mFE6Iv0EEmFk0NGaJn0g7wnNRJBmhy59LkADUSoJQchEjFKCsslfTi/v/9Lrg5KTrl0eFEuVE6nzWTZFtthReawI1Zh56zG6kywO/bAHtmTdW89Wy/W69doxprubLIfsN4+ARFAnLg=</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>
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(i) same u.b. as {en}n2N

<latexit sha1_base64="9D1tEaCO8C37VUW8QSF5kV2+wbM=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QlDCZ3tahk0mYuRFKCH6CX+FWV+7Erd/gwn8xqV1o61kdzrmXe+4JYikMOs6ntbC4tLyyWlorr29sbm3bO7stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB6PLwm/fgzYiUrc4jqEXsqESA8EZ5pJv73sp+Ip6mZ8qTygvZHgXBOl1lvl2xak6E9B54k5JhUzR8O0vrx/xJASFXDJjuq4TYy9lGgWXkJW9xEDM+IgNoZtTxUIwvXTyQkaPEsMwojFoKiSdiPB7I2WhMeMwyCeLiGbWK8T/vG6Cg/NeKlScICheHEIhYXLIcC3yboD2hQZEViQHKhTlTDNE0IIyznMxycsq5324s9/Pk9ZJ1a1VT29qlfrFtJkSOSCH5Ji45IzUyRVpkCbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf390HnDw=</latexit>

where en =
G

m2N
en,m

<latexit sha1_base64="q0FJQslUoQN7jeoNSjpWET1SpQE=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISWRim4E0Y0rqWBboSlhMl7r4MwkztwIEvILfoJf4VZX7sSt4MJ/MaldqPWsDufcyz33RIkUFj3vw6lMTE5Nz1Rna3PzC4tL7vJKx8ap4dDmsYzNecQsSKGhjQIlnCcGmIokdKPro9Lv3oKxItZneJdAX7GBFpeCMyyk0N2EUNN9GkRiYG94moSZCoQOFMOrKMpO8pxCmOktlYdu3Wt4Q9Bx4o9InYzQCt3P4CLmqQKNXDJre76XYD9jBgWXkNeC1ELC+DUbQK+gmimw/Wz4UU43UsswpgkYKiQdivBzI2PK2jsVFZNlVPvXK8X/vF6Kl3v9TOgkRdC8PIRCwvCQ5UYUVQG9EAYQWZkcqNCUM8MQwQjKOC/EtOiuVvTh//1+nHS2G36zsXParB8cjpqpkjWyTjaJT3bJATkmLdImnNyTR/JEnp0H58V5dd6+RyvOaGeV/ILz/gX3R6Ib</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v
en,0 v en,1 v en,2 v · · · v en,m v · · · v en =

F
m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>
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(i) same u.b. as {en}n2N

<latexit sha1_base64="9D1tEaCO8C37VUW8QSF5kV2+wbM=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QlDCZ3tahk0mYuRFKCH6CX+FWV+7Erd/gwn8xqV1o61kdzrmXe+4JYikMOs6ntbC4tLyyWlorr29sbm3bO7stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB6PLwm/fgzYiUrc4jqEXsqESA8EZ5pJv73sp+Ip6mZ8qTygvZHgXBOl1lvl2xak6E9B54k5JhUzR8O0vrx/xJASFXDJjuq4TYy9lGgWXkJW9xEDM+IgNoZtTxUIwvXTyQkaPEsMwojFoKiSdiPB7I2WhMeMwyCeLiGbWK8T/vG6Cg/NeKlScICheHEIhYXLIcC3yboD2hQZEViQHKhTlTDNE0IIyznMxycsq5324s9/Pk9ZJ1a1VT29qlfrFtJkSOSCH5Ji45IzUyRVpkCbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf390HnDw=</latexit>

where en =
G

m2N
en,m

<latexit sha1_base64="q0FJQslUoQN7jeoNSjpWET1SpQE=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISWRim4E0Y0rqWBboSlhMl7r4MwkztwIEvILfoJf4VZX7sSt4MJ/MaldqPWsDufcyz33RIkUFj3vw6lMTE5Nz1Rna3PzC4tL7vJKx8ap4dDmsYzNecQsSKGhjQIlnCcGmIokdKPro9Lv3oKxItZneJdAX7GBFpeCMyyk0N2EUNN9GkRiYG94moSZCoQOFMOrKMpO8pxCmOktlYdu3Wt4Q9Bx4o9InYzQCt3P4CLmqQKNXDJre76XYD9jBgWXkNeC1ELC+DUbQK+gmimw/Wz4UU43UsswpgkYKiQdivBzI2PK2jsVFZNlVPvXK8X/vF6Kl3v9TOgkRdC8PIRCwvCQ5UYUVQG9EAYQWZkcqNCUM8MQwQjKOC/EtOiuVvTh//1+nHS2G36zsXParB8cjpqpkjWyTjaJT3bJATkmLdImnNyTR/JEnp0H58V5dd6+RyvOaGeV/ILz/gX3R6Ib</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v
en,0 v en,1 v en,2 v · · · v en,m v · · · v en =

F
m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

1. take an upper bound    of {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

we want to prove it is an upper bound for {en}n2N

<latexit sha1_base64="9D1tEaCO8C37VUW8QSF5kV2+wbM=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QlDCZ3tahk0mYuRFKCH6CX+FWV+7Erd/gwn8xqV1o61kdzrmXe+4JYikMOs6ntbC4tLyyWlorr29sbm3bO7stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB6PLwm/fgzYiUrc4jqEXsqESA8EZ5pJv73sp+Ip6mZ8qTygvZHgXBOl1lvl2xak6E9B54k5JhUzR8O0vrx/xJASFXDJjuq4TYy9lGgWXkJW9xEDM+IgNoZtTxUIwvXTyQkaPEsMwojFoKiSdiPB7I2WhMeMwyCeLiGbWK8T/vG6Cg/NeKlScICheHEIhYXLIcC3yboD2hQZEViQHKhTlTDNE0IIyznMxycsq5324s9/Pk9ZJ1a1VT29qlfrFtJkSOSCH5Ji45IzUyRVpkCbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf390HnDw=</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

take any (row) index n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

we prove en v e

<latexit sha1_base64="5RRRCfrrdDtnAi5vLwvNwR/nbJI=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrIRCMoIGsogkYeUWNb5sgmnnM/O3TpSFKXlK2ihokO0/AcF/4JtXEDCVKOZXe3sBLEUBh3n0yqtrK6tb5Q3K1vbO7t79v5By0SJ5tDkkYx0J2AGpFDQRIESOrEGFgYS2sHoJvPbE9BGROoepzF4IRsqMRCcYSr5tg2+6pmxSQIDCGMKvl11ak4OukzcglRJgYZvf/X6EU9CUMglM6brOjF6M6ZRcAnzSi8xEDM+YkPoplSxEIw3y5PP6UliGEY0Bk2FpLkIvzdmLDRmGgbpZMjwwSx6mfif101wcOXNhIoTBMWzQygk5IcM1yKtBGhfaEBkWXKgQlHONEMELSjjPBWTtKNK2oe7+P0yaZ3V3PPaxd15tX5dNFMmR+SYnBKXXJI6uSUN0iScTMgTeSYv1qP1ar1Z7z+jJavYOSR/YH18A5iBmDs=</latexit>

{en,m}m2N ✓ {en,m}n,m2N

<latexit sha1_base64="8IKR/wiZ/koAyRL0/9lQIefQ+ng=">AAACPHicbVC7TsNAEDyHVwgvAyXNiQiJAkU2CoIygiYVAokAUhxZ52MTTrk7m7s1UmT5l/gEvoKGAio6REuNHVJAYJsdzc5qdidKpLDoec9OZWZ2bn6hulhbWl5ZXXPXNy5tnBoOHR7L2FxHzIIUGjooUMJ1YoCpSMJVNDwp51f3YKyI9QWOEugpNtCiLzjDggrddpBRCDO9p/IgDzMVCB0ohrdRlJ3meS2waWQB4a72W1f0KWXo1r2GNy76F/gTUCeTOgvdl+Am5qkCjVwya7u+l2AvYwYFl1BYpxYSxodsAN0CaqbA9rLxxzndSS3DmCZgqJB0TMLPjYwpa0cqKpTljXZ6VpL/zbop9o96mdBJiqB5aYRCwtjIciOKKIHeCAOIrLwcqNCUM8MQwQjKOC/ItMi2zMOf/v4vuNxv+M3GwXmz3jqeJFMlW2Sb7BKfHJIWaZMz0iGcPJAn8kJenUfnzXl3Pr6lFWeys0l+lfP5Ba0Lr7w=</latexit>

a row the matrix
is an u.b. ofe

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

{en,m}m2N

<latexit sha1_base64="eOWLEaRnQhtiiiG6mXghPGrIG3Y=">AAACEnicbVDLSsNAFJ3UV62vqktBBovgQkoiFV2KblxJBauFJoTJeFsHZyZh5kaQkJ2f4Fe41ZU7cesPuPBfTGoWvs7qcM693HNPlEhh0XXfndrE5NT0TH22MTe/sLjUXF45t3FqOPR4LGPTj5gFKTT0UKCEfmKAqUjCRXR9VPoXN2CsiPUZ3iYQKDbSYig4w0IKm+t+RiHM9LbK/TzMlC+0rxheRVF2kueNsNly2+4Y9C/xKtIiFbph88O/jHmqQCOXzNqB5yYYZMyg4BLyhp9aSBi/ZiMYFFQzBTbIxn/kdDO1DGOagKFC0rEI3zcypqy9VVExWWa0v71S/M8bpDjcDzKhkxRB8/IQCgnjQ5YbURQE9FIYQGRlcqBCU84MQwQjKOO8ENOisbIP7/f3f8n5TtvrtHdPO62Dw6qZOlkjG2SLeGSPHJBj0iU9wskdeSCP5Mm5d56dF+f1a7TmVDur5Aect09J954I</latexit>

en =
G

m2N
en,m

<latexit sha1_base64="q0FJQslUoQN7jeoNSjpWET1SpQE=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISWRim4E0Y0rqWBboSlhMl7r4MwkztwIEvILfoJf4VZX7sSt4MJ/MaldqPWsDufcyz33RIkUFj3vw6lMTE5Nz1Rna3PzC4tL7vJKx8ap4dDmsYzNecQsSKGhjQIlnCcGmIokdKPro9Lv3oKxItZneJdAX7GBFpeCMyyk0N2EUNN9GkRiYG94moSZCoQOFMOrKMpO8pxCmOktlYdu3Wt4Q9Bx4o9InYzQCt3P4CLmqQKNXDJre76XYD9jBgWXkNeC1ELC+DUbQK+gmimw/Wz4UU43UsswpgkYKiQdivBzI2PK2jsVFZNlVPvXK8X/vF6Kl3v9TOgkRdC8PIRCwvCQ5UYUVQG9EAYQWZkcqNCUM8MQwQjKOC/EtOiuVvTh//1+nHS2G36zsXParB8cjpqpkjWyTjaJT3bJATkmLdImnNyTR/JEnp0H58V5dd6+RyvOaGeV/ILz/gX3R6Ib</latexit>

is the lub

therefore en v e

<latexit sha1_base64="5RRRCfrrdDtnAi5vLwvNwR/nbJI=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrIRCMoIGsogkYeUWNb5sgmnnM/O3TpSFKXlK2ihokO0/AcF/4JtXEDCVKOZXe3sBLEUBh3n0yqtrK6tb5Q3K1vbO7t79v5By0SJ5tDkkYx0J2AGpFDQRIESOrEGFgYS2sHoJvPbE9BGROoepzF4IRsqMRCcYSr5tg2+6pmxSQIDCGMKvl11ak4OukzcglRJgYZvf/X6EU9CUMglM6brOjF6M6ZRcAnzSi8xEDM+YkPoplSxEIw3y5PP6UliGEY0Bk2FpLkIvzdmLDRmGgbpZMjwwSx6mfif101wcOXNhIoTBMWzQygk5IcM1yKtBGhfaEBkWXKgQlHONEMELSjjPBWTtKNK2oe7+P0yaZ3V3PPaxd15tX5dNFMmR+SYnBKXXJI6uSUN0iScTMgTeSYv1qP1ar1Z7z+jJavYOSR/YH18A5iBmDs=</latexit>

{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>
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(i) same u.b. as {en}n2N

<latexit sha1_base64="9D1tEaCO8C37VUW8QSF5kV2+wbM=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QlDCZ3tahk0mYuRFKCH6CX+FWV+7Erd/gwn8xqV1o61kdzrmXe+4JYikMOs6ntbC4tLyyWlorr29sbm3bO7stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB6PLwm/fgzYiUrc4jqEXsqESA8EZ5pJv73sp+Ip6mZ8qTygvZHgXBOl1lvl2xak6E9B54k5JhUzR8O0vrx/xJASFXDJjuq4TYy9lGgWXkJW9xEDM+IgNoZtTxUIwvXTyQkaPEsMwojFoKiSdiPB7I2WhMeMwyCeLiGbWK8T/vG6Cg/NeKlScICheHEIhYXLIcC3yboD2hQZEViQHKhTlTDNE0IIyznMxycsq5324s9/Pk9ZJ1a1VT29qlfrFtJkSOSCH5Ji45IzUyRVpkCbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf390HnDw=</latexit>

where en =
G

m2N
en,m

<latexit sha1_base64="q0FJQslUoQN7jeoNSjpWET1SpQE=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISWRim4E0Y0rqWBboSlhMl7r4MwkztwIEvILfoJf4VZX7sSt4MJ/MaldqPWsDufcyz33RIkUFj3vw6lMTE5Nz1Rna3PzC4tL7vJKx8ap4dDmsYzNecQsSKGhjQIlnCcGmIokdKPro9Lv3oKxItZneJdAX7GBFpeCMyyk0N2EUNN9GkRiYG94moSZCoQOFMOrKMpO8pxCmOktlYdu3Wt4Q9Bx4o9InYzQCt3P4CLmqQKNXDJre76XYD9jBgWXkNeC1ELC+DUbQK+gmimw/Wz4UU43UsswpgkYKiQdivBzI2PK2jsVFZNlVPvXK8X/vF6Kl3v9TOgkRdC8PIRCwvCQ5UYUVQG9EAYQWZkcqNCUM8MQwQjKOC/EtOiuVvTh//1+nHS2G36zsXParB8cjpqpkjWyTjaJT3bJATkmLdImnNyTR/JEnp0H58V5dd6+RyvOaGeV/ILz/gX3R6Ib</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v
en,0 v en,1 v en,2 v · · · v en,m v · · · v en =

F
m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

we want to prove it is an upper bound for
{en}n2N

<latexit sha1_base64="9D1tEaCO8C37VUW8QSF5kV2+wbM=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QlDCZ3tahk0mYuRFKCH6CX+FWV+7Erd/gwn8xqV1o61kdzrmXe+4JYikMOs6ntbC4tLyyWlorr29sbm3bO7stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB6PLwm/fgzYiUrc4jqEXsqESA8EZ5pJv73sp+Ip6mZ8qTygvZHgXBOl1lvl2xak6E9B54k5JhUzR8O0vrx/xJASFXDJjuq4TYy9lGgWXkJW9xEDM+IgNoZtTxUIwvXTyQkaPEsMwojFoKiSdiPB7I2WhMeMwyCeLiGbWK8T/vG6Cg/NeKlScICheHEIhYXLIcC3yboD2hQZEViQHKhTlTDNE0IIyznMxycsq5324s9/Pk9ZJ1a1VT29qlfrFtJkSOSCH5Ji45IzUyRVpkCbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf390HnDw=</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

2. take an upper bound      of
{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

take any indices n,m

<latexit sha1_base64="k7wK4JFWDnT4Wd2O1vMZt0C7vBQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYyCPKQkig6XzbhlLuzdbcGRVY+gRYqOkTL91DwL9jGBSRMNZrZ1c6OH0ph0XU/ncLS8srqWnG9tLG5tb1T3t1r2SAyHJo8kIHp+MyCFBqaKFBCJzTAlC+h7U+uUr/9AMaKQN/hNIS+YmMtRoIzTKRbfaIG5YpbdTPQReLlpEJyNAblr94w4JECjVwya7ueG2I/ZgYFlzAr9SILIeMTNoZuQjVTYPtxFnVGjyLLMKAhGCokzUT4vREzZe1U+cmkYnhv571U/M/rRji66MdChxGC5ukhFBKyQ5YbkXQAdCgMILI0OVChKWeGIYIRlHGeiFFSSinpw5v/fpG0TqterXp2U6vUL/NmiuSAHJJj4pFzUifXpEGahJMxeSLP5MV5dF6dN+f9Z7Tg5Dv75A+cj2+y+ZIs</latexit>

we prove en,m v e

<latexit sha1_base64="eMvnvdzHqsCGL/igKw6VuYYEI+E=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIFCiyURCUETSUQSIPKbGi82UTTjmfnbs1UrDyA3wFLVR0iJa/oOBfsE0KCEw1mtnVzo4fSWHQcT6swsLi0vJKcbW0tr6xuWVv7zRNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6Hljy4zv3UH2ohQ3eAkAi9gQyUGgjNMpZ69B71EHQfTrhmb2DeAMKbQs8tOxclB/xJ3RspkhnrP/uz2Qx4HoJBLZkzHdSL0EqZRcAnTUjc2EDE+YkPopFSxAIyX5Omn9DA2DEMagaZC0lyEnxsJC4yZBH46GTC8NfNeJv7ndWIcnHuJUFGMoHh2CIWE/JDhWqS1AO0LDYgsSw5UKMqZZoigBWWcp2Kc9lRK+3Dnv/9LmicVt1o5va6WaxezZopknxyQI+KSM1IjV6ROGoSTe/JInsiz9WC9WK/W2/dowZrt7JJfsN6/ALnRmfQ=</latexit>

en,m v
G

m2N
en,m

<latexit sha1_base64="YbO5Ma3QQAmi+D25QGIM1oHdnqE="></latexit>

= en

<latexit sha1_base64="2dptDkKrM71whoCKLvq+ahzWQks=">AAAB93icbVA9TwJBEJ3DL8Qv1NJmIzGxIncGo40J0cYSEw9IgJC9ZcANe3uX3TkTcuE32GplZ2z9ORb+F4+TQsFXvbw3k3nzglhJS6776RRWVtfWN4qbpa3tnd298v5B00aJEeiLSEWmHXCLSmr0SZLCdmyQh4HCVjC+mfmtRzRWRvqeJjH2Qj7ScigFp0zyrxj2db9ccatuDrZMvDmpwByNfvmrO4hEEqImobi1Hc+NqZdyQ1IonJa6icWYizEfYSejmodoe2kedspOEsspYjEaJhXLRfy9kfLQ2kkYZJMhpwe76M3E/7xOQsPLXip1nBBqMTtEUmF+yAojsxaQDaRBIj5LjkxqJrjhRGgk40JkYpLVUsr68Ba/XybNs6pXq57f1Sr163kzRTiCYzgFDy6gDrfQAB8ESHiCZ3hxJs6r8+a8/4wWnPnOIfyB8/EN0l2SyA==</latexit>

v e

<latexit sha1_base64="jiIwKIrwsnG1+6nqQ9I0jBnbmaI=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzu9rZCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxdeq3H0AbEak7nMbgh2ykxFBwhonk98zE2MAAwoRCv1xxq24Guky8nFRIjka//NUbRNyGoJBLZkzXc2P0Z0yj4BLmpZ41EDM+ZiPoJlSxEIw/y0LP6Yk1DCMag6ZC0kyE3xszFhozDYNkMmR4bxa9VPzP61ocXvozoWKLoHh6CIWE7JDhWiRtAB0IDYgsTQ5UKMqZZoigBWWcJ6JN6iklfXiL3y+T1lnVq1XPb2uV+lXeTJEckWNySjxyQerkhjRIk3AyIU/kmbw4j86r8+a8/4wWnHznkPyB8/ENwm+Wug==</latexit>

one element
of a row

the lub
of that row

{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>
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(ii) {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

same u.b. as
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v
en,0 v en,1 v en,2 v · · · v en,m v · · · v en =

F
m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

(
G

n2N
en,m

)

m2N

<latexit sha1_base64="3QByVeFXXpQgFlUJuylx27DsBZ0="></latexit>

G

n2N
en,m

<latexit sha1_base64="huu2J4BGJz2u830Fh33E6CWzBDI=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElHQdqzy07FmYDOE3dKymSKes/+8vohjwNQyCUzpuM6EXYTplFwCWnRiw1EjI/YEDoZVSwA000mv6T0IDYMQxqBpkLSiQi/NxIWGDMO/Gwyj2pmvVz8z+vEODjrJkJFMYLi+SEUEiaHDNciKwloX2hAZHlyoEJRzjRDBC0o4zwT46y1YtaHO/v9PGkeV9xq5eS6Wq6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+AY6hqAx</latexit>

<latexit sha1_base64="8mL/uNBXGX99TfixPp4FDYHIZcg=">AAACFnicbVC7TsNAEDyHVwgvAyXNKRESBYpshIAygoYKBYk8pDiKzpdNOOV8NndrpMhyzyfwFbRQ0SFaWgr+BTukgISpRjO72tnxIykMOs6nVVhYXFpeKa6W1tY3Nrfs7Z2mCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/NFF7rfuQRsRqhscR9AN2FCJgeAMM6lnlz1fDM0dj6NeojyhvIDhre8nV2lKIZMOnbRnV5yqMwGdJ+6UVMgU9Z795fVDHgegkEtmTMd1IuwmTKPgEtKSFxuIGB+xIXQyqlgApptMfknpfmwYhjQCTYWkExF+byQsMGYc+NlkHtXMern4n9eJcXDWTYSKYgTF80MoJEwOGa5FVhLQvtCAyPLkQIWinGmGCFpQxnkmxllrpawPd/b7edI8qronVff6uFI7nzZTJHukTA6IS05JjVySOmkQTh7IE3kmL9aj9Wq9We8/owVrurNL/sD6+Abah5/y</latexit> G

n2N
en,0

<latexit sha1_base64="DuSF5tm5bYWr3BRUBS3M3HkjcGY=">AAACFnicbVC7TsNAEDyHVwgvAyXNKRESBYpshIAygoYKBYk8pDiKzpdNOOV8NndrpMhyzyfwFbRQ0SFaWgr+BTukgISpRjO72tnxIykMOs6nVVhYXFpeKa6W1tY3Nrfs7Z2mCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/NFF7rfuQRsRqhscR9AN2FCJgeAMM6lnlz1fDM0dj6NeojyhvIDhre8nV2lKIZMO3bRnV5yqMwGdJ+6UVMgU9Z795fVDHgegkEtmTMd1IuwmTKPgEtKSFxuIGB+xIXQyqlgApptMfknpfmwYhjQCTYWkExF+byQsMGYc+NlkHtXMern4n9eJcXDWTYSKYgTF80MoJEwOGa5FVhLQvtCAyPLkQIWinGmGCFpQxnkmxllrpawPd/b7edI8qronVff6uFI7nzZTJHukTA6IS05JjVySOmkQTh7IE3kmL9aj9Wq9We8/owVrurNL/sD6+AbcF5/z</latexit> G

n2N
en,1

<latexit sha1_base64="sP8bB5AG77+lYdY3WvwxgByCINE=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJEdIaCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvUZ5QXsDw1veTqzSlkElH1bRnl52KMwGdJ+6UlMkU9Z795fVDHgegkEtmTMd1IuwmTKPgEtKiFxuIGB+xIXQyqlgApptMfknpQWwYhjQCTYWkExF+byQsMGYc+NlkHtXMern4n9eJcXDWTYSKYgTF80MoJEwOGa5FVhLQvtCAyPLkQIWinGmGCFpQxnkmxllrxawPd/b7edKsVtyTint9XK6dT5spkH1SIofEJaekRi5JnTQIJw/kiTyTF+vRerXerPef0QVrurNH/sD6+Abdp5/0</latexit> G

n2N
en,2

the proof is analogous to the previous case
(reason by columns, not by rows) 
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(iii) same u.b. as{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

{ek,k}k2N

<latexit sha1_base64="Db4gMQy17znodtWi0vxxvaXK4P4=">AAACEXicbVDLSsNAFJ3UV62vqEsRBovgQkoiFV0W3biSCvYBTSmT6W0dOpmEmRuhhKz8BL/Cra7ciVu/wIX/YlK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy9xv3YM2IlS3OI6gG7ChEgPBGWZSz973Euglo+NRSr00I55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmkzdSehgbhiGNQFMh6USE3xsJC4wZB342mUc0s14u/ud1YhycdxOhohhB8fwQCgmTQ4ZrkfUDtC80ILI8OVChKGeaIYIWlHGeiXFWWCnrw539fp40TyputXJ6Uy3XLqbNFMkeOSBHxCVnpEauSJ00CCcP5Ik8kxfr0Xq13qz3n9GCNd3ZJX9gfXwD/+Gd7Q==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v
en,0 v en,1 v en,2 v · · · v en,m v · · · v en =

F
m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

1. take an upper bound    of {en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

we want to prove it is an upper bound for
e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

{ek,k}k2N

<latexit sha1_base64="Db4gMQy17znodtWi0vxxvaXK4P4=">AAACEXicbVDLSsNAFJ3UV62vqEsRBovgQkoiFV0W3biSCvYBTSmT6W0dOpmEmRuhhKz8BL/Cra7ciVu/wIX/YlK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy9xv3YM2IlS3OI6gG7ChEgPBGWZSz973Euglo+NRSr00I55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmkzdSehgbhiGNQFMh6USE3xsJC4wZB342mUc0s14u/ud1YhycdxOhohhB8fwQCgmTQ4ZrkfUDtC80ILI8OVChKGeaIYIWlHGeiXFWWCnrw539fp40TyputXJ6Uy3XLqbNFMkeOSBHxCVnpEauSJ00CCcP5Ik8kxfr0Xq13qz3n9GCNd3ZJX9gfXwD/+Gd7Q==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

but this is immediate, because

{ek,k}k2N ✓ {en,m}n,m2N

<latexit sha1_base64="lJtA/COFbUSF5jx7KjKlb9WsRok="></latexit>

the diagonal the whole matrix
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(iii) same u.b. as{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

{ek,k}k2N

<latexit sha1_base64="Db4gMQy17znodtWi0vxxvaXK4P4=">AAACEXicbVDLSsNAFJ3UV62vqEsRBovgQkoiFV0W3biSCvYBTSmT6W0dOpmEmRuhhKz8BL/Cra7ciVu/wIX/YlK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy9xv3YM2IlS3OI6gG7ChEgPBGWZSz973Euglo+NRSr00I55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmkzdSehgbhiGNQFMh6USE3xsJC4wZB342mUc0s14u/ud1YhycdxOhohhB8fwQCgmTQ4ZrkfUDtC80ILI8OVChKGeaIYIWlHGeiXFWWCnrw539fp40TyputXJ6Uy3XLqbNFMkeOSBHxCVnpEauSJ00CCcP5Ik8kxfr0Xq13qz3n9GCNd3ZJX9gfXwD/+Gd7Q==</latexit>
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...
...

...
... . .

.

v v v v

en,0 v en,1 v en,2 v · · · v en,m v · · ·

v v v v

...
...

... . .
. ...

v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · ·

v v v v

e1,0 v e1,1 v e1,2 v · · · v e1,m v · · ·

v v v v

e0,0 v e0,1 v e0,2 v · · · v e0,m v · · ·

We show that all the following sets have the same upper bounds:

{en,m}n,m2N

(
G

m2N
en,m

)

n2N

(
G

n2N
en,m

)

m2N

{ek,k}k2N

• Let us consider the first two sets. For any n 2 N, let en =
F

j2N en, j. This amounts
to considering each row of the above diagram and computing the least upper
bound for the elements in the same row. Clearly, en1 v en2 when n1  n2 because
for any j 2 N an upper bound of en2, j is also an upper bound of en1, j.

...
...

...
...

...

v v v v v
en,0 v en,1 v en,2 v · · · v en,m v · · · v en =

F
m2N en,m

v v v v v

...
...

...
...

...

v v v v v

e2,0 v e2,1 v e2,2 v · · · v e2,m v · · · v e2 =
F

m2N e2,m

v v v v v

e1,0 v e1,1 v e1,2 v · · · v e2,m v · · · v e1 =
F

m2N e1,m

v v v v v

e0,0 v e0,1 v e0,2 v · · · v e2,m v · · · v e0 =
F

m2N e0,m

Let e be an upper bound of {ei}i2N. We want to show that e is an upper bound for
{en,m}n,m2N. Take any n,m 2 N. Then

en,m v
G

j2N
en, j = en v e

since en,m is an element of the chain {en, j} j2N whose limit is en =
F

j2N en, j. Thus
e is an upper bound for {en,m}n,m2N.

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

we want to prove it is an upper bound for
e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

2. take an upper bound      of
{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

{ek,k}k2N

<latexit sha1_base64="Db4gMQy17znodtWi0vxxvaXK4P4=">AAACEXicbVDLSsNAFJ3UV62vqEsRBovgQkoiFV0W3biSCvYBTSmT6W0dOpmEmRuhhKz8BL/Cra7ciVu/wIX/YlK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy9xv3YM2IlS3OI6gG7ChEgPBGWZSz973Euglo+NRSr00I55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmkzdSehgbhiGNQFMh6USE3xsJC4wZB342mUc0s14u/ud1YhycdxOhohhB8fwQCgmTQ4ZrkfUDtC80ILI8OVChKGeaIYIWlHGeiXFWWCnrw539fp40TyputXJ6Uy3XLqbNFMkeOSBHxCVnpEauSJ00CCcP5Ik8kxfr0Xq13qz3n9GCNd3ZJX9gfXwD/+Gd7Q==</latexit>

take any indices n,m

<latexit sha1_base64="k7wK4JFWDnT4Wd2O1vMZt0C7vBQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYyCPKQkig6XzbhlLuzdbcGRVY+gRYqOkTL91DwL9jGBSRMNZrZ1c6OH0ph0XU/ncLS8srqWnG9tLG5tb1T3t1r2SAyHJo8kIHp+MyCFBqaKFBCJzTAlC+h7U+uUr/9AMaKQN/hNIS+YmMtRoIzTKRbfaIG5YpbdTPQReLlpEJyNAblr94w4JECjVwya7ueG2I/ZgYFlzAr9SILIeMTNoZuQjVTYPtxFnVGjyLLMKAhGCokzUT4vREzZe1U+cmkYnhv571U/M/rRji66MdChxGC5ukhFBKyQ5YbkXQAdCgMILI0OVChKWeGIYIRlHGeiFFSSinpw5v/fpG0TqterXp2U6vUL/NmiuSAHJJj4pFzUifXpEGahJMxeSLP5MV5dF6dN+f9Z7Tg5Dv75A+cj2+y+ZIs</latexit>

we prove en,m v e

<latexit sha1_base64="eMvnvdzHqsCGL/igKw6VuYYEI+E=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIFCiyURCUETSUQSIPKbGi82UTTjmfnbs1UrDyA3wFLVR0iJa/oOBfsE0KCEw1mtnVzo4fSWHQcT6swsLi0vJKcbW0tr6xuWVv7zRNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6Hljy4zv3UH2ohQ3eAkAi9gQyUGgjNMpZ69B71EHQfTrhmb2DeAMKbQs8tOxclB/xJ3RspkhnrP/uz2Qx4HoJBLZkzHdSL0EqZRcAnTUjc2EDE+YkPopFSxAIyX5Omn9DA2DEMagaZC0lyEnxsJC4yZBH46GTC8NfNeJv7ndWIcnHuJUFGMoHh2CIWE/JDhWqS1AO0LDYgsSw5UKMqZZoigBWWcp2Kc9lRK+3Dnv/9LmicVt1o5va6WaxezZopknxyQI+KSM1IjV6ROGoSTe/JInsiz9WC9WK/W2/dowZrt7JJfsN6/ALnRmfQ=</latexit>

let k = max{n,m}

<latexit sha1_base64="nh3Jp/fwWnPaUKRgzxN4yrg/Jhs=">AAACBHicbVA9SwNBEN3zM8avU0ubxSBYSLiTiDZC0MZSwaiQC2FuM+qS3b1jdy4YjrT+Clut7MTW/2Hhf/ESU2j0VY/3Zpg3L06VdBQEH97U9Mzs3Hxpoby4tLyy6q+tX7okswIbIlGJvY7BoZIGGyRJ4XVqEXSs8Crungz9qx5aJxNzQf0UWxpujbyRAqiQ2r7f5Uc80nDPo9zs6mjQ9itBNRiB/yXhmFTYGGdt/zPqJCLTaEgocK4ZBim1crAkhcJBOcocpiC6cIvNghrQ6Fr5KPmAb2cOKOEpWi4VH4n4cyMH7Vxfx8WkBrpzk95Q/M9rZnRz2MqlSTNCI4aHSCocHXLCyqIS5B1pkQiGyZFLwwVYIEIrOQhRiFnRUbnoI5z8/i+53KuGter+ea1SPx43U2KbbIvtsJAdsDo7ZWeswQTrsUf2xJ69B+/Fe/XevkenvPHOBvsF7/0L+biXOQ==</latexit>

en,m v ek,k

<latexit sha1_base64="B9hxC79meCJdYt8/+ig5s0tGMEA=">AAACD3icbVC7TsNAEDyHVwivAGWaExESRRTZKAjKCBrKIJGHlFjR+bIJp5zPzt0aKbJS8Al8BS1UdIiWT6DgX7BNCkiYajSzq90ZL5TCoG1/WrmV1bX1jfxmYWt7Z3evuH/QMkGkOTR5IAPd8ZgBKRQ0UaCETqiB+Z6Etje+Sv32PWgjAnWL0xBcn42UGArOMJH6xRL0Y1XxZ7RnJibyDCBMaKKNK+NZv1i2q3YGukycOSmTORr94ldvEPDIB4VcMmO6jh2iGzONgkuYFXqRgZDxMRtBN6GK+WDcOAsxo8eRYRjQEDQVkmYi/N6ImW/M1PeSSZ/hnVn0UvE/rxvh8MKNhQojBMXTQygkZIcM1yJpB+hAaEBk6edAhaKcaYYIWlDGeSJGSV2FpA9nMf0yaZ1WnVr17KZWrl/Om8mTEjkiJ8Qh56ROrkmDNAknD+SJPJMX69F6td6s95/RnDXfOSR/YH18A9PvnLM=</latexit>

n  k ^m  k

<latexit sha1_base64="TrVnw/ZMzOm13YpNH9gBpCUiACA=">AAACCXicbVC7TsNAEDyHVwgvA6KiOREhUUU2CoIygoYySOQhJVZ0vmzCKeezuVuDIitfwFfQQkWHaPkKCv4FO3EBCVPNzuxqd8ePpDDoOF9WYWl5ZXWtuF7a2Nza3rF395omjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR1eZ33oAbUSobnEcgRewoRIDwRmmUs8+UF0J93TUfYT+EGgwq3p22ak4U9BF4uakTHLUe/Z3tx/yOACFXDJjOq4ToZcwjYJLmJS6sYGI8REbQieligVgvGR6/oQex4ZhSCPQVEg6FeH3RMICY8aBn3YGDO/MvJeJ/3mdGAcXXiJUFCMoni1CIWG6yHAt0lyA9oUGRJZdDlQoyplmiKAFZZynYpwGVUrzcOe/XyTN04pbrZzdVMu1yzyZIjkkR+SEuOSc1Mg1qZMG4SQhz+SFvFpP1pv1bn3MWgtWPrNP/sD6/AF+5Zm/</latexit>

v e

<latexit sha1_base64="jiIwKIrwsnG1+6nqQ9I0jBnbmaI=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzu9rZCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxdeq3H0AbEak7nMbgh2ykxFBwhonk98zE2MAAwoRCv1xxq24Guky8nFRIjka//NUbRNyGoJBLZkzXc2P0Z0yj4BLmpZ41EDM+ZiPoJlSxEIw/y0LP6Yk1DCMag6ZC0kyE3xszFhozDYNkMmR4bxa9VPzP61ocXvozoWKLoHh6CIWE7JDhWiRtAB0IDYgsTQ5UKMqZZoigBWWcJ6JN6iklfXiL3y+T1lnVq1XPb2uV+lXeTJEckWNySjxyQerkhjRIk3AyIU/kmbw4j86r8+a8/4wWnHznkPyB8/ENwm+Wug==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

is an u.b. of {ek,k}k2N

<latexit sha1_base64="Db4gMQy17znodtWi0vxxvaXK4P4=">AAACEXicbVDLSsNAFJ3UV62vqEsRBovgQkoiFV0W3biSCvYBTSmT6W0dOpmEmRuhhKz8BL/Cra7ciVu/wIX/YlK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy9xv3YM2IlS3OI6gG7ChEgPBGWZSz973Euglo+NRSr00I55QXsDwzveT6zTt2WWn4kxA54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIS05MUGIsZHbAidjCoWgOkmkzdSehgbhiGNQFMh6USE3xsJC4wZB342mUc0s14u/ud1YhycdxOhohhB8fwQCgmTQ4ZrkfUDtC80ILI8OVChKGeaIYIWlHGeiXFWWCnrw539fp40TyputXJ6Uy3XLqbNFMkeOSBHxCVnpEauSJ00CCcP5Ik8kxfr0Xq13qz3n9GCNd3ZJX9gfXwD/+Gd7Q==</latexit>
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Switch Lemma: recap

same set of upper bounds as

{ek,k}k2N

<latexit sha1_base64="Rp1eO/qN4DHrunT6hYEzeRLsmw4=">AAACEXicbVBNS8NAEN3Ur1q/oh5FWCyCBymJVPRY9OJJKtgPaErZbKd16WYTdidCCTn5E/wVXvXkTbz6Czz4X0xqD9r6LvN4b4aZeX4khUHH+bQKC4tLyyvF1dLa+sbmlr290zRhrDk0eChD3faZASkUNFCghHakgQW+hJY/usz91j1oI0J1i+MIugEbKjEQnGEm9ex9L6HQS0bHo9RLs+oJ5QUM73w/uU7Tnl12Ks4EdJ64U1ImU9R79pfXD3kcgEIumTEd14mwmzCNgktIS15sIGJ8xIbQyahiAZhuMnkjpYexYRjSCDQVkk5E+D2RsMCYceBnnfmJZtbLxf+8ToyD824iVBQjKJ4vQiFhsshwLbJ8gPaFBkSWXw5UKMqZZoigBWWcZ2KcBVbK8nBnv58nzZOKW62c3lTLtYtpMkWyRw7IEXHJGamRK1InDcLJA3kiz+TFerRerTfr/ae1YE1ndskfWB/f/gOd7Q==</latexit>

(
G

n2N
en,m

)

m2N

<latexit sha1_base64="3QByVeFXXpQgFlUJuylx27DsBZ0="></latexit>

(
G

m2N
en,m

)

n2N

<latexit sha1_base64="/4CVAlVDR5IYpWSSQFo3+ftLums="></latexit>

{en,m}n,m2N

<latexit sha1_base64="QgEdviI/IY7sUp75RRPB48RHPR8=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkChTZKAjKCBoqFCTykOIoOl824ZTz2bpbI0WWSz6Br6CFig7R8gEU/Au2SQEJ0+xoZle7O14ohUHb/rQKC4tLyyvF1dLa+sbmVnl7p2WCSHNo8kAGuuMxA1IoaKJACZ1QA/M9CW1vfJn57XvQRgTqFich9Hw2UmIoOMNU6pf33ZhCP1bHfuImeXWFcn2Gd54XXydJv1yxq3YOOk+cKamQKRr98pc7CHjkg0IumTFdxw6xFzONgktISm5kIGR8zEbQTaliPphenD+S0MPIMAxoCJoKSXMRfk/EzDdm4ntpZ3aimfUy8T+vG+HwvBcLFUYIimeLUEjIFxmuRZoQ0IHQgMiyy4EKRTnTDBG0oIzzVIzSyEppHs7s9/OkdVJ1atXTm1qlfjFNpkj2yAE5Ig45I3VyRRqkSTh5IE/kmbxYj9ar9Wa9/7QWrOnMLvkD6+MbWHKeog==</latexit>

G

k2N
ek,k

<latexit sha1_base64="cOA3NN37rVllszK7UcnH3RdYnLo=">AAACFnicbVC7TsNAEDzzDOFloKQ5JUKiQJGNgqCMoKFCQSIPKY6i82UTTjmfzd0aKbLc8wl8BS1UdIiWloJ/wQ4pIGGq0cyudnb8SAqDjvNpLSwuLa+sFtaK6xubW9v2zm7ThLHm0OChDHXbZwakUNBAgRLakQYW+BJa/ugi91v3oI0I1Q2OI+gGbKjEQHCGmdSzS54vhuaOx1EvGXlCeQHDW99PrtKUQiYdjdKeXXYqzgR0nrhTUiZT1Hv2l9cPeRyAQi6ZMR3XibCbMI2CS0iLXmwgYnzEhtDJqGIBmG4y+SWlB7FhGNIINBWSTkT4vZGwwJhx4GeTeVQz6+Xif14nxsFZNxEqihEUzw+hkDA5ZLgWWUlA+0IDIsuTAxWKcqYZImhBGeeZGGetFbM+3Nnv50nzuOJWKyfX1XLtfNpMgeyTEjkkLjklNXJJ6qRBOHkgT+SZvFiP1qv1Zr3/jC5Y05098gfWxzctwaAp</latexit>

G

n2N

G

m2N
en,m

<latexit sha1_base64="J5mIeAWL5ikNxg3C62arYYDSnqA=">AAACMHicbVC7TsNAEDyHVwivACXNiQiJAkU2CoKCAkFDhYJEACm2rPOxhFPuzuZujYQs/wyfwFfQQgUFQrR8BXZIEQJTjWZmtbsTJVJYdN03pzIxOTU9U52tzc0vLC7Vl1fObZwaDh0ey9hcRsyCFBo6KFDCZWKAqUjCRdQ/Kv2LOzBWxPoM7xMIFOtpcS04w0IK6/t+JHr2lqdJmGlfaF8xvImi7CTPRxz126FQhLdUHtYbbtMdgP4l3pA0yBDtsP7uX8U8VaCRS2Zt13MTDDJmUHAJec1PLSSM91kPugXVTIENssGXOd1ILcOYJmCokHQgwuhExpS19yoqkuWpdtwrxf+8borXe0EmdJIiaF4uQiFhsMhyI4r6gF4JA4isvByo0JQzwxDBCMo4L8S06LNW9OGNf/+XnG83vVZz57TVODgcNlMla2SdbBKP7JIDckzapEM4eSBP5Jm8OI/Oq/PhfP5EK85wZpX8gvP1Db46q/Y=</latexit>

G

m2N

G

n2N
en,m

<latexit sha1_base64="fw6Fd09teNxZgNpdRnrxKz5w9Rc=">AAACMHicbVC7TsNAEDyHVwivACXNiQiJAkU2CoKCAkFDhYJEACm2rPOxhFPuzuZujYQs/wyfwFfQQgUFQrR8BXZIEQJTjWZ2tbMTJVJYdN03pzIxOTU9U52tzc0vLC7Vl1fObZwaDh0ey9hcRsyCFBo6KFDCZWKAqUjCRdQ/Kv2LOzBWxPoM7xMIFOtpcS04w0IK6/t+JHr2lqdJmClfaF8xvImi7CTPRxz926FQSFsqD+sNt+kOQP8Sb0gaZIh2WH/3r2KeKtDIJbO267kJBhkzKLiEvOanFhLG+6wH3YJqpsAG2eDLnG6klmFMEzBUSDoQYXQjY8raexUVk2VUO+6V4n9eN8XrvSATOkkRNC8PoZAwOGS5EUV9QK+EAURWJgcqNOXMMEQwgjLOCzEt+qwVfXjj3/8l59tNr9XcOW01Dg6HzVTJGlknm8Qju+SAHJM26RBOHsgTeSYvzqPz6nw4nz+jFWe4s0p+wfn6Br4gq/Y=</latexit>

=

<latexit sha1_base64="eI98TI2cnvvZzgQ9DvZBHuwz+dw=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoheh6MVjC9YW2lA229e6dLMJu2+FEvoLvOrJm3j1B3nwv5jEHLR1TsPMe7x5E8RSGHTdT6e0srq2vlHerGxt7+zuVfcP7k1kNYcOj2SkewEzIIWCDgqU0Is1sDCQ0A2mN5nffQRtRKTucBaDH7KJEmPBGaZS+2pYrbl1NwddJl5BaqRAa1j9GowibkNQyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopVSwE4yd50Dk9sYZhRGPQVEiai/B7I2GhMbMwSCdDhg9m0cvE/7y+xfGlnwgVWwTFs0MoJOSHDNcibQDoSGhAZFlyoEJRzjRDBC0o4zwVbVpJJe3DW/x+mdyf1b1G/bzdqDWvi2bK5Igck1PikQvSJLekRTqEEyBP5Jm8ONZ5dd6c95/RklPsHJI/cD6+AS0skU4=</latexit>

=

<latexit sha1_base64="eI98TI2cnvvZzgQ9DvZBHuwz+dw=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoheh6MVjC9YW2lA229e6dLMJu2+FEvoLvOrJm3j1B3nwv5jEHLR1TsPMe7x5E8RSGHTdT6e0srq2vlHerGxt7+zuVfcP7k1kNYcOj2SkewEzIIWCDgqU0Is1sDCQ0A2mN5nffQRtRKTucBaDH7KJEmPBGaZS+2pYrbl1NwddJl5BaqRAa1j9GowibkNQyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopVSwE4yd50Dk9sYZhRGPQVEiai/B7I2GhMbMwSCdDhg9m0cvE/7y+xfGlnwgVWwTFs0MoJOSHDNcibQDoSGhAZFlyoEJRzjRDBC0o4zwVbVpJJe3DW/x+mdyf1b1G/bzdqDWvi2bK5Igck1PikQvSJLekRTqEEyBP5Jm8ONZ5dd6c95/RklPsHJI/cD6+AS0skU4=</latexit>

if n  n0 ^m  m0

<latexit sha1_base64="z8/f7wMtquW3HtIIA1qVxs/qhjA=">AAACDHicbVA9TwJBEN3DL8SvUxsTm43EYEXuDEZLoo0lJvKRACF7y4AbdvfO3TkNIfgT/BW2WtkZW/+Dhf/F46RQ8FVv3pvJzLwgksKi5306mYXFpeWV7GpubX1jc8vd3qnZMDYcqjyUoWkEzIIUGqooUEIjMsBUIKEeDC4mfv0OjBWhvsZhBG3F+lr0BGeYSB13T7ck3FJdoK176PaBqrRWhY6b94peCjpP/CnJkykqHfer1Q15rEAjl8zapu9F2B4xg4JLGOdasYWI8QHrQzOhmimw7VH6wZgexpZhSCMwVEiaivB7YsSUtUMVJJ2K4Y2d9Sbif14zxt5ZeyR0FCNoPlmEQkK6yHIjkmiAdoUBRDa5HKjQlDPDEMEIyjhPxDjJKpfk4c9+P09qx0W/VDy5KuXL59NksmSfHJAj4pNTUiaXpEKqhJMH8kSeyYvz6Lw6b877T2vGmc7skj9wPr4Bs0GaUA==</latexit>

en,m v en0,m0

<latexit sha1_base64="fIr4ct2x6IF8CJQTKjesg5uoHs4=">AAACEXicbVC7TsNAEDyHVwgvAyVCOhGhUESRjUBQRtBQBokEpCSKzscCp9ydnbs1ErJS8Ql8BS1UdIiWL6DgX7CNCyBMNZrZ1exOEElh0fM+nNLU9MzsXHm+srC4tLzirq51bBgbDm0eytBcBMyCFBraKFDCRWSAqUDCeTA8zvzzWzBWhPoM7yLoK3atxZXgDFNp4G7CINF1Na707MjGgQWEUSXTanVVGw/cqtfwctBJ4hekSgq0Bu5n7zLksQKNXDJru74XYT9hBgWXkKbEFiLGh+wauinVTIHtJ/kbY7odW4YhjcBQIWkuws+NhClr71SQTiqGN/avl4n/ed0Yrw77idBRjKB5FoRCQh5kuRFpP0AvhQFEll0OVGjKmWGIYARlnKdinBZWSfvw/34/STq7DX+vsX+6V20eFc2UyQbZIjvEJwekSU5Ii7QJJ/fkkTyRZ+fBeXFenbfv0ZJT7KyTX3DevwBs2Jzu</latexit>
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Function space
D = (D,vD)

<latexit sha1_base64="dI1LRzrLMQslziRrBwDGCDwqjco=">AAACE3icbVDLSgNBEJz1GeMr6tGDg0GIIGFXFL0IQXPwGMFEIRtC76TVIbMPZ3qFsOToJ/gVXvXkTbz6AR78F3fjHjRap6Kqm64uL1LSkG1/WBOTU9Mzs4W54vzC4tJyaWW1ZcJYC2yKUIX60gODSgbYJEkKLyON4HsKL7z+SeZf3KE2MgzOaRBhx4frQF5JAZRK3dKG6wPdCFBJfciPeKW+45pbE3sGCW+79e1uqWxX7RH4X+LkpMxyNLqlT7cXitjHgIQCY9qOHVEnAU1SKBwW3dhgBKIP19hOaQA+mk4yemTIt2IDFPIINZeKj0T8uZGAb8zA99LJLLYZ9zLxP68d09VhJ5FBFBMGIjtEUuHokBFapg0h70mNRJAlRy4DLkADEWrJQYhUjNPKimkfzvj3f0lrt+rsVffP9sq147yZAltnm6zCHHbAauyUNViTCXbPHtkTe7YerBfr1Xr7Hp2w8p019gvW+xdsFJ1t</latexit>

E = (E,vE)

<latexit sha1_base64="Ej0Sfe2hOjqMo/KdWiKwNXU57z0=">AAACE3icbVDLSgNBEJz1GeMr6tGDg0GIIGFXFL0IQQl4jGCikA2hd9LqkNmHM71CWHL0E/wKr3ryJl79AA/+i7txDxqtU1HVTVeXFylpyLY/rInJqemZ2cJccX5hcWm5tLLaMmGsBTZFqEJ96YFBJQNskiSFl5FG8D2FF17/JPMv7lAbGQbnNIiw48N1IK+kAEqlbmnD9YFuBKikPuRHvFLfcc2tiT2DhLfd+na3VLar9gj8L3FyUmY5Gt3Sp9sLRexjQEKBMW3HjqiTgCYpFA6LbmwwAtGHa2ynNAAfTScZPTLkW7EBCnmEmkvFRyL+3EjAN2bge+lkFtuMe5n4n9eO6eqwk8ggigkDkR0iqXB0yAgt04aQ96RGIsiSI5cBF6CBCLXkIEQqxmllxbQPZ/z7v6S1W3X2qvtne+Xacd5Mga2zTVZhDjtgNXbKGqzJBLtnj+yJPVsP1ov1ar19j05Y+c4a+wXr/Qtw5p1w</latexit>

CPO?

<latexit sha1_base64="Pv2xuv3Epr8ZwLd9FIQHwXjZZSg=">AAACEXicbVBLTgJBFOzBH+IPdemmI5i4IjNEo0siG3diIp8IhLxpHtihp2fS/caEEE6hW72HO+PWE3gNT+CALASsVaXqvVSl/EhJS6775aRWVtfWN9Kbma3tnd297P5BzYaxEVgVoQpNwweLSmqskiSFjcggBL7Cuj8oT/z6IxorQ31HwwjbAfS17EkBlEj35cpNvtPyQ8p3sjm34E7Bl4k3Izk2Q6WT/W51QxEHqEkosLbpuRG1R2BICoXjTCu2GIEYQB+bCdUQoG2Ppo3H/CS2QCGP0HCp+FTEvx8jCKwdBn5yGQA92EVvIv7nNWPqXbZHUkcxoRaTIJIKp0FWGJlMgbwrDRLBpDlyqbkAA0RoJAchEjFOtpkLtBSAGZruOBnJW5xkmdSKBe+scH5bzJWuZnOl2RE7ZqfMYxesxK5ZhVWZYJo9sxf26jw5b8678/F7mnJmP4dsDs7nD8HbnfQ=</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

[D ! E ] = ( [D ! E] , v[D!E] )

<latexit sha1_base64="WUIy30NOpRywG7LvylDbv3aOPRY="></latexit>

[D ! E] , { f | f : D ! E , f continuous }

<latexit sha1_base64="b2LC8ZSoa593OX8OaB+8yf6b2yQ="></latexit>

D ! E , { f | f : D ! E }

<latexit sha1_base64="/lIbzH1WLM7EU+r/00gZnRTqpr8="></latexit>

how to order functions?

f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>
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Example
f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f(x) , 0

<latexit sha1_base64="7wvRinLQ8goLQnENt9kiUaohCf0=">AAACBnicbVC7TsNAEDyHVwivEEqaExFSaCIbBUEZQUMJEgGkxIrWxyaccj6buzUCWen5Clqo6BAtv0HBv2CbFECYajSzq52dIFbSkut+OKWZ2bn5hfJiZWl5ZXWtul47t1FiBHZEpCJzGYBFJTV2SJLCy9gghIHCi2B0lPsXt2isjPQZ3cfohzDUciAFUCb1q7VB426H98hI0EOFN9yt9Kt1t+kW4NPEm5A6m+CkX/3sXUUiCVGTUGBt13Nj8lMwJIXCcaWXWIxBjGCI3YxqCNH6aZF9zLcTCxTxGA2Xihci/txIIbT2PgyyyRDo2v71cvE/r5vQ4MBPpY4TQi3yQyQVFoesMDIrBfmVNEgEeXLkUnMBBojQSA5CZGKStZT34f39fpqc7za9VnPvtFVvH06aKbNNtsUazGP7rM2O2QnrMMHu2CN7Ys/Og/PivDpv36MlZ7KzwX7Bef8C+YyXuA==</latexit>

f, g : Z? ! Z?

<latexit sha1_base64="+O+F88uL9vF/oYf7JhsEr0cS5Ss=">AAACHnicbVDLSsNAFJ3UV62vqks3g0UQkZJIRXFVdOOygn1gE8JkeluHTh7M3Agl5B/8BL/Cra7ciVtd+C8mtYvaelaHc+7lnnu8SAqNpvllFBYWl5ZXiqultfWNza3y9k5Lh7Hi0OShDFXHYxqkCKCJAiV0IgXM9yS0veFV7rcfQGkRBrc4isDx2SAQfcEZZpJbPuofDy6o7TO897zkLnUT2wsxpTaG02ouuuWKWTXHoPPEmpAKmaDhlr/tXshjHwLkkmndtcwInYQpFFxCWrJjDRHjQzaAbkYD5oN2kvFPKT2INcsyRKCokHQswvRGwnytR76XTeYx9ayXi/953Rj7504igihGCHh+CIWE8SHNlcjKAtoTChBZnhyoCChniiGCEpRxnolx1l4p68Oa/X6etE6qVq16elOr1C8nzRTJHtknh8QiZ6ROrkmDNAknj+SZvJBX48l4M96Nj9/RgjHZ2SV/YHz+AGzSot4=</latexit>

f
?
v[Z?!Z?] g

<latexit sha1_base64="3VP3yc/Y4WcTs/hMJxCP788MSlM="></latexit>

total functions on       are not comparableZ?

<latexit sha1_base64="cAZb702rao29Sl5HDJ/KRaNkTYo=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNgqCMoKEMEnmI2LLOl0045fzQ3RopslLyFbRQ0SFaPoSCf8E2LiBhqtHMrnZ2/FgKjZb1aVRWVtfWN6qbta3tnd26ubff01GiOHR5JCM18JkGKULookAJg1gBC3wJfX96lfv9B1BaROEtzmJwAzYJxVhwhpnkmXUnYHjv++nd3HP8CD2zYTWtAnSZ2CVpkBIdz/xyRhFPAgiRS6b10LZidFOmUHAJ85qTaIgZn7IJDDMasgC0mxbB5/Q40QwjGoOiQtJChN8bKQu0ngV+NpnH1IteLv7nDRMcX7ipCOMEIeT5IRQSikOaK5E1AnQkFCCyPDlQEVLOFEMEJSjjPBOTrKJa1oe9+P0y6Z027Vbz7KbVaF+WzVTJITkiJ8Qm56RNrkmHdAknCXkiz+TFeDRejTfj/We0YpQ7B+QPjI9v/YyX6g==</latexit>

any total function is maximal in Z? ! Z?

<latexit sha1_base64="Nqe/navFiIAE5+3xaWuXESHV9ok=">AAACGXicbVC7TsNAEDyHVwivACXNiSgSVWSjICgjaCiDRB4ijqLzZRNOOT90t0aKrHwBn8BX0EJFh2ipKPgXzsZFSJhqNLOrnR0vkkKjbX9ZhZXVtfWN4mZpa3tnd6+8f9DWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3KV+p0HUFqEwS1OI+j7bByIkeAMjTQoV12f4b3nJXezQeJ6Ic6oiyGdU1NxUK7YNTsDXSZOTiokR3NQ/naHIY99CJBLpnXPsSPsJ0yh4BJmJTfWEDE+YWPoGRowH3Q/yd6Z0WqsmckQgaJC0kyE+Y2E+VpPfc9MpjH1opeK/3m9GEcX/UQEUYwQ8PQQCgnZIc2VMD0BHQoFiCxNDlQElDPFEEEJyjg3YmyKK5k+nMXvl0n7tObUa2c39UrjMm+mSI7IMTkhDjknDXJNmqRFOHkkz+SFvFpP1pv1bn38jhasfOeQ/IH1+QNtY6FZ</latexit>

(unless they are equal)

g(x) ,
⇢

1 x odd
0 otherwise

<latexit sha1_base64="CIiQ5Tt0VCQxlJHBT+zZu2qOP1Y="></latexit>

<latexit sha1_base64="cXzxrS5N2MKr7tVMJ/46/X5Igo4="></latexit>

f(1) = 0 6vZ? 1 = g(1)
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f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f, g : Z? ! Z?

<latexit sha1_base64="+O+F88uL9vF/oYf7JhsEr0cS5Ss=">AAACHnicbVDLSsNAFJ3UV62vqks3g0UQkZJIRXFVdOOygn1gE8JkeluHTh7M3Agl5B/8BL/Cra7ciVtd+C8mtYvaelaHc+7lnnu8SAqNpvllFBYWl5ZXiqultfWNza3y9k5Lh7Hi0OShDFXHYxqkCKCJAiV0IgXM9yS0veFV7rcfQGkRBrc4isDx2SAQfcEZZpJbPuofDy6o7TO897zkLnUT2wsxpTaG02ouuuWKWTXHoPPEmpAKmaDhlr/tXshjHwLkkmndtcwInYQpFFxCWrJjDRHjQzaAbkYD5oN2kvFPKT2INcsyRKCokHQswvRGwnytR76XTeYx9ayXi/953Rj7504igihGCHh+CIWE8SHNlcjKAtoTChBZnhyoCChniiGCEpRxnolx1l4p68Oa/X6etE6qVq16elOr1C8nzRTJHtknh8QiZ6ROrkmDNAknj+SZvJBX48l4M96Nj9/RgjHZ2SV/YHz+AGzSot4=</latexit>

f
?
v[Z?!Z?] g

<latexit sha1_base64="3VP3yc/Y4WcTs/hMJxCP788MSlM="></latexit>

f(x) ,
⇢

1 x odd
?Z? otherwise

<latexit sha1_base64="lHiD64BKjfk2+f60TuVojYBpKpk="></latexit>

g(x) ,
⇢

1 x odd
0 otherwise

<latexit sha1_base64="CIiQ5Tt0VCQxlJHBT+zZu2qOP1Y="></latexit>

Example
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f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f, g : Z? ! Z?

<latexit sha1_base64="+O+F88uL9vF/oYf7JhsEr0cS5Ss=">AAACHnicbVDLSsNAFJ3UV62vqks3g0UQkZJIRXFVdOOygn1gE8JkeluHTh7M3Agl5B/8BL/Cra7ciVtd+C8mtYvaelaHc+7lnnu8SAqNpvllFBYWl5ZXiqultfWNza3y9k5Lh7Hi0OShDFXHYxqkCKCJAiV0IgXM9yS0veFV7rcfQGkRBrc4isDx2SAQfcEZZpJbPuofDy6o7TO897zkLnUT2wsxpTaG02ouuuWKWTXHoPPEmpAKmaDhlr/tXshjHwLkkmndtcwInYQpFFxCWrJjDRHjQzaAbkYD5oN2kvFPKT2INcsyRKCokHQswvRGwnytR76XTeYx9ayXi/953Rj7504igihGCHh+CIWE8SHNlcjKAtoTChBZnhyoCChniiGCEpRxnolx1l4p68Oa/X6etE6qVq16elOr1C8nzRTJHtknh8QiZ6ROrkmDNAknj+SZvJBX48l4M96Nj9/RgjHZ2SV/YHz+AGzSot4=</latexit>

f
?
v[Z?!Z?] g

<latexit sha1_base64="3VP3yc/Y4WcTs/hMJxCP788MSlM="></latexit>

f(x) ,
⇢

1 x odd
?Z? otherwise

<latexit sha1_base64="lHiD64BKjfk2+f60TuVojYBpKpk="></latexit>

g(x) ,
⇢

0 x even
?Z? otherwise

<latexit sha1_base64="it1JhZEULjnkrYRngLZGqyUow90="></latexit>

Example
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f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f, g : Z? ! Z?

<latexit sha1_base64="+O+F88uL9vF/oYf7JhsEr0cS5Ss=">AAACHnicbVDLSsNAFJ3UV62vqks3g0UQkZJIRXFVdOOygn1gE8JkeluHTh7M3Agl5B/8BL/Cra7ciVtd+C8mtYvaelaHc+7lnnu8SAqNpvllFBYWl5ZXiqultfWNza3y9k5Lh7Hi0OShDFXHYxqkCKCJAiV0IgXM9yS0veFV7rcfQGkRBrc4isDx2SAQfcEZZpJbPuofDy6o7TO897zkLnUT2wsxpTaG02ouuuWKWTXHoPPEmpAKmaDhlr/tXshjHwLkkmndtcwInYQpFFxCWrJjDRHjQzaAbkYD5oN2kvFPKT2INcsyRKCokHQswvRGwnytR76XTeYx9ayXi/953Rj7504igihGCHh+CIWE8SHNlcjKAtoTChBZnhyoCChniiGCEpRxnolx1l4p68Oa/X6etE6qVq16elOr1C8nzRTJHtknh8QiZ6ROrkmDNAknj+SZvJBX48l4M96Nj9/RgjHZ2SV/YHz+AGzSot4=</latexit>

f
?
v[Z?!Z?] g

<latexit sha1_base64="3VP3yc/Y4WcTs/hMJxCP788MSlM="></latexit>

f(x) ,
⇢

x! 1  x  10
?Z? otherwise

<latexit sha1_base64="VwW/Fcqf6iEzYOhuq+3Mj+LG+Ds="></latexit>

g(x) ,
⇢

x! 1  x  15
?Z? otherwise

<latexit sha1_base64="TKISIhXB/2Q/e9bmneHFAskA850="></latexit>

Example



2929

f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f, g : Z? ⇥ Z? ! Z?

<latexit sha1_base64="ANiMfXXI8tdd/kpDhn4wCAD8v6s=">AAACNnicbZDLTgJBEEV78IX4GnXppiMxcWHIjMFoXBHcuMREHpEhpKcpsEPPI901JmTC//gJfoVbdaE749ZPsAdZIFirm1NVqVvXj6XQ6DhvVm5peWV1Lb9e2Njc2t6xd/caOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Q+vsn7zAZQWUXiLoxg6ARuEoi84Q4O6drV/MrikXsDw3vfTu3E39fwIxx6KAPQipx5GszSDXbvolJxJ0UXhTkWRTKvWtd+9XsSTAELkkmnddp0YOylTKLiEccFLNMSMD9kA2kaGzFjppJNfx/Qo0cx4iEFRIekEwuxGygKtR4FvJjOber6Xwf967QT7F51UhHGCEPLsEAoJk0OaK2FCBNoTChBZ5hyoCClniiGCEpRxbmBiUi2YPNz57xdF47TklktnN+VipTpNJk8OyCE5Ji45JxVyTWqkTjh5JM/khbxaT9aH9Wl9/Y7mrOnOPvlT1vcPBZutgA==</latexit>

f(x, y) ,
⇢

x ⇤ y x, y 6= ?Z?

?Z? otherwise

<latexit sha1_base64="h7KeIz3q2ZELPcxn2/3YezinUiY="></latexit>

g(x, y) ,
⇢

(x ⇤ y)2 x, y 6= ?Z?

?Z? otherwise

<latexit sha1_base64="IIe0X70gI69H/U393TowTs/JN7w="></latexit>

f
?
v[Z?⇥Z?!Z?] g

<latexit sha1_base64="fDz2wz2WFEHecbk1+dEJd/nxjTQ="></latexit>

Example
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Example
f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

yes (as functions)

f, g : Z? ⇥ Z? ! Z?

<latexit sha1_base64="ANiMfXXI8tdd/kpDhn4wCAD8v6s=">AAACNnicbZDLTgJBEEV78IX4GnXppiMxcWHIjMFoXBHcuMREHpEhpKcpsEPPI901JmTC//gJfoVbdaE749ZPsAdZIFirm1NVqVvXj6XQ6DhvVm5peWV1Lb9e2Njc2t6xd/caOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Q+vsn7zAZQWUXiLoxg6ARuEoi84Q4O6drV/MrikXsDw3vfTu3E39fwIxx6KAPQipx5GszSDXbvolJxJ0UXhTkWRTKvWtd+9XsSTAELkkmnddp0YOylTKLiEccFLNMSMD9kA2kaGzFjppJNfx/Qo0cx4iEFRIekEwuxGygKtR4FvJjOber6Xwf967QT7F51UhHGCEPLsEAoJk0OaK2FCBNoTChBZ5hyoCClniiGCEpRxbmBiUi2YPNz57xdF47TklktnN+VipTpNJk8OyCE5Ji45JxVyTWqkTjh5JM/khbxaT9aH9Wl9/Y7mrOnOPvlT1vcPBZutgA==</latexit>

f(x, y) ,
⇢

x ⇤ y x, y 6= ?Z?

?Z? otherwise

<latexit sha1_base64="h7KeIz3q2ZELPcxn2/3YezinUiY="></latexit>

f
?
v[Z?⇥Z?!Z?] g

<latexit sha1_base64="fDz2wz2WFEHecbk1+dEJd/nxjTQ="></latexit>

g(x, y) ,

8
<

:

x ⇤ y x, y 6= ?Z?

0 x = ?Z?

?Z? otherwise

<latexit sha1_base64="EszEeyOjAu1Pq9yVk6xaL3tZpWM="></latexit>

but is    continuous?g

<latexit sha1_base64="0n/xBEAmGcjLL/bAp916RkE8f2w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRpFBG0FAmEnlIiRWdL5twyvls3e0hRVa+gBYqOkTLB1HwL9jGBSRMNZrZ1c5OEEth0HU/ndLG5tb2Tnm3srd/cHhUPT7pmchqDl0eyUgPAmZACgVdFChhEGtgYSChH8xvM7//CNqISN3jIgY/ZDMlpoIzTKXObFytuXU3B10nXkFqpEB7XP0aTSJuQ1DIJTNm6Lkx+gnTKLiEZWVkDcSMz9kMhilVLATjJ3nQJb2whmFEY9BUSJqL8HsjYaExizBIJ0OGD2bVy8T/vKHF6bWfCBVbBMWzQygk5IcM1yJtAOhEaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/X6d9K7qXqPe7DRqrZuimTI5I+fkknikSVrkjrRJl3AC5Ik8kxfHOq/Om/P+M1pyip1T8gfOxzdvRpF6</latexit>

g(?,?) = 0

<latexit sha1_base64="HbTuBzXdK8IKeTSGOqt19ZYDE5M=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBahgpRECvUiFL14rGA/oA1ls53WpZtN2J0USunVX+FVT97Eq//Dg//FJOag1XcYHu/NMDPPj6Qw6DgfVmFldW19o7hZ2tre2d2z9w/aJow1hxYPZai7PjMghYIWCpTQjTSwwJfQ8SfXqd+ZgjYiVHc4i8AL2FiJkeAME2lg2+NK3w/xLC2n9JI6A7vsVJ0M9C9xc1ImOZoD+7M/DHkcgEIumTE914nQmzONgktYlPqxgYjxCRtDL6GKBWC8eXb5gp7EhmFII9BUSJqJ8HNizgJjZoGfdAYM782yl4r/eb0YRxfeXKgoRlA8XYRCQrbIcC2SSIAOhQZEll4OVCjKmWaIoAVlnCdinGRUSvJwl7//S9rnVbdWrd/Wyo2rPJkiOSLHpEJcUicNckOapEU4mZJH8kSerQfrxXq13r5bC1Y+c0h+wXr/AiCMlq0=</latexit>

g(1, 1) = 1

<latexit sha1_base64="lPGkPzndHytLxOONyjMaRWS5eGg=">AAAB/HicbVDLSsNAFJ3UV62vqks3g0WoICWRQt0IRTcuK9gHtqFMprd16GQSZm6EEupXuNWVO3Hrv7jwX0xiFlo9q8M593LPPV4ohUHb/rAKS8srq2vF9dLG5tb2Tnl3r2OCSHNo80AGuucxA1IoaKNACb1QA/M9CV1vepn63XvQRgTqBmchuD6bKDEWnGEi3U6qzolzTM+pMyxX7Jqdgf4lTk4qJEdrWP4cjAIe+aCQS2ZM37FDdGOmUXAJ89IgMhAyPmUT6CdUMR+MG2eJ5/QoMgwDGoKmQtJMhJ8bMfONmfleMukzvDOLXir+5/UjHJ+5sVBhhKB4egiFhOyQ4VokVQAdCQ2ILE0OVCjKmWaIoAVlnCdilHRTSvpwFr//SzqnNadea1zXK82LvJkiOSCHpEoc0iBNckVapE04UeSRPJFn68F6sV6tt+/RgpXv7JNfsN6/ADDFk2E=</latexit>

not even monotone!
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Example
f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f, g : Z? ! Z? ⇥ Z?

<latexit sha1_base64="+4M5i2GvDuh8MRh3CygX9AU+Rfg=">AAACNnicbVDLTgJBEJzFF+Jr1aOXicTEgyG7BqPxRPDiERN5RJaQ2aHBCbOPzPSakA3/4yf4FV7Vg96MVz/BWeSAYJ0q1d2p6vJjKTQ6zpuVW1peWV3Lrxc2Nre2d+zdvYaOEsWhziMZqZbPNEgRQh0FSmjFCljgS2j6w6ts3nwApUUU3uIohk7ABqHoC87QSF272j8ZXFIvYHjv++nduJt6foRj6mE0q2aihyIAvbjbtYtOyZmALhJ3SopkilrXfvd6EU8CCJFLpnXbdWLspEyh4BLGBS/REDM+ZANoGxoyY9tJJ7+O6VGimckWg6JC0okIsxcpC7QeBb7ZzILq+Vkm/jdrJ9i/6KQijBOEkGdGKCRMjDRXwpQItCcUILIsOVARUs4UQwQlKOPciIlptWD6cOe/XySN05JbLp3dlIuV6rSZPDkgh+SYuOScVMg1qZE64eSRPJMX8mo9WR/Wp/X1u5qzpjf75A+s7x/6LK2A</latexit>

f(x) , (?Z? , x)

<latexit sha1_base64="q7YnBHqbfidQkNUCbuE50uFM3gM=">AAACH3icbVC7TsNAEDzzJrwClDQnIqQgUGQjEJQRNJQgERIRR9b62IQT57O5WyMiKx/BJ/AVtFDRIVoK/gU7pOA11WhmVzs7YaKkJdd9d8bGJyanpmdmS3PzC4tL5eWVcxunRmBDxCo2rRAsKqmxQZIUthKDEIUKm+H1UeE3b9FYGesz6ifYiaCnZVcKoFwKylvd6t0m98lI0D2FN7xU9cOYgsyPgK7CMLsYBIUw2L7bDMoVt+YOwf8Sb0QqbISToPzhX8YijVCTUGBt23MT6mRgSAqFg5KfWkxAXEMP2znVEKHtZMOnBnwjtUAxT9BwqfhQxO8bGUTW9qMwnyyi2t9eIf7ntVPqHnQyqZOUUIviEEmFw0NWGJm3hfxSGiSCIjlyqbkAA0RoJAchcjHN6yvlfXi/v/9Lzndq3m5t73S3Uj8cNTPD1tg6qzKP7bM6O2YnrMEEu2eP7Ik9Ow/Oi/PqvH2NjjmjnVX2A877JwIcoos=</latexit>

g(x) , (x, x)

<latexit sha1_base64="S399vdVm5HktAbKw5XHEF1GkMRE=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIxgcSQXYPRI9GLR0zkkQAhvWODE2Zn15leA0H+wK/wqidvxqs/4cF/cUEOvupUqepOV5cfKWnJdd+d1Nz8wuJSejmzsrq2vpHd3KrZMDYCqyJUoWn4YFFJjVWSpLARGYTAV1j3+2cTv36LxspQX9IwwnYAPS27UgAlUie708sPCrxFRoLuKbzhmfzgYFDoZHNu0Z2C/yXejOTYDJVO9qN1FYo4QE1CgbVNz42oPQJDUigcZ1qxxQhEH3rYTKiGAG17NM0/5vuxBQp5hIZLxacift8YQWDtMPCTyQDo2v72JuJ/XjOm7kl7JHUUE2oxOURS4fSQFUYmxSC/kgaJYJIcudRcgAEiNJKDEIkYJ01lkj6839//JbXDolcqHl2UcuXTWTNptsv2WJ557JiV2TmrsCoT7I49sEf25Nw7z86L8/o1mnJmO9vsB5y3T5demR4=</latexit>

f
?
v[Z?!Z?⇥Z?] g

<latexit sha1_base64="5x094g1Aqub/4ERFU2aa6Vza40A="></latexit>
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Example
f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

f, g : Z? ! Z? ⇥ Z?

<latexit sha1_base64="+4M5i2GvDuh8MRh3CygX9AU+Rfg=">AAACNnicbVDLTgJBEJzFF+Jr1aOXicTEgyG7BqPxRPDiERN5RJaQ2aHBCbOPzPSakA3/4yf4FV7Vg96MVz/BWeSAYJ0q1d2p6vJjKTQ6zpuVW1peWV3Lrxc2Nre2d+zdvYaOEsWhziMZqZbPNEgRQh0FSmjFCljgS2j6w6ts3nwApUUU3uIohk7ABqHoC87QSF272j8ZXFIvYHjv++nduJt6foRj6mE0q2aihyIAvbjbtYtOyZmALhJ3SopkilrXfvd6EU8CCJFLpnXbdWLspEyh4BLGBS/REDM+ZANoGxoyY9tJJ7+O6VGimckWg6JC0okIsxcpC7QeBb7ZzILq+Vkm/jdrJ9i/6KQijBOEkGdGKCRMjDRXwpQItCcUILIsOVARUs4UQwQlKOPciIlptWD6cOe/XySN05JbLp3dlIuV6rSZPDkgh+SYuOScVMg1qZE64eSRPJMX8mo9WR/Wp/X1u5qzpjf75A+s7x/6LK2A</latexit>

f(x) , (?Z? , x)

<latexit sha1_base64="q7YnBHqbfidQkNUCbuE50uFM3gM=">AAACH3icbVC7TsNAEDzzJrwClDQnIqQgUGQjEJQRNJQgERIRR9b62IQT57O5WyMiKx/BJ/AVtFDRIVoK/gU7pOA11WhmVzs7YaKkJdd9d8bGJyanpmdmS3PzC4tL5eWVcxunRmBDxCo2rRAsKqmxQZIUthKDEIUKm+H1UeE3b9FYGesz6ifYiaCnZVcKoFwKylvd6t0m98lI0D2FN7xU9cOYgsyPgK7CMLsYBIUw2L7bDMoVt+YOwf8Sb0QqbISToPzhX8YijVCTUGBt23MT6mRgSAqFg5KfWkxAXEMP2znVEKHtZMOnBnwjtUAxT9BwqfhQxO8bGUTW9qMwnyyi2t9eIf7ntVPqHnQyqZOUUIviEEmFw0NWGJm3hfxSGiSCIjlyqbkAA0RoJAchcjHN6yvlfXi/v/9Lzndq3m5t73S3Uj8cNTPD1tg6qzKP7bM6O2YnrMEEu2eP7Ik9Ow/Oi/PqvH2NjjmjnVX2A877JwIcoos=</latexit>

g(x) , (x,?Z?)

<latexit sha1_base64="DMyWHysr3uOVMcJoS5E/vJ5NBX0=">AAACH3icbVC7TsNAEDzzJrwClDQnIqREoMhGQVAiaChBIg8RR9b6WMKJ89ncrRHIykfwCXwFLVR0iJaCf8EOKXhNNZrZ1c5OmChpyXXfnbHxicmp6ZnZ0tz8wuJSeXmlZePUCGyKWMWmE4JFJTU2SZLCTmIQolBhO7w6LPz2DRorY31Kdwn2IuhreSEFUC4F5c1+9bbGfTISdF/hNS9Vb7f8MKYg8yOgyzDMzgZBIQxqQbni1t0h+F/ijUiFjXAclD/881ikEWoSCqztem5CvQwMSaFwUPJTiwmIK+hjN6caIrS9bPjUgG+kFijmCRouFR+K+H0jg8jauyjMJ4ug9rdXiP953ZQu9nqZ1ElKqEVxiKTC4SErjMzbQn4uDRJBkRy51FyAASI0koMQuZjm9ZXyPrzf3/8lre2616jvnDQq+wejZmbYGltnVeaxXbbPjtgxazLB7tkje2LPzoPz4rw6b1+jY85oZ5X9gPP+CQARoow=</latexit>

f
?
v[Z?!Z?⇥Z?] g

<latexit sha1_base64="5x094g1Aqub/4ERFU2aa6Vza40A="></latexit>

<latexit sha1_base64="YklCno96HKk9iBDsXwJir9MTWvA="></latexit>

f(0) = (?Z? , 0) 6vZ?⇥Z? (0,?Z?) = g(0)
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Functional CPO
is it a partial order?

reflexivity, antisymmetry, transitivity of
follow immediately from those of vE

<latexit sha1_base64="PnHB8g/RZIcNOYUcCVz0CiADoxU=">AAACA3icbVC7SgNBFJ2NrxgfiVraDAbBKuxKRMugCJYRzAOSsMxObuKQ2dnNzB0hLCn9Clut7MTWD7HwX9yNKTTxVIdz7uWee4JYCoOu++nkVlbX1jfym4Wt7Z3dYmlvv2kiqzk0eCQj3Q6YASkUNFCghHasgYWBhFYwusr81gNoIyJ1h5MYeiEbKjEQnGEq+aVi14yNDQwgjP3keuqXym7FnYEuE29OymSOul/66vYjbkNQyCUzpuO5MfYSplFwCdNC1xqIGR+xIXRSqlgIppfMgk/psTUMIxqDpkLSmQi/NxIWGjMJg3QyZHhvFr1M/M/rWBxc9BKhYougeHYIhYTZIcO1SBsB2hcaEFmWHKhQlDPNEEELyjhPRZtWVEj78Ba/XybN04pXrZzdVsu1y3kzeXJIjsgJ8cg5qZEbUicNwoklT+SZvDiPzqvz5rz/jOac+c4B+QPn4xtEH5gW</latexit>

is there a bottom element?

let
take any function

for any            we have

[D ! E ] = ( [D ! E] , v[D!E] )

<latexit sha1_base64="WUIy30NOpRywG7LvylDbv3aOPRY="></latexit>

v[D!E]

<latexit sha1_base64="h2NvcBQ9fS+jfxRhIaEblwDbLvU=">AAACCnicbVDLSgNBEJyNrxhfq4IXL4NB8BR2JaLH4AM8RjAPSJYwO+nEIbOPzPQKYc0f+BVe9eRNvPoTHvwXJ2sOmlinoqqb6i4/lkKj43xauYXFpeWV/GphbX1jc8ve3qnrKFEcajySkWr6TIMUIdRQoIRmrIAFvoSGP7iY+I17UFpE4S2OYvAC1g9FT3CGRurYe2091ImvAWHYSVuXbYzolTfu2EWn5GSg88SdkiKZotqxv9rdiCcBhMgl07rlOjF6KVMouIRxoZ1oiBkfsD60DA1ZANpLs/vH9DDRzOTGoKiQNBPh90bKAq1HgW8mA4Z3etabiP95rQR7Z14qwjhBCPkkCIWELEhzJUwxQLtCASKbXA5UhJQzxRBBCco4N2JimiqYPtzZ7+dJ/bjklksnN+Vi5XzaTJ7skwNyRFxySirkmlRJjXDyQJ7IM3mxHq1X6816/xnNWdOdXfIH1sc3Jxeatw==</latexit>

?[D!E] = �d. ?E

<latexit sha1_base64="sg11f1TAgFe4xcFep54q947RLt0=">AAACGHicbVDLSgNBEJz17fqKevQyGAVPYVciehGCD/CoYEwgu4TeSauDsw9meoWw5Af8BL/Cq568iVdvHvwXJ2sOvupUVHXR3RVlShryvHdnbHxicmp6Ztadm19YXKosr1yYNNcCmyJVqW5HYFDJBJskSWE70whxpLAV3RwO/dYtaiPT5Jz6GYYxXCXyUgogK3UrG0GUUrfoHAWU8uNw4O67gbLxHvBeLeCle9ytVL2aV4L/Jf6IVNkIp93KR9BLRR5jQkKBMR3fyygsQJMUCgdukBvMQNzAFXYsTSBGExblNwO+mRuwx2SouVS8FPF7ooDYmH4c2ckY6Nr89obif14np8u9sJBJlhMmYriIpMJykRFa2pqQ96RGIhhejlwmXIAGItSSgxBWzG1vru3D//39X3KxXfPrtZ2zerVxMGpmhq2xdbbFfLbLGuyEnbImE+yOPbBH9uTcO8/Oi/P6NTrmjDKr7Aect08Q/p65</latexit>

f 2 [D ! E]

<latexit sha1_base64="kxcSyDO1lCc4x/c5n7EN5IGEkt0=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRD4kySOQh2VZ0vmzCKecHd2ukKErBV9BCRYdo+RQK/oWzcQGBqUYzu5rdCRIpNNr2h1VaWFxaXimvVtbWNza3qts7HR2nikObxzJWvYBpkCKCNgqU0EsUsDCQ0A3G55nfvQelRRzd4CQBP2SjSAwFZ2gkf+iJiLoXHsb00u9Xa3bdzkH/EqcgNVKg1a9+eoOYpyFEyCXT2nXsBP0pUyi4hFnFSzUkjI/ZCFxDIxaC9qf50TN6kGpmYhNQVEiai/BzY8pCrSdhYCZDhrd63svE/zw3xeGpPxVRkiJEPAtCISEP0lwJ0wbQgVCAyLLLgZoKOFMMEZSgjHMjpqaeiunDmf/+L+kc1Z1G/fi6UWueFc2UyR7ZJ4fEISekSa5Ii7QJJ3fkkTyRZ+vBerFerbfv0ZJV7OySX7DevwBsN5Xi</latexit>

d 2 D

<latexit sha1_base64="Nyn+EBfwuQg9aovq1BKLkh/NFAM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004cj5bd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJYikMuu6nU1haXlldK66XNja3tnfKu3stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB+PL1G8/gDYiUrc4icEP2UiJoeAMrdQa9ISiV/1yxa26Gegi8XJSITka/fJXbxDxJASFXDJjup4boz9lGgWXMCv1EgMx42M2gq6lioVg/GmWdkaPEsMwojFoKiTNRPi9MWWhMZMwsJMhwzsz76Xif143weG5PxUqThAUTw+hkJAdMlwLWwPQgdCAyNLkQO3vnGmGCFpQxrkVE9tLyfbhzX+/SFonVa9WPb2pVeoXeTNFckAOyTHxyBmpk2vSIE3CyT15Is/kxXl0Xp035/1ntODkO/vkD5yPb6LVkz4=</latexit>

?[D!E] d = ?E vE f(d)

<latexit sha1_base64="yP8Cv14HZ8tli47MHMoBQuziRLE="></latexit>
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Functional CPO (ctd)
[D ! E ] = ( [D ! E] , v[D!E] )

<latexit sha1_base64="WUIy30NOpRywG7LvylDbv3aOPRY="></latexit>

is it complete?

first we show that any chain of functions
(not necessarily continuous)
has a limit in D ! E

<latexit sha1_base64="54SgIRWT6PD6eD2ZKjDUCRG17WU=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMqIh0QZJPKQEis6XzbhyPls3a2RgpV/oIWKDtHyNxT8C+fgAhKmGs3sanYniKUw6LqfTmFhcWl5pbhaWlvf2Nwqb+80TZRoDg0eyUi3A2ZACgUNFCihHWtgYSChFYwuMr/1ANqISN3iOAY/ZEMlBoIztFLzsosRveqVK27VnYLOEy8nFZKj3it/dfsRT0JQyCUzpuO5Mfop0yi4hEmpmxiIGR+xIXQsVSwE46fTayf0IDHMpsagqZB0KsLvjZSFxozDwE6GDO/MrJeJ/3mdBAdnfipUnCAongWhkDANMlwLWwPQvtCAyLLLgQpFOdMMEbSgjHMrJraXku3Dm/1+njSPqt5x9eTmuFI7z5spkj2yTw6JR05JjVyTOmkQTu7JE3kmL86j8+q8Oe8/owUn39klf+B8fAOEu5Mr</latexit>

then we show that the limit in
of any chain of continuous functions
is also continuous

D ! E

<latexit sha1_base64="54SgIRWT6PD6eD2ZKjDUCRG17WU=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMqIh0QZJPKQEis6XzbhyPls3a2RgpV/oIWKDtHyNxT8C+fgAhKmGs3sanYniKUw6LqfTmFhcWl5pbhaWlvf2Nwqb+80TZRoDg0eyUi3A2ZACgUNFCihHWtgYSChFYwuMr/1ANqISN3iOAY/ZEMlBoIztFLzsosRveqVK27VnYLOEy8nFZKj3it/dfsRT0JQyCUzpuO5Mfop0yi4hEmpmxiIGR+xIXQsVSwE46fTayf0IDHMpsagqZB0KsLvjZSFxozDwE6GDO/MrJeJ/3mdBAdnfipUnCAongWhkDANMlwLWwPQvtCAyLLLgQpFOdMMEbSgjHMrJraXku3Dm/1+njSPqt5x9eTmuFI7z5spkj2yTw6JR05JjVyTOmkQTu7JE3kmL86j8+q8Oe8/owUn39klf+B8fAOEu5Mr</latexit>
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Functional CPO (ctd)
{fn : D ! E}n2N

<latexit sha1_base64="yE1fSPXmW26I5olh8ruNMnMSdxw=">AAACFXicbVC7SsRAFJ34XONr1dJmdBGslkRWFCvxAVaygusKmxAm410ddjIJMzeChNR+gl9hq5Wd2Fpb+C8mawp1PdXhnHu5554wkcKg43xYY+MTk1PTtRl7dm5+YbG+tHxh4lRz6PBYxvoyZAakUNBBgRIuEw0sCiV0w8Fh6XdvQRsRq3O8S8CP2LUSfcEZFlJQX/Myux+ovSMPY3pse3mQKU8oL2J4E4bZaZ4H9YbTdIago8StSINUaAf1T+8q5mkECrlkxvRcJ0E/YxoFl5DbXmogYXzArqFXUMUiMH42fCWnG6lhRZIENBWSDkX4uZGxyJi7KCwmy4jmr1eK/3m9FPu7fiZUkiIoXh5CIWF4yHAtio6AXgkNiKxMDlQoyplmiKAFZZwXYlqUZhd9uH+/HyUXW0231dw+azX2D6pmamSVrJNN4pIdsk9OSJt0CCf35JE8kWfrwXqxXq2379Exq9pZIb9gvX8BiTKeow==</latexit>

a chain of functions
(not necessarily continuous)

we prove its lub is h , �d.
G

n2N
fn(d)

<latexit sha1_base64="1mbnhqzzJ1yBi09Ug/Qc+iNWWyQ="></latexit>

i.e. h(d) ,
G

n2N
fn(d)

<latexit sha1_base64="ewJ8RVE9bilY/A0aogaKaooCd7Q="></latexit>

1. it is an upper bound of the chain
2. it is smaller than or equal to any other upper bound
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Functional CPO (ctd)
(not necessarily continuous)

h , �d.
G

n2N
fn(d)

<latexit sha1_base64="1mbnhqzzJ1yBi09Ug/Qc+iNWWyQ="></latexit>

take any

fn(d) vE

G

n2N
fn(d) = h(d)

<latexit sha1_base64="jVP2hCPjeP8J8xOkNYQGGquyDzc="></latexit>

1.                                 is an upper bound of the chain

take a chain {fn : D ! E}n2N

<latexit sha1_base64="yE1fSPXmW26I5olh8ruNMnMSdxw=">AAACFXicbVC7SsRAFJ34XONr1dJmdBGslkRWFCvxAVaygusKmxAm410ddjIJMzeChNR+gl9hq5Wd2Fpb+C8mawp1PdXhnHu5554wkcKg43xYY+MTk1PTtRl7dm5+YbG+tHxh4lRz6PBYxvoyZAakUNBBgRIuEw0sCiV0w8Fh6XdvQRsRq3O8S8CP2LUSfcEZFlJQX/Myux+ovSMPY3pse3mQKU8oL2J4E4bZaZ4H9YbTdIago8StSINUaAf1T+8q5mkECrlkxvRcJ0E/YxoFl5DbXmogYXzArqFXUMUiMH42fCWnG6lhRZIENBWSDkX4uZGxyJi7KCwmy4jmr1eK/3m9FPu7fiZUkiIoXh5CIWF4yHAtio6AXgkNiKxMDlQoyplmiKAFZZwXYlqUZhd9uH+/HyUXW0231dw+azX2D6pmamSVrJNN4pIdsk9OSJt0CCf35JE8kWfrwXqxXq2379Exq9pZIb9gvX8BiTKeow==</latexit>

for any

therefore
<latexit sha1_base64="Brghyhsje0T6ZVQd4NUVDTpv7rc=">AAACDXicbVDLSsNAFJ3UV62vqitxM1gEVyURUZfFB7isYB/QljCZ3rZDJ5N05kYoofgJfoVbXbkTt36DC//FNGahrWd1OOdezr3HC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu/UTRBpDjUeyEA3PWZACgU1FCihGWpgvieh4Q0vp37jHrQRgbrDcQgdn/WV6AnOMJHc4l7PVW0zMpFnAGHkxldtDOj1hA7cYsku2ynoPHEyUiIZqm7xq90NeOSDQi6ZMS3HDrETM42CS5gU2pGBkPEh60MroYr5YDpx+sKEHkaGJcEhaCokTUX4vREz35ix7yWTPsOBmfWm4n9eK8LeeScWKowQFJ8GoZCQBhmuRdIN0K7QgMimlwMVinKmGSJoQRnniRglZRWSPpzZ7+dJ/bjsnJad25NS5SJrJk/2yQE5Ig45IxVyQ6qkRjh5IE/kmbxYj9ar9Wa9/4zmrGxnl/yB9fENRUqb1g==</latexit>

fn vD!E h

d 2 D

<latexit sha1_base64="Nyn+EBfwuQg9aovq1BKLkh/NFAM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004cj5bd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJYikMuu6nU1haXlldK66XNja3tnfKu3stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB+PL1G8/gDYiUrc4icEP2UiJoeAMrdQa9ISiV/1yxa26Gegi8XJSITka/fJXbxDxJASFXDJjup4boz9lGgWXMCv1EgMx42M2gq6lioVg/GmWdkaPEsMwojFoKiTNRPi9MWWhMZMwsJMhwzsz76Xif143weG5PxUqThAUTw+hkJAdMlwLWwPQgdCAyNLkQO3vnGmGCFpQxrkVE9tLyfbhzX+/SFonVa9WPb2pVeoXeTNFckAOyTHxyBmpk2vSIE3CyT15Is/kxXl0Xp035/1ntODkO/vkD5yPb6LVkz4=</latexit>

<latexit sha1_base64="4Gy7XkEU66pDm4vUkXEWf9HPjEI=">AAACAHicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCQBlBQ4WCRB5SEqLzZRNOOZ+tuzVSZKXhK2ihokO0/AkF/4JtUkDCVKOZXe3s+JGSllz301lYXFpeWS2sFdc3Nre2Szu7DRvGRmBdhCo0LZ9bVFJjnSQpbEUGeeArbPqjy8xvPqCxMtS3NI6wG/ChlgMpOKXSne5I3Qk43ft+cj3plcpuxc3B5ok3JWWYotYrfXX6oYgD1CQUt7btuRF1E25ICoWTYie2GHEx4kNsp1TzAG03yVNP2GFsOYUsQsOkYrmIvzcSHlg7Dvx0MktoZ71M/M9rxzQ47yZSRzGhFtkhkgrzQ1YYmdaBrC8NEvEsOTKpmeCGE6GRjAuRinHaTzHtw5v9fp40jiveacW7OSlXL6bNFGAfDuAIPDiDKlxBDeogwMATPMOL8+i8Om/O+8/ogjPd2YM/cD6+AbJfl0I=</latexit>

n 2 N
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Functional CPO (ctd)
(not necessarily continuous)

h , �d.
G

n2N
fn(d)

<latexit sha1_base64="1mbnhqzzJ1yBi09Ug/Qc+iNWWyQ="></latexit>

take a chain {fn : D ! E}n2N

<latexit sha1_base64="yE1fSPXmW26I5olh8ruNMnMSdxw=">AAACFXicbVC7SsRAFJ34XONr1dJmdBGslkRWFCvxAVaygusKmxAm410ddjIJMzeChNR+gl9hq5Wd2Fpb+C8mawp1PdXhnHu5554wkcKg43xYY+MTk1PTtRl7dm5+YbG+tHxh4lRz6PBYxvoyZAakUNBBgRIuEw0sCiV0w8Fh6XdvQRsRq3O8S8CP2LUSfcEZFlJQX/Myux+ovSMPY3pse3mQKU8oL2J4E4bZaZ4H9YbTdIago8StSINUaAf1T+8q5mkECrlkxvRcJ0E/YxoFl5DbXmogYXzArqFXUMUiMH42fCWnG6lhRZIENBWSDkX4uZGxyJi7KCwmy4jmr1eK/3m9FPu7fiZUkiIoXh5CIWF4yHAtio6AXgkNiKxMDlQoyplmiKAFZZwXYlqUZhd9uH+/HyUXW0231dw+azX2D6pmamSVrJNN4pIdsk9OSJt0CCf35JE8kWfrwXqxXq2379Exq9pZIb9gvX8BiTKeow==</latexit>

2.                               is the least among upper bounds

take any     such that g

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

8n. fn vD!E g

<latexit sha1_base64="U71pZe9PCa+hFM0upHihMN+atiE=">AAACGXicbVC7TsNAEDzzDOFloKQ5EUWiimwEghLxkCiDRB5SHFnrYxNOnM/O3RoJWfkCPoGvoIWKDtFSUfAvOCEFr6lGM7ua3YlSJS153rszNT0zOzdfWigvLi2vrLpr602bZEZgQyQqMe0ILCqpsUGSFLZTgxBHClvR9fHIb92gsTLRF3SbYjeGvpY9KYAKKXSrQS8xoBTXtYD3Qh3Ygc0ii4SDMD8JKOGnQ94P3YpX88bgf4k/IRU2QT10P4LLRGQxahIKrO34XkrdHAxJoXBYDjKLKYhr6GOnoBpitN18/M6QVzMLRXCKhkvFxyJ+38ghtvY2jorJGOjK/vZG4n9eJ6PeQTeXOs0ItRgFkVQ4DrLCyKIn5JfSIBGMLkcuNRdggAiN5CBEIWZFceWiD//3939Jc6fm79b2zncrh0eTZkpsk22xbeazfXbIzlidNZhgd+yBPbIn5955dl6c16/RKWeys8F+wHn7BN6ToGM=</latexit>

we want to prove h vD!E g

<latexit sha1_base64="/M74zz25SVYImFYuGyZtvo6QwYo=">AAACC3icbVC7TsNAEDyHVwgvAwUFzYkIiSqyURCUEQ+JMkjkISVRdL5sklPOZ+dujRRZ/gS+ghYqOkTLR1DwL9ghBSRMNZrZ1eyOF0ph0HE+rdzS8srqWn69sLG5tb1j7+7VTRBpDjUeyEA3PWZACgU1FCihGWpgvieh4Y2uMr/xANqIQN3jJISOzwZK9AVnmEpd+2DYNmMTeQYQxt34uo0BvUnooGsXnZIzBV0k7owUyQzVrv3V7gU88kEhl8yYluuE2ImZRsElJIV2ZCBkfMQG0EqpYj6YTjx9IKHHkWFpcAiaCkmnIvzeiJlvzMT30kmf4dDMe5n4n9eKsH/RiYUKIwTFsyAUEqZBhmuRNgO0JzQgsuxyoEJRzjRDBC0o4zwVo7SqQtqHO//9Iqmfltxy6eyuXKxczprJk0NyRE6IS85JhdySKqkRThLyRJ7Ji/VovVpv1vvPaM6a7eyTP7A+vgGqxZr4</latexit>

take any d 2 D

<latexit sha1_base64="Nyn+EBfwuQg9aovq1BKLkh/NFAM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004cj5bd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJYikMuu6nU1haXlldK66XNja3tnfKu3stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB+PL1G8/gDYiUrc4icEP2UiJoeAMrdQa9ISiV/1yxa26Gegi8XJSITka/fJXbxDxJASFXDJjup4boz9lGgWXMCv1EgMx42M2gq6lioVg/GmWdkaPEsMwojFoKiTNRPi9MWWhMZMwsJMhwzsz76Xif143weG5PxUqThAUTw+hkJAdMlwLWwPQgdCAyNLkQO3vnGmGCFpQxrkVE9tLyfbhzX+/SFonVa9WPb2pVeoXeTNFckAOyTHxyBmpk2vSIE3CyT15Is/kxXl0Xp035/1ntODkO/vkD5yPb6LVkz4=</latexit>

8n. fn(d) vE g(d)

<latexit sha1_base64="Dbb3q85lpqzK15Wc/hDOFsI/5MM=">AAACGnicbVC7TsNAEDyHd3gFKGlORKDQRDYKghKBkChBIiRSHFnryyaccj6buzUSsvIHfAJfQQsVHaKloeBfcEIKCEw1mtnV7kyYKGnJdT+cwtT0zOzc/EJxcWl5ZbW0tn5l49QIrItYxaYZgkUlNdZJksJmYhCiUGEj7J8M/cYtGitjfUl3CbYj6GnZlQIol4LSjt+NDSjFddXn3UBXOru+vbFpaJHwJshOB7yXa0Gp7FbdEfhf4o1JmY1xHpQ+/U4s0gg1CQXWtjw3oXYGhqRQOCj6qcUERB962MqphghtOxvlGfDt1ALFPEHDpeIjEX9uZBBZexeF+WQEdG0nvaH4n9dKqXvYzqROUkIthodIKhwdssLIvCjkHWmQCIafI5eaCzBAhEZyECIX07y5Yt6HN5n+L7naq3q16v5FrXx0PG5mnm2yLVZhHjtgR+yMnbM6E+yePbIn9uw8OC/Oq/P2PVpwxjsb7Bec9y+uraA0</latexit>

thus         is an u.b. of g(d)

<latexit sha1_base64="Tkpb5GDtrr98Ao9QBmPzX2ANn3Q=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolUaVwVm/VLardga+TJyclFmORr/01RuEIvYxIKHAmK5jR+TOQJMUCufFXmwwAjGBEXYTGoCPxp1lWef8NDZAIY9Qc6l4JuLvjRn4xkx9L5n0gcZm0UvF/7xuTMMrdyaDKCYMRHqIpMLskBFaJiUgH0iNRJAmRy4DLkADEWrJQYhEjJNWikkfzuL3y6R1XnVq1Yu7Wrl+nTdTYMfshFWYwy5Znd2yBmsywcbsiT2zF+vRerXerPef0RUr3zlif2B9fAP5iJJL</latexit>

{fn(d)}n2N

<latexit sha1_base64="7g+ByRHJMwT5hf+1hXa8wkDb14M=">AAACEXicbVDLSsNAFJ34rPFVdSnCYBHqpiRS0WXRjSupYB/QlDCZ3tbBySTM3AglZOUn+BVudeVO3PoFLvwXk9qFVs/qcM693HNPEEth0HE+rLn5hcWl5dKKvbq2vrFZ3tpumyjRHFo8kpHuBsyAFApaKFBCN9bAwkBCJ7g9L/zOHWgjInWN4xj6IRspMRScYS755T0vtYe+qg4ObS/zU+UJ5YUMb4Igvcwyv1xxas4E9C9xp6RCpmj65U9vEPEkBIVcMmN6rhNjP2UaBZeQ2V5iIGb8lo2gl1PFQjD9dPJGRg8SwzCiMWgqJJ2I8HMjZaEx4zDIJ4uIZtYrxP+8XoLD034qVJwgKF4cQiFhcshwLfJ+gA6EBkRWJAcqFOVMM0TQgjLOczHJC7PzPtzZ7/+S9lHNrdeOr+qVxtm0mRLZJfukSlxyQhrkgjRJi3ByTx7JE3m2HqwX69V6+x6ds6Y7O+QXrPcvkGSdDg==</latexit>

and therefore h(d) =
G

n2N
fn(d) vE g(d)

<latexit sha1_base64="+BApyovmzjopfONYiqHt6nu7ihI="></latexit>



3838

Functional CPO (ctd)
TH. of continuous functions

then h , �d.
G

n2N
fn(d)

<latexit sha1_base64="1mbnhqzzJ1yBi09Ug/Qc+iNWWyQ="></latexit>

proof.
we prove

is continuous

h

 
G

i2N
di

!
=
G

i2N
h(di)

<latexit sha1_base64="M25xyyo1R3qWJFYOub4zbmY4w8A="></latexit>

{di}i2N

<latexit sha1_base64="fn8/ADwvtGhSb+T/4p0UoiTTrqA=">AAACDnicbVBNS8NAEN34WetX1ZteFovgqSRS0WPRiyepYFVoSthspzq42YTdiVBCwJ/gr/CqJ2/i1b/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2M9wP08yBDH7UfCboJw+w0z6tBre423BH4X+KNSZ2N0Q5qn34/lmkEmqQS1nY9N6FeJgyhVJBX/dRCIuStuIZuQbWIwPay0Q8530mtoJgnYDgqPhLh50YmImuHUVhMlhntpFeK/3ndlAaHvQx1khJoWR4iVDA6ZKXBohzgfTRAJMrkwFFzKYwgAoNcSFmIadFW2Yc3+f1fcrHX8JqN/bNmvXU0bqbCttg222UeO2AtdsLarMMku2eP7Ik9Ow/Oi/PqvH2PTjnjnQ32C877Fwk4nEU=</latexit>

let               a chain in D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

h

 
G

i2N
di

!
=
G

n2N
fn

 
G

i2N
di

!

<latexit sha1_base64="vLfuGl6YqrGzPLIxHossRjxMZJ8=">AAACcHicjVFNS+tAFJ1En9bo06obwYWj5YHPRUlE0Y0gunElClaFpoTJ9La9dDKJMzeCxP5QF278Cf4Ck9qFXwvv6nDOuR9zJs4UWvL9J8edmv4zM1ub8+YX/i4u1ZdXrm2aGwktmarU3MbCgkINLUJScJsZEEms4CYenlb6zT0Yi6m+oocMOonoa+yhFFRSUf1xECro0bYXxti3dzLPogJD1GEiaBDHxfloxLsReqHB/oD+e0 cfjfqzsRfp92G/nOVF9Ybf9MfFv4NgAhpsUhdR/TnspjJPQJNUwtp24GfUKYQhlApGXphbyIQcij60S6hFArZTjFMa8X+5FZTyDAxHxcckfOwoRGLtQxKXzupg+1WryJ+0dk69w06BOssJtKwWESoYL7LSYBk/8C4aIBLV5cBRcymMIAKDXEhZknn5H1UewdfXfwfXu81gr7l/udc4PpkkU2PrbItts4AdsGN2xi5Yi0n24tScZWfFeXXX3A13893qOpOeVfap3J03UVO9rQ==</latexit>

by def of h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

=
G

n2N

G

i2N
fn(di)

<latexit sha1_base64="TW2OXBfizwk9YP3lJ96dDplFHaY=">AAACNXicbVC7TsNAEDzzDOYVoKQ5ESFBE9koCBokHg0VAokAUhxZ58smrDifzd0aCVn5Hj6Br6AFUaRDtPwCdkjBa6rRzK52dqJUoSXPe3XGxicmp6YrM+7s3PzCYnVp+cImmZHQlIlKzFUkLCjU0CQkBVepARFHCi6jm6PSv7wDYzHR53SfQjsWPY1dlIIKKawe7LlBhD17K7M0zHWAOogFXUdRftLvf3Pwp8O7od7ohLjpumG15tW9Ifhf4o9IjY1wGlYHQSeRWQyapBLWtnwvpXYuDKFU0HeDzEIq5I3oQaugWsRg2/nw1T5fz6yghKdgOCo+FOH7Ri5ia+/jqJgs09rfXin+57Uy6u62c9RpRqBleYhQwfCQlQaLDoF30ACRKJMDR82lMIIIDHIhZSFmRallH/7v7/+Si62636hvnzVq+4ejZipsla2xDeazHbbPjtkpazLJHtgTe2YvzqMzcN6c96/RMWe0s8J+wPn4BD2KrGw=</latexit>

by continuity of fn

<latexit sha1_base64="BXiXtH/9Dy2TZ8SYkR3a1LmbAZs=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfcIILSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+q0HNFZG+o7GMfohH2o5kIJTJt0OerpXrrhVdwa2SLycVCBHvVf+6vYjkYSoSShubcdzY/JTbkgKhZNSN7EYczHiQ+xkVPMQrZ/Ook7YUWI5RSxGw6RiMxF/b6Q8tHYcBtlkyOnezntT8T+vk9Dgwk+ljhNCLaaHSCqcHbLCyKwDZH1pkIhPkyOTmgluOBEaybgQmZhkpZSyPrz57xdJ86TqnVbPbk4rtcu8mSIcwCEcgwfnUINrqEMDBAzhCZ7hxXl0Xp035/1ntODkO/vwB87HN/ewklg=</latexit>

=
G

i2N

G

n2N
fn(di)

<latexit sha1_base64="qRut4zaHqGEdhblsJIAkzVG/gzA=">AAACNXicbVC7TsNAEDzzDOYVoKQ5ESFBE9koCBokHg0VAokAUhxZ58smrDifzd0aCVn5Hj6Br6AFUaRDtPwCdkjBa6rRzK52dqJUoSXPe3XGxicmp6YrM+7s3PzCYnVp+cImmZHQlIlKzFUkLCjU0CQkBVepARFHCi6jm6PSv7wDYzHR53SfQjsWPY1dlIIKKawe7LlBhD17K7M0zDFAHcSCrqMoP+n3vzn6p8O7od7ohLjpumG15tW9Ifhf4o9IjY1wGlYHQSeRWQyapBLWtnwvpXYuDKFU0HeDzEIq5I3oQaugWsRg2/nw1T5fz6yghKdgOCo+FOH7Ri5ia+/jqJgs09rfXin+57Uy6u62c9RpRqBleYhQwfCQlQaLDoF30ACRKJMDR82lMIIIDHIhZSFmRallH/7v7/+Si62636hvnzVq+4ejZipsla2xDeazHbbPjtkpazLJHtgTe2YvzqMzcN6c96/RMWe0s8J+wPn4BD0IrGw=</latexit>

by switch lemma (applicable?)

=
G

i2N
h(di)

<latexit sha1_base64="f+heUwUMCD/rfSANRenK2J2VjfQ=">AAACGXicbVC7TsNAEDzzxrwClDQnIiRoIhuBoEFC0FAhkAiJFEfW+bJJVpzP5m6NhKx8AZ/AV9BCRYdoqSj4F+yQgtdUo5ld7exEqUJLnvfujI1PTE5Nz8y6c/MLi0uV5ZVLm2RGQl0mKjHNSFhQqKFOSAqaqQERRwoa0dVx6TduwFhM9AXdptCORU9jF6WgQgorGwduEGHPXsssDXMMUAexoH4U5aeDAe9vdkLcct2wUvVq3hD8L/FHpMpGOAsrH0EnkVkMmqQS1rZ8L6V2LgyhVDBwg8xCKuSV6EGroFrEYNv58J0B38isoISnYDgqPhTh+0YuYmtv46iYLLPa314p/ue1Murut3PUaUagZXmIUMHwkJUGi56Ad9AAkSiTA0fNpTCCCAxyIWUhZkVxZR/+7+//ksvtmr9T2z3fqR4ejZqZYWtsnW0yn+2xQ3bCzlidSXbHHtgje3LunWfnxXn9Gh1zRjur7Aect0/rcZ/H</latexit>

by def of h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

take a chain {fn : D ! E}n2N

<latexit sha1_base64="yE1fSPXmW26I5olh8ruNMnMSdxw=">AAACFXicbVC7SsRAFJ34XONr1dJmdBGslkRWFCvxAVaygusKmxAm410ddjIJMzeChNR+gl9hq5Wd2Fpb+C8mawp1PdXhnHu5554wkcKg43xYY+MTk1PTtRl7dm5+YbG+tHxh4lRz6PBYxvoyZAakUNBBgRIuEw0sCiV0w8Fh6XdvQRsRq3O8S8CP2LUSfcEZFlJQX/Myux+ovSMPY3pse3mQKU8oL2J4E4bZaZ4H9YbTdIago8StSINUaAf1T+8q5mkECrlkxvRcJ0E/YxoFl5DbXmogYXzArqFXUMUiMH42fCWnG6lhRZIENBWSDkX4uZGxyJi7KCwmy4jmr1eK/3m9FPu7fiZUkiIoXh5CIWF4yHAtio6AXgkNiKxMDlQoyplmiKAFZZwXYlqUZhd9uH+/HyUXW0231dw+azX2D6pmamSVrJNN4pIdsk9OSJt0CCf35JE8kWfrwXqxXq2379Exq9pZIb9gvX8BiTKeow==</latexit>
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Functional CPO (ctd)
fn(di) vE fm(dj)

<latexit sha1_base64="CbNOxpflqgSOuKumcX6EtKfjHvs=">AAACE3icbVC7TgJBFJ3FF+ILtbRwIjGBhuwajJZEY2KJiTwS2GxmhwuOzM4uM3dNCKH0E/wKW63sjK0fYOG/uOAWip7q5Jx7c+85fiSFQdv+sDILi0vLK9nV3Nr6xuZWfnunYcJYc6jzUIa65TMDUiioo0AJrUgDC3wJTX9wPvWbd6CNCNU1jiJwA9ZXoic4w0Ty8vs9TxW7nijRjhma2DeAMPQucj0vSOTbkpcv2GV7BvqXOCkpkBQ1L//Z6YY8DkAhl8yYtmNH6I6ZRsElTHKd2EDE+ID1oZ1QxQIw7ngWZEIPY8MwpBFoKiSdifBzY8wCY0aBn0wGDG/MvDcV//PaMfZO3bFQUYyg+PQQCgmzQ4ZrkTQEtCs0ILLp50CFopxphghaUMZ5IsZJZbmkD2c+/V/SOCo7lfLxVaVQPUubyZI9ckCKxCEnpEouSY3UCSf35JE8kWfrwXqxXq2379GMle7skl+w3r8AMWidSA==</latexit>

if n  m ^ i  j

<latexit sha1_base64="S372t4jXd5OdprRWLi8ptkct9bo=">AAACCXicbVC7TsNAEDyHVwgvA6KiOREhUUU2CoIygoYySOQhJVZ0vmzCkfPZ3K1BkZUv4CtooaJDtHwFBf+CY1xAwlSzM7va3fEjKQw6zqdVWFhcWl4prpbW1jc2t+ztnaYJY82hwUMZ6rbPDEihoIECJbQjDSzwJbT80cXUb92DNiJU1ziOwAvYUImB4AxTqWfvqa6EOxp0H6A/BCqy6rZnl52Kk4HOEzcnZZKj3rO/uv2QxwEo5JIZ03GdCL2EaRRcwqTUjQ1EjI/YEDopVSwA4yXZ+RN6GBuGIY1AUyFpJsLviYQFxowDP+0MGN6YWW8q/ud1YhyceYlQUYyg+HQRCgnZIsO1SHMB2hcaENn08vR9RTnTDBG0oIzzVIzToEppHu7s9/OkeVxxq5WTq2q5dp4nUyT75IAcEZeckhq5JHXSIJwk5Ik8kxfr0Xq13qz3n9aClc/skj+wPr4BejyZvA==</latexit>

+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

fn v[D!E] fm ^ di v dj

<latexit sha1_base64="o1X4XVOJzcp6HqePmIHpH7F3FYw="></latexit>

fn(di) vE fn(dj) vE fm(dj)

<latexit sha1_base64="EX4mEBj9LW1Hh+/SR0mHWmCfmfM=">AAACKnicbZDLTgJBEEV78IX4GnXppiMxwQ2ZMfhYEo2JS0zkkQCZ9DQFtvb0DN01JoTwJ36CX+FWV+6IceeHOAwsFKzVzblVqarrR1IYdJyxlVlaXlldy67nNja3tnfs3b2aCWPNocpDGeqGzwxIoaCKAiU0Ig0s8CXU/ceriV9/Am1EqO5wEEE7YD0luoIzTJBnn3U9Veh44pi2TN/EvgGEvnedm+KHRRyk2LPzTtFJiy4KdybyZFYVz/5qdUIeB6CQS2ZM03UibA+ZRsEljHKt2EDE+CPrQTORigVg2sP0vxE9ig3DkEagqZA0hfB7YsgCYwaBn3QGDO/NvDeB/3nNGLsX7aFQUYyg+GQRCgnpIsO1SIID2hEaENnkcqBCUc40QwQtKOM8gXGSZC7Jw53/flHUTopuqXh6W8qXL2fJZMkBOSQF4pJzUiY3pEKqhJNn8kreyLv1Yn1YY+tz2pqxZjP75E9Z3z+grqZZ</latexit>

monotone
fn

<latexit sha1_base64="BXiXtH/9Dy2TZ8SYkR3a1LmbAZs=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzmfrbg2KrHwCLVR0iJbvoeBfcIILSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+q0HNFZG+o7GMfohH2o5kIJTJt0OerpXrrhVdwa2SLycVCBHvVf+6vYjkYSoSShubcdzY/JTbkgKhZNSN7EYczHiQ+xkVPMQrZ/Ook7YUWI5RSxGw6RiMxF/b6Q8tHYcBtlkyOnezntT8T+vk9Dgwk+ljhNCLaaHSCqcHbLCyKwDZH1pkIhPkyOTmgluOBEaybgQmZhkpZSyPrz57xdJ86TqnVbPbk4rtcu8mSIcwCEcgwfnUINrqEMDBAzhCZ7hxXl0Xp035/1ntODkO/vwB87HN/ewklg=</latexit>

fn v[D!E] fm

<latexit sha1_base64="gQFFftpsB7fkDEn3mQxwjODpuSc=">AAACEnicbVDLSsNAFJ3UV62vqktBBovgqiRS0WXxAS4r2Ae0IUymt3XoZJLO3AgldOcn+BVudeVO3PoDLvwXk9qFtp7V4Zx7OfceP5LCoG1/WrmFxaXllfxqYW19Y3OruL3TMGGsOdR5KEPd8pkBKRTUUaCEVqSBBb6Epj+4yPzmPWgjQnWLowjcgPWV6AnOMJW84n7PUx0zNLFvAGHoJe3LDob0yh3TnhcUvGLJLtsT0HniTEmJTFHzil+dbsjjABRyyYxpO3aEbsI0Ci5hXOjEBiLGB6wP7ZQqFoBxk8kfY3oYG5aGR6CpkHQiwu+NhAXGjAI/nQwY3plZLxP/89ox9s7cRKgoRlA8C0IhYRJkuBZpQUC7QgMiyy4HKhTlTDNE0IIyzlMxThvL+nBmv58njeOyUymf3FRK1fNpM3myRw7IEXHIKamSa1IjdcLJA3kiz+TFerRerTfr/Wc0Z013dskfWB/fndOdlg==</latexit>

=
G

n2N

G

i2N
fn(di)

<latexit sha1_base64="TW2OXBfizwk9YP3lJ96dDplFHaY=">AAACNXicbVC7TsNAEDzzDOYVoKQ5ESFBE9koCBokHg0VAokAUhxZ58smrDifzd0aCVn5Hj6Br6AFUaRDtPwCdkjBa6rRzK52dqJUoSXPe3XGxicmp6YrM+7s3PzCYnVp+cImmZHQlIlKzFUkLCjU0CQkBVepARFHCi6jm6PSv7wDYzHR53SfQjsWPY1dlIIKKawe7LlBhD17K7M0zHWAOogFXUdRftLvf3Pwp8O7od7ohLjpumG15tW9Ifhf4o9IjY1wGlYHQSeRWQyapBLWtnwvpXYuDKFU0HeDzEIq5I3oQaugWsRg2/nw1T5fz6yghKdgOCo+FOH7Ri5ia+/jqJgs09rfXin+57Uy6u62c9RpRqBleYhQwfCQlQaLDoF30ACRKJMDR82lMIIIDHIhZSFmRallH/7v7/+Si62636hvnzVq+4ejZipsla2xDeazHbbPjtkpazLJHtgTe2YvzqMzcN6c96/RMWe0s8J+wPn4BD2KrGw=</latexit>

=
G

i2N

G

n2N
fn(di)

<latexit sha1_base64="qRut4zaHqGEdhblsJIAkzVG/gzA=">AAACNXicbVC7TsNAEDzzDOYVoKQ5ESFBE9koCBokHg0VAokAUhxZ58smrDifzd0aCVn5Hj6Br6AFUaRDtPwCdkjBa6rRzK52dqJUoSXPe3XGxicmp6YrM+7s3PzCYnVp+cImmZHQlIlKzFUkLCjU0CQkBVepARFHCi6jm6PSv7wDYzHR53SfQjsWPY1dlIIKKawe7LlBhD17K7M0zDFAHcSCrqMoP+n3vzn6p8O7od7ohLjpumG15tW9Ifhf4o9IjY1wGlYHQSeRWQyapBLWtnwvpXYuDKFU0HeDzEIq5I3oQaugWsRg2/nw1T5fz6yghKdgOCo+FOH7Ri5ia+/jqJgs09rfXin+57Uy6u62c9RpRqBleYhQwfCQlQaLDoF30ACRKJMDR82lMIIIDHIhZSFmRallH/7v7/+Si62636hvnzVq+4ejZipsla2xDeazHbbPjtkpazLJHtgTe2YvzqMzcN6c96/RMWe0s8J+wPn4BD0IrGw=</latexit>

by switch lemma (applicable?)

then ?
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Functional CPO (ctd)
take a chain

since 

h , �d.
G

n2N
fn(d)

<latexit sha1_base64="1mbnhqzzJ1yBi09Ug/Qc+iNWWyQ="></latexit>

proof. {fn : [D ! E]}n2N

<latexit sha1_base64="cvKAOXD8N6nZGSWYFU96spqP0qc=">AAACF3icbVC7SsRAFJ34XONr1dJmcBGslkQUxWrxAVaygvuATVgm410dnEzCzI2whHyAn+BX2GplJ7aWFv6Lk3ULX7c6nHMu99wTpVIY9Lx3Z2JyanpmtjLnzi8sLi1XV1bbJsk0hxZPZKK7ETMghYIWCpTQTTWwOJLQiW6OSr1zC9qIRF3gMIUwZldKDARnaKl+tRbk7qCvDnrHASb0JHSDop+rQKggZngdRflZUViXV/dGQ/8CfwxqZDzNfvUjuEx4FoNCLpkxPd9LMcyZRsElFG6QGUgZv2FX0LNQsRhMmI+eKehmZpiNkoKmQtIRCd83chYbM4wj6ywjmt9aSf6n9TIc7Ie5UGmGoHh5CIWE0SHDtbAtAb0UGhBZmRyoUJQzzRBBC8o4t2Rma3NtH/7v7/+C9nbd36nvnu/UGofjZipknWyQLeKTPdIgp6RJWoSTO/JAHsmTc+88Oy/O65d1whnvrJEf47x9AgoXn28=</latexit>

is the lub in

[D ! E ] = ( [D ! E] , v[D!E] )

<latexit sha1_base64="WUIy30NOpRywG7LvylDbv3aOPRY="></latexit>

is complete

D ! E

<latexit sha1_base64="54SgIRWT6PD6eD2ZKjDUCRG17WU=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMqIh0QZJPKQEis6XzbhyPls3a2RgpV/oIWKDtHyNxT8C+fgAhKmGs3sanYniKUw6LqfTmFhcWl5pbhaWlvf2Nwqb+80TZRoDg0eyUi3A2ZACgUNFCihHWtgYSChFYwuMr/1ANqISN3iOAY/ZEMlBoIztFLzsosRveqVK27VnYLOEy8nFZKj3it/dfsRT0JQyCUzpuO5Mfop0yi4hEmpmxiIGR+xIXQsVSwE46fTayf0IDHMpsagqZB0KsLvjZSFxozDwE6GDO/MrJeJ/3mdBAdnfipUnCAongWhkDANMlwLWwPQvtCAyLLLgQpFOdMMEbSgjHMrJraXku3Dm/1+njSPqt5x9eTmuFI7z5spkj2yTw6JR05JjVyTOmkQTu7JE3kmL86j8+q8Oe8/owUn39klf+B8fAOEu5Mr</latexit>

is continuous h 2 [D ! E]

<latexit sha1_base64="Own2IZBBIVbQD7Oaevx0dWNk39U=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRJRdFl8gMsK9gFJKJPpbTt0MgkzN0IpBb/Cra7ciVt/xYX/YhKz0NazOpxzL+feE8RSGLTtT6u0tLyyulZer2xsbm3vVHf32iZKNIcWj2SkuwEzIIWCFgqU0I01sDCQ0AnGV5nfeQBtRKTucRKDH7KhEgPBGaaSN/KEcq89jOiN36vW7Lqdgy4SpyA1UqDZq355/YgnISjkkhnjOnaM/pRpFFzCrOIlBmLGx2wIbkoVC8H40/zmGT1KDEtjY9BUSJqL8HtjykJjJmGQToYMR2bey8T/PDfBwYU/FSpOEBTPglBIyIMM1yItA2hfaEBk2eVAhaKcaYYIWlDGeSomaTuVtA9n/vtF0j6pO6f1s7vTWuOyaKZMDsghOSYOOScNckuapEU4ickTeSYv1qP1ar1Z7z+jJavY2Sd/YH18AxXtlbo=</latexit>

[D ! E] ✓ D ! E

<latexit sha1_base64="6JbmcfydDzruz8y5sxAB9C7jKMY=">AAACDXicbVDLSsNAFJ3UV62vqitxM1gEVyWRii6LD3BZwT4gDWUyva1DJ5M4cyOUUvwEv8KtrtyJW7/Bhf9i0mahrWd1OOdezr3Hj6QwaNtfVm5hcWl5Jb9aWFvf2Nwqbu80TBhrDnUeylC3fGZACgV1FCihFWlggS+h6Q8uUr/5ANqIUN3iMAIvYH0leoIzTKROcc+9bGNIrzzaNrFvAOGeTpVOsWSX7QnoPHEyUiIZap3id7sb8jgAhVwyY1zHjtAbMY2CSxgX2rGBiPEB64ObUMUCMN5o8sKYHsaGJakRaCoknYjwe2PEAmOGgZ9MBgzvzKyXiv95boy9M28kVBQjKJ4GoZAwCTJci6QboF2hAZGllwMVinKmGSJoQRnniRgnZRWSPpzZ7+dJ47jsVMonN5VS9TxrJk/2yQE5Ig45JVVyTWqkTjh5JM/khbxaT9ab9W59TEdzVrazS/7A+vwBgcaawg==</latexit>

h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

is the lub in [D ! E]

<latexit sha1_base64="8NxEHGMZKg4bWQZTFozomSYk8iI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRD4kySOQhOVZ0vmzCKeezdbdGikx+ghYqOkTLz1DwL9jGBSRMNZrZ1eyOH0lh0LY/rdLS8srqWnm9srG5tb1T3d3rmDDWHNo8lKHu+cyAFAraKFBCL9LAAl9C159cZn73AbQRobrDaQRewMZKjARnmEo996qPIb32BtWaXbdz0EXiFKRGCrQG1a/+MORxAAq5ZMa4jh2hlzCNgkuYVfqxgYjxCRuDm1LFAjBekt87o0exYWlsBJoKSXMRfm8kLDBmGvjpZMDw3sx7mfif58Y4OvcSoaIYQfEsCIWEPMhwLdIigA6FBkSWXQ5UKMqZZoigBWWcp2KcNlNJ+3Dmv18knZO606if3jZqzYuimTI5IIfkmDjkjDTJDWmRNuFEkifyTF6sR+vVerPef0ZLVrGzT/7A+vgG8euT9w==</latexit>

TH.
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Functional CPO: recap
[D ! E ] = ( [D ! E] , v[D!E] )

<latexit sha1_base64="WUIy30NOpRywG7LvylDbv3aOPRY="></latexit>

f v[D!E] g i↵ 8d 2 D. f(d) vE g(d)

<latexit sha1_base64="kuLzskxVa6yxgu43G9LzitM6Wj4="></latexit>

?[D!E] , �d. ?E

<latexit sha1_base64="BNRVvC2E32jrN68vLkLDC93u8zA=">AAACIXicbVDLSsNAFJ34tr6qLt0MFsGNJZGKLkUtuKxgVWhCuZle6+BkEmduBAl+hZ/gV7jVlTtxJ+K/OI1d+Dqrw7nnvk6cKWnJ99+8kdGx8YnJqenKzOzc/EJ1cenEprkR2BapSs1ZDBaV1NgmSQrPMoOQxApP48v9Qf30Go2VqT6mmwyjBPpanksB5KRudSOMU+oWnYOQUt6MbishGQm6r/CqEio3pwe8Vw95aWt2qzW/7pfgf0kwJDU2RKtb/Qh7qcgT1CQUWNsJ/IyiAgxJodBtyy1mIC6hjx1HNSRoo6J865av5RbcVRkaLhUvRfzeUUBi7U0SO2cCdGF/1wbif7VOTuc7USF1lhNqMVhEUmG5yAojXV7Ie9IgEQwuRy41F2CACI3kIIQTcxdgxeUR/P7+LznZrAeN+tZRo7a7N0xmiq2wVbbOArbNdtkha7E2E+yOPbBH9uTde8/ei/f6ZR3xhj3L7Ae8908Eb6L5</latexit>

G

n2N
fn , �d.

G

n2N
fn(d)

<latexit sha1_base64="xYkAkxCr1wHoy60TGo58lHos5nU="></latexit>

f 2 [D ! E], g 2 [E ! F ] ) g � f 2 [D ! F ]

<latexit sha1_base64="6FKp+RVdTlg0beToB6tZ3QE6xGk="></latexit>

the composition of continuous functions is continuous


