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Well-founded recursion



[Ex. 1] Define by well-founded recursion the function vars that, given an
arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that Va € Aexp, Vo € X, Vn € Z

(a,0) = n  implies  Vo'.((Vy € vars(a).o(y) =0'(y)) = {(a,0’) = n).

If two memories coincide on all variables

that appear in one expression, then

evaluating the expression in the two memories
give the same result



Ex.1 Vars

vars : Aexp — p(lde)

vars(n) =
vars(x) % {x}

vars(ai op as) vars(ay) U vars(as)

(well founded recursion by
immediate subterm relation)



P({a,

P({n,

Ex. 1 Induction

o) —n) = Vo'

o) —n) = Vo',

(Vy € vars(a). o' (y) = o(y)) = (a,0’) = n

(num)

(n,o) = n

(Vy €

vars(n). o' (y) = o(y))

)

tt

by (num) (n,0’) = n

= (n,0’) = n



Ex.

P({a,o) = n) = Vo',

P({z,0) — o(x)) = Vo'

1 Induction

(Vy € vars(a). o' (y) = o(y)) = (a,0’) = n

Assume o' (z) = o(x)



Ex. 1 Induction

alv >%n1 <CL2, >%n2
(a1 op as,0) — N1 0P No

Assume
P({a;,0) = n;) =Vo'. (Yy € vars(a;). o' (y) = o(y)) = (a;,0’) = ny
We want to prove
P({ai op az,c) — nq op ny) = Vo'
(Vy € vars(a1 op a2). o' (y) = o(y)) = (a1 op az,c’) — n1 op ns

Assume |y G‘vars(al op az)l o'(y) = o(y)

vars(ai) U vars(as)

(Vy € vars(a1).0'(y) = o(y)) A (Vy € vars(az).c'(y) = o(y))
by inductive hypotheses
(a1,0") — ny (ag,0") — no
by (op) (a1 op az,0’) = n1 op no
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[Ex. 2] Define by well-founded recursion the function wvars that, given a
command, returns the set of identifiers that appear on the left-hand side of
some assignment. Then, prove by rule induction that Ve € Com, Vo,0’ € ¥

(c,0) = o' implies  Vx & vars(c). o(z) = o'(x).

if a variable does not appear in an assignment
then its initial value is preserved in the final store



Ex. 2, Vars

vars : Com — @(Ide)

vars(skip) = ()
vars(x :==a) = {x}
vars(ci;co) = wars(ci) U vars(cy)
vars(if b then c; else c3) = wars(ci) U vars(cs)
vars(while b do ¢) = wars(c)

(well founded recursion by
immediate subterm relation)



Ex. 2, Induction

P({c,0) — o') £ Vy & vars(c). o' (y) = o(y)

(skip,0) — ©

We want to prove

P((skip, o) — o) =[Vy €|vars(skip)| o(y) = o(y)

I

Vy. o(y) = o(y)
obvious



Ex. 2, Induction

P({c,0) — o') £ Vy & vars(c). o' (y) = o(y)

(a,0) = n
(x :=a,0) = d|"/,]

We want to prove

P((z == a,0) = o["/s]) £Vy ¢|vars(z == a)} o["/](y) = o (y)
17}

Vy #x. 0" /.](y) = o(y)
by def of o["/,]



E 2 (c1,0) = d" (cg,0") — o
Xo (c1;¢9,0) — o

Assume P({ci,0) — o) = Vy & vars(ci). o'’ (y) = o(y)
P({c2,0") = 0') £ Vy & vars(ca). o' (y) = " (y)

We want to prove

P({c1;c0,0) — o) £|Vy Elvars(c1; e2)} o' (y) = o(y)

vars(c1) U vars(co)

Yy & vars(ci) Uwvars(cg). o' (y) = o(y)
Take y & vars(cy) U vars(cs)

Since y & vars(cy) then by ind. hyp. o' (y) = " (y)
Since vy ¢ vars(ci) then by ind. hyp. "(y) = o(y)
Thus o'(y) = o(y

O'
O'



(c1,0) — o'

2 (b, o) — tt
x o (if b then c; else ¢y, 0) — o’

Assume  P({ci,0) = ¢') = Vy & vars(c1). o' (y) =

We want to prove

P((if b then c; else cy,0) — ') =

o(y)

Vy &

vars(if b then c; else ¢»)

vars(cy) U vars(co)

Yy & vars(ci) U vars(cs). o' (y)

Take y & vars(cy) U vars(cs)

Since y & vars(ci1) then by ind. hyp. o' (y) = o(y)




E 2 (b,0) — false
x o (while b do c,0) — ©

We want to prove

P({while b do c,0) — o) = Ly Z lvars(while b do ¢)| o(y) = o(y)

vars(c)

Vy & vars(c). o(y) = o(y)

obvious



(b,0) —true (c,0) —c” (while b do c¢,0") — o'
x . (while b do ¢,0) — o

Assume P({c,0) — ¢") =Vy & vars(c). 0" (y) = o(y)
P({(while b do ¢,0”) — ¢') = Vy ¢ vars(while b do ¢)| o' (y) = o” (y)

We want to prove vars(c)

P({while b do ¢,c0) — ¢') =Vy &|vars(while b do ¢)| ¢'(y) = o(v)

vars(c)

Take 1 ¢ vars(c) Yy & vars(c). o' (y) = o(y)

Since y & vars(c) then by ind. hyp. o'(y) = o"(y)
Since vy € vars(c) then by ind. hyp. 0" (y) = o(y)
Thus o'(y) = o(y



Monotone and continuous functions



[Ex. 3] Consider the CPO, (p(N), C). Prove that for any set S C N:
1. the function fs : @(N) — ©(N) such that fg(X) = X NS is continuous.

2. the function gs : p(N) — ©(N) such that g¢(X) = X U.S is continuous.

we omit to check monotonicity



Ex. 3, Continuity

fs(X)=XnNS
Take a chain {X;}ien

We need to prove fs (U Xz') = fs(x

1€EN 1EN

fS(UXi)(UXi)QSUXﬂS U fs(x;

1N 1N 1€N €N

by def by distributivity by def



Ex. 3, Continuity

gs(X)=XUS
Take a chain {X;}ien

We need to prove ¢s (U Xz') = U g9s(X

1N €N

gS(UXi)(UXi)USUXUS = | J gs(X;

€N 1N 1€N €N

by def by idempotency by def



[Ex. 4] Prove that any limit-preserving function is monotone.

20



Ex. 4, limit preserving
(D,Ep)CPO (E,Cg) CPO f:D — E limit-preserving

f (I_l di) = | | f(di)

1N 1eN

we want to prove monotonicity
take d L p d’
we want to prove f(d) Cg f(d')

Ietdi:{d it =0 hence Ud@-:d’

d’  otherwise |
1EN

then | | f(di) = f (u di) = f(d')

ieN ieN and f(d) = f(do) Cr f(d')
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CPOs



[Ex. 5] Let D={ne N | n>0}U{oc} and C C (D x D) such that

o foranyn,m € DNN, we let n E m iff n divides m;

e for any r € D, we let  C o0.

Is (D,C) a CPO,? Explain.

23



Ex. 5 divides
AN

16 24

Pl

12 18 27 30 20 28

?WT

ZTL 6 9 15,10 25 .21 ,14 .22 26
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X




Ex. 5 divides

reflexive?

d€D<

antlsymmetrlc?
dl, do € D

CPO 7
d dividesd dLCd
oo L oo
: d2 7
— di =d
C dl 1 2
dl divides dz dl < d2
dz divides dl d2 < dl
O ; dg dz — OO
O ; dl dl — OO

d1 = da
dg O dl
dl 0 dz



Ex. 5 divides

transitive?
dl,dg,dg c D 8
do
dl, dQ, ds € N
dl — OO
dg — O
\dg — OO

CPO_ 7

C do
:dg

dl divides dg

do divides d3

d2:d3:OO

ngOO

d1 divides ds

bottom? 1 divides every number and 1 C o

26
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_ ds
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Ex. 5 divides

CPO 7
complete?
every finite chain has a limit

infinite chains can only contain increasing natural numbers,
then the limitis oo
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Fixpoints

28



[Ex. 6] Define two functions f; : D; — D; over two suitable CPOs D; for
i € [1,2] (not necessarily with bottom) such that

1. fi is continuous, has fixpoints but not a least fixpoint;

2. f9 1s continuous and has no fixpoint;

29



Ex. 6, fixpoints

1. fi is continuous, has fixpoints but not a least fixpoint;

Let us try to find a minimal example
How many elements do we need at least?
How should they be ordered?

30



Ex. 6, fixpoints

1. fi is continuous, has fixpoints but not a least fixpoint;
Dlz({oal}az) flleéDl

Discrete order: CPO
Discrete order: any function is monotone and continuous

f1(0):O
fl(l)zl

Kleene’s theorem is not applicable: why?

31



Ex. 6, fixpoints

2. f9 1s continuous and has no fixpoint;

Let us try to find a minimal example
How many elements do we need at least?
How should they be ordered?
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Ex. 6, fixpoints

2. f9 1s continuous and has no fixpoint;
D2 — D1 — ({O, 1}, :) f2 : D2 — DQ

Discrete order: CPO
Discrete order: any function is monotone and continuous

fz(()) =1
fz(l) =0

Kleene’s theorem is not applicable: why?
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[Ex. 7] Let D,E be two CPO s and f : D — FE, g : E — D be two
continuous functions between them. Their compositions h =go f : D — D
and Kk = fog: E — E are known to be continuous and thus have least

fixpoints.
f

h=gof C D_ —F 3 k=fog
g

Let eqg = fix(k) € E. Prove that g(ey) = fix(h) € D by showing that
1. g(ep) is a fixpoint for h, and

2. g(ep) is the least pre-fixpoint for h.
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Ex. 7, composition

n=gos (C D T FE )k=fog e = fix(k)
g

1. g(eg) is a fixpoint for h

we need to prove h(g(eg)) = g(ep)

h(g(eo)) = g(f(g(eo))) = g(k(eo)) = g(eo)
by def by def  eo = fix(k)
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Ex. 7, composition

n=gos (C D T FE )k=fog e = fix(k)
g

2. g(eg) is the least pre-fixpoint for h.

take d Jp h(d) we wantto prove g(eo) Cp d
d Jp h(d) = g(f(d)) (by defof h)
f(d) e f(9(f(d))) = k(f(d)) (by monotonicity f , def. k)

hence f(d) is a pre-fixpoint of & |

- = eo Cg f(d)

eo IS the least pre-fixpoint of £

g(eo) Ep 9(f(d)) = h(d) Ep d (by mon. g, def. 1, hyp. d )

36




