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Lambda notation



| ambda notation

Key ingredients
anonymous functions

I X. @ X serves as a formal parameter in €

denotes a function that waits for one value to be
substituted for x and then evaluates e

application
€1 € e Is the argument passed to the function e;

denotes the application of the function €1 to &
reduces the need of parentheses €1(€2)
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Function definition

f(x)! x°! 2a4x+5

f 1 Ix (x°! 2&x +5)

| —

unnecessary parentheses
added for clarity



Assoclative rules

€1 €2 &3

IX. ly. 1z, €

IS read

IS read

(e1 €2) €3

IXx. ('y. (!z. e)

application is
left-associative

abstraction Is
right-associative



Scoping

| X. e

the scope of x IS &
X not visible outside &

like a local variable



Alpha-conversion

I x. (x“! 2&x+5) names of formal parameters
are inessential:
the two expressions denote

ly. (y*! 284y +5) the same function

Ix.e! ly. (e[’/x]) (under suitable conditions on e,y )

capture-avoiding
substitution
(to be formalised later)



Application (beta rule)

(! X. €) €& application of a function

e[®/,]  evaluation via substitution
capture-avoiding
substitution



Example

I x. (x°! 28&x +5) a function

(! x. (x°! 2&x +5)) 2 its application

221 242 +5 =5 its evaluation



Example

I x. 1y, (x?! 2ay +5)

(Ix. ly. (x*! 2&y+5)) 2

ly. (241 2&y +5)

a function

Its application

Its evaluation

It Is still a function!
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Example

Lf. Ix. (X2 + f 1) a function

(Vf. I'x. (x*+f 1)) ('y. (24y)) its application
! (the argument is a function!)
I x. (x°+(!y. (24&y)) 1) its evaluation

higher-order: functions as arguments/results
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Example

Lf. Ix. (X2 + f 1) a function
(1f. Ix. (x*+f 1) (ly. (24&y)) 3 its application
X, (X2 +(1y. (24&y)) 1) 3 Its evaluation

Its application

2 ¢ , Iits evaluation
3+ (ly. (2ay)) 1 its application

¥ +24a1=11 its evaluation
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Conditional

e! e, e If ethene; elsee,

example mn="!x.!ly.x<y ! Xy
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Denotational semantics of commands
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From your forms

@ 5 stelle ® 4 stelle ¢ 3stelle ® 2 stelle ® 1 stella

Denotational semantics
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Denotational semantics

C:Com! (! ! I') C:Com! (F'! 1w)
Lifting

C I1skip"" %+ @%r ! ) (et 1)
f:0 0 e f%-0a 1 1.

Clx:= a'" Elwata g A P
F(x) = S

Cleoc"" E'Cle™(Clgy'™) f(xX) otherwise

Clif b then ¢ elsec;”” E£'B 1b"™ | Clgy"" ,Cle™"

C!while bdo c"" de ?
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Denotational sem. (ctd)

C!while bdo ¢ €'B 1b"" 1 Clwhile bdoc" (Clc'™"),"

Clwhile bdoc” %' 1" B 1™ 1 Clwhile bdoc (Clc™),"

(1%.!" .B!b"™ ! %(C!c'™),") Clwhile bdoc"
Hoo =106, 1" B ID"" 1 % (Clc™"),"
C !while b do ¢" = #,. C !while b do c"

p= f(p) a bxpoint equation!
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Denotational sem. (ctd)

C !while b do ¢" = #,. C !while b do c” C:Com! (1! 1)
$! B4 $! $4
Hoo EMop. 1" B Ip'™ 1 9% (Clc"™"),” o 11 1.
By %.1.1 1.
$! Py Cilc'" .l

($! $4)! $! Py

:#!),C:($! $#)| $| $#
| —

partial functions
$! 9

sets of pairs
(' ,! !) CPO,

% (Clc'" ).
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I\/Ic)notone and continuous

e 1%, 1" B 1b™ I %(Clc™"),"

] (| !!,! !) i
B!b'l | Cl¢'l = I'* BIAb"!

Take Rb,C: (!’!!) | (|1|)

clearly li?b ¢ = 'bc when we see! pcas operating over
partial functions

Iin,C IS (monotone and) continuous, and so Is !

C 'while b do ¢ &' bx Hoc = | #bf'c(#ss! $y )

n$N ‘
"
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Bottom

l v has a bottom element; !

Il 1 1, has abottom element: !" .|

to avoid ambiguities
we denote the bottom element of a domain D by! p
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Example

w = while true do skip

#true,skip$" = B ltrue"" # $%(C!Skip" " ),"
= true # $%C!skip""),"
= $"4C Iskip"")

— $%'
— $II
A true skip = ¢ Hrue skip IS the identity function
every element is a
Pxpoint

PX #rue,skip = %07 &1

21



!b’C I 1"

Example

| .
w=while x> 1do x:=x! 1

\—\,—_J

0 C

= Blx>1"! 1'(Cx:=x" 1"),"
=(1(x)> 1) "L D),

| (1)

| ()

(t )

I(X)I 1

I(X)I 1

I(x)> 10 1 =Ty

)

1 (x)! 1 !
I 1 I

()
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Example

w = while x> 1do x = x! 1

| a1, LR ALLYY)
Iizb,C: {M(X) 1 (I |) 1 (x) > 1 }

RO (1) ="

RE()={C,) ') 1

R2.(1) = RE() ! {(, [WxD) ]! (x) =2}
Rp (! )— R2 (V) {1,V [Ux]D | (x) =3}

RBCU)—{(' D) 1Pe) ! B {C U 1< (x) ! n}
Clw" = bx(ﬁb,a-{(!,!)\!(x)! {0 [UXD) 1< (X))
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