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Swn’rch Lemma
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Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men
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Swn’rch Lemma

(E,C) CPO

a set of elements (not a chain) {en.m }n.men

such that
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Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m
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Swn’rch Lemma
(E,©) CPO
a set of elements (not a chain) {e,.m }n.men

suchthat énm b enm if n<n' Am<m

we prove that {€n,m}n,men
A . . all sets we have seen
eunlog:ll;eunlzg---;eunlm;-- have the same Ll e
o u i n,m
L set of upper bounds eN N
o s and thus the same
€2.0 L €2.1 L €22 C ... C e2.m C ...
LI L] L] |
;ggg'; least upper bound u .
I_IIEI_IIEI_IIE [:I_II _ |_||—| |_| I_II_I mn,m
€00 = €01 epp - Legm & - En,m = €Lk = €n,m

neN meN kEN meN neN neN meN
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(|) {€n.m}nmeN same u.b. as {entnen

where e, =
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(l) {€n.m}nmeN same u.b. as {entnen

where €, = €n,m
meN

1. take an upper bound e of {€n,m Jn,meN
we want to prove it is an upper bound for {en}nen

€ take any (row) index n
O u W W we prove e, L e
en,OEen,IEen,ZE"'Een,m;”'Eenzl_lm N €n,m
o w Ll | - {en.m}meN C {€n.m}tnmeN

. . . . . a row the matrix
I [ L L |
e20CeriCenC---Ceppnl - Ce=|leyeam € IS an u.b. of {en,m}WEN
L] L] L] LI LI .
eloCer 1 CenC - Cepml - Cep = penelm €En — Ll En.m IS the lub
I T Ll Ll meN

cooE e Eer b Cenl - Ee=lheneom therefore e. C e
C




(l) {€n.m}nmeN same u.b. as {entnen

where €, = €n,m
meN

2. take an upper bound e of {en}nen
we want to prove it is an upper bound for {€n,m }n,meN

€ take any indices n, m
O u W W We prove €en.m =€
€n,0 L €n,1 L €n,2 L oo L €n,m L..-L e = UmeN €n,m _ .
O U U | L €n.m T ‘ €n.m = €p €
b z z \ meN
O U U | L]
eao0 Cexg Lepal - Cepp T - Lies = | ey m one element
] Ll Ll of a row
eloC e CesC o CeamE e C ey =|leneim the lub
L] L] L] LI L] Of that row

eoo Cep1 Eerl - Eexpl - Ceg=|],eneom



(ii

the proof is analogous to the previous case

{en,m}n,mEN

same u.b. as

(reason by columns, not by rows)

Leno [Jena[ena [ enm
neN neN neN neN

LI LI LI LI
€n,0 L €n,1 L €n,2 L oooo L €n,m L
LI LI LI LI
LI LI LI LI
ecobexg Leppl - Lepy b
LI LI LI LI
etoLerrbepl - Ley b
LI LI LI LI
eoo e Leorl - eyl

L enn

neN

meN



| |) {€n,mIn,meN same u.b. as {er.k Hren

1. take an upper bound e of {e, m}n men
we want to prove it is an upper bound for {€k,k jken

6 ] ] ] .

but this is immediate, because

R T N
e C Je

€n.0 [ €n,1 [ €n.2 L ... C €n.m C { kak}k’EN - { n)m}njmeN
I R Ll _ |

the diagonal the whole matrix
O U L
e2oC ey Cepp - Ceppeee
I . Ll
etoCe 1 CepC-- Ceppl-ee
I I R Ll
eoo Lepr Lerl - Leyy L
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2. take an upper bound e of {€kk}ren

T |) {€n.m}nmeN same u.b. as {er.k }ken

we want to prove it is an upper bound for {€n,m }n,meN

e L
take any indices n, m
N/ | ol we prove €n.m L e
enoC en1 el --Ceyml -
O i let k = max{n,m}
. . . , . — . —
L] L] L] L] n.m —= Ckk
6270 E 82,1 E 62,2 E oo E ezm E .o
W A . n<kAm<k
6170 E el,l E 61,2 E oo E ezm E .o
| | N

eoo L ep1 Legp L -
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Switch Lemma: recap

{en,m}n,mGN

. / /
Enm Elnm if n<<n Am<m

same set of upper bounds as

{ Ll en,m} {ek,k}keN {u €n,m}

L L enm = [ewr = [ [ enm

neN meN keN meN neN
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Functional domains
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Function space

D= (D,Cp)
&= (E,Cg)

CPO, = D—=€&=(|D—E], Cipop )

D—-E={f| f:D—=E}
D+ E={f| f:D—E, fcontinuous }

how to order functions?

fCipserg it Vde D. f(d) Cg g(d)
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Example

fCipom g iff ¥deD. f(d) Cg g(d)

f?g:ZJ_%ZJ_

7

1 x odd
A — =
f(z) =0 f =[Z.—Z2.]9 g(@) { 0 otherwise

f(1)=0 ¥z, 1=g(1)

total functions on Z, are not comparable

(unless they are equal)

any total function is maximal in Z, — 7,
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Example

fCipom g iff ¥deD. f(d) Cg g(d)

fvg:ZJ_%ZJ_

f(x)é{ 1 xodd g(x)é{ 1z odd

1z, otherwise 0 otherwise
?

f ;[ZJ_—>ZJ_] g

@
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Example

fCipom g iff ¥deD. f(d) Cg g(d)

f,g:ZJ_%ZJ_

) . - odd ~ [0 T even
J— :I; — < ]
f(z) { 17, otherwise () z, Otherwise

\
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(

\

!
1y

f LiposE) 9

1

Example

fvg : ZJ_ — ZJ_
< r <<
L=<z N 10 g(x)
otherwise

7

@
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r

\

!
1y

iff Vde D. f(d) Cg g(d)

1

1 <x <15
otherwise



Example

fCipom g iff ¥deD. f(d) Cg g(d)

f.g: 4 X4 — 4

A zxy zy#F Lz, s [ (xxy)? zy# L1z,
flz,y) = { 1z, otherwise 9l y) = { = otherwise
?

f Bz, xz, —2,]9

Q
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Example

fCipom g iff ¥deD. f(d) Cg g(d)

f,gZZJ_XZJ_%ZJ_

rxy wz,yF Ly
T * T, L +
flz,y) = { y Y7Lz, g(z,y) = ¢ 0 r=1z,

1 otherwise .
L , 17,  otherwise

J Bz, xz,. 572,19

yes (as functions)

but Is g continuous?
not even monotone!
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Example

fCipsp g iff VdeD. f(d) Cg g(d)

fhc]:ZJ_%ZJ_XZJ-

7

Z, —Z,xZ,] Y 9(x) - (,2)

<

(J—ZLvaj) f
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Example

fCipom g iff ¥deD. f(d) Cg g(d)

f?g:ZJ_%ZJ_XZJ_

7

(Lz,,) / (7, =7, x7,] 9 g(x) = (z, Lz, )

Q

f(()) — (J—Z¢7O) ZZJ_ X7 (07 J—ZJ_) — g(())
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Func’rlonal CPO

IS It a partlal order?

reflexivity, antisymmetry, transitivity of Cip_, g
follow immediately from those of C 5

IS there a bottom element?

take any function f € [D — E]

forany d e D we have Lip.p d=Lg Cg f(d)
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Func’rlonal CPO (ch)

D%g D%E _D—>E

IS It complete?

first we show that any chain of functions
(not necessarily continuous)
hasalimitin D - F

then we show thatthe Imitin D — FE

of any chain of continuous functions
IS also continuous

34



Functional CPO (ctd)

a chain of functions
n D — Et, _ _
U Fnen (not necessarily continuous)

we prove its lubis h = Ad. | | f,(d)
ncN
.e. h(d) £ | | fuld)

neN

1. 1t Is an upper bound of the chain
2. it Is smaller than or equal to any other upper bound
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Functional CPO (ctd)

take a chain {f.: D — E},en (not necessarily continuous)

1. h £ Xd. | | fu(d) is an upper bound of the chain

neN

take any n € N

forany de D fn(d) Eg u fn(d) = h(d

neN

therefore Jn EpoE R
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Functional CPO (ctd)

take a chain {f.: D — E},en (not necessarily continuous)

2. h £ Xd. | | f(d) is the least among upper bounds

neN

take any ¢ suchthat Vn. f, Cpsp g

we want to prove h CpE ¢

take any d € D vn. fn(d) Eg g(d)
thus ¢(d) is an u.b. of {f.(d)}nen

and therefore h(d) = u fn(d) Cg g(d)

neN
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Functional CPO (ctd)

TH. take achain {f. : D — E},en of continuous functions

then h = Ad. | | fu(d) is continuous
neN
proof. let {d;};cn achainin D
we prove h (u di) = | | n(di)
ieN ieN
h (\_I di) = | |/ (\_l di) by def of &
1N neN 1€EN
= | || | fa(d:) by continuity of fn
neN 1eN

|| | fu(d:) by switch lemma (applicable?)

1N neN

= | | n(ds) by def of A

€N
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Functional CPO (ch)

if n<mAi<j then fu(di)CE fm(d;) ? @
Y

fn ;[D—>E] fm N\ di L dj fn(dz) L g fn(dj) ;lE fm(dj)
fn

monotone Jn Ep—E] fm

— fn(dz)
l2££ﬁi ‘ep

| \ fn(d;) by switch lemma (applicable?)

1N neN
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Func’ruonal CPO (ctd)

TH. P — €& =([D—E], Cipspg ) iscomplete

proof. take a chain {fn :|D — E]}nen

h2Ad. | | fuld) isthe lubin D — E
neN is continuous h € |D — FE|

since D - E|CD— FE

h isthelubin [D — E]

40



Functional CPO: recap

FD-%>5]=:([L)—%lﬂ ’;;ML+E])

fCipoe g iff VdeD. f(d) Cg g(d)

Lipsm =M. Lg

|| a2 Ade | ] fuld)

neN neN
felD—FEl,ge|lF—-F| = gofel|D—F]
the composition of continuous functions is continuous
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