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Curse of Dimensionalitx1 CIT=C

» high-dimensional spaces are almost empty
» Hypervolume concentrates in a thin shell close to the surface

'[Lee and Verleysen, 2007]



Why use Dimensionality Reduction? CIT=C
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variance maximization

» var (w'x;) with [|w|| = 1




Princigal Comﬁonent Analxsis SPCAz C | T :C

variance maximization

» var (w'x;) with [|w|| = 1




Princigal Comﬁonent Analxsis SPCAz C | T :C

variance maximization
» var (w'x;) with [|w|| = 1
> =y i(wix)?
=S wixx; Tw
» =w'Cw




rincipal Component Analysis (PCA

Princip p x‘gCIT:C

variance maximization
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var (w'x;) with [|w|| = 1
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—Eigenvectors of the covari-
ance matrix are optimal
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PCA in Action CIT

2|Gisbrecht and Hammer, 2015]
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> distances d; = [|x; — x;[?,  dj = [ly; — y;l?
» objective 0;; ~ dj
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distances §; = || x; — xj[|2, dj = [ly; — yj[?

objective ;; ~ a

distances dj and similarities s;; can be transformed into each
other

S = UAU" matrix of pairwise similarities
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v

distances §; = || x; — xj[|2, dj = [ly; — yj[?

objective ;; ~ a

distances dj and similarities s;; can be transformed into each
other

S = UAU" matrix of pairwise similarities

best low rank approximation of S in Frobenius normis S = UAUT
with the largest eigenvalue
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learn linear manifold

» represent data as projections
on unknown w:

C = 5y 2i(X; — yw)?

50



Manifold Learning C | T C

learn linear manifold

» represent data as projections
on unknown w:
C = gy 2i(xi — yw)?

» What are the best parameters N
y;i and w? S
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PCA CIT

three ways to obtain PCA

» maximize variance of a linear projection
» preserve distances
» find a linear manifold such that errors are minimal in an L2 sense
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Kernel PCA® CIT

Idea

» Apply a fixed nonlinear preprocessing ¢(x)
» Perform standard PCA in feature space

3[Schélkopf et al., 1998]
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Kernel PCA® CIT

Idea

» Apply a fixed nonlinear preprocessing ¢(x)
» Perform standard PCA in feature space
» How to apply the kernel trick here?

3[Schélkopf et al., 1998]



Kernel PCA in Action CIT=C

*|Gisbrecht and Hammer, 2015]



Stochastic Neighbor Embedding ‘SNE=5 CIT=C

» introduce a probabilistic neighborhood in the input space

exp(—0.5]|x; — x;[[2/0?)
>k ki €XP(—0.5]%; — Xk |[2/0Z)

Pjji =

5[Hinton and Roweis, 2002]



Stochastic Neighbor Embedding ‘SNE;5 CIT=C

» introduce a probabilistic neighborhood in the input space

exp(—0.5]|x; — x;[[2/0?)
>k ki €XP(—0.5]%; — Xk |[2/0Z)

» and in the output space

Pjji =

exp(—0.5]ly; — ;%)
> ki €XP(—=0.5]ly; — Y l[?)

Qi =

5[Hinton and Roweis, 2002]



Stochastic Neighbor Embedding ‘SNEz5 CIT=C

» introduce a probabilistic neighborhood in the input space

exp(—0.5]|x; — x;[[2/0?)
>k ki €XP(—0.5]%; — Xk |[2/0Z)

» and in the output space

Pjji =

exp(—0.5]ly; — y;|1%)
>k ki €XP(—0.5]ly; — Ykl[?)

Qi =

» optimize the sum of Kullback-Leibler divergences

C= Z KL(P, Q) =" pjilog (%)

i J#i

5[Hinton and Roweis, 2002]



Neighbor Retrieval Visualizer (NeRV)®
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Input space

Output space (visualization)

8[Venna et al., 2010]
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Neighbor Retrieval Visualizer (NeRV)! CIT

Input space

Output space (visualization)

*
* :
1 ee i

miss false
positives

.. , Np ; Neo i Nro : N )
» precision(i) = % =1 %7 recall(i) = 7;/{’,/ — { _ Nuss,

8[Venna et al., 2010]
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» KL(P;, Q;) generalizes recall
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Neighbor Retrieval Visualizer (NeRV) CIT=C

» KL(P;, Q;) generalizes recall
» KL(Qy, P;) generalizes precision
» NeRV optimizes

= )\Z KL(P;, Q) + Z KL(Q;, P))



t-Distributed SNE (1-SNE)’ CIT=C

» symmetrized probabilities p and g
» uses a Student-t distribution in the output space

Ivan der Maaten and Hinton, 2008]



t-Distributed SNE (t-SNE)’ CIT=

» symmetrized probabilities p and g
» uses a Student-t distribution in the output space
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Maximum Variance Unfolding ‘MVU29 CiT=C

» goal: 'unfold’ a given manifold
while keeping all the local
distances and angles fixed

[Weinberger and Saul, 2006]



Maximum Variance Unfolding vauz9 CiT=C

» goal: 'unfold’ a given manifold
while keeping all the local
distances and angles fixed

> maximize Y=, [ly; — ;% s.t
>.i¥i=0
lyi — yjllZ = lIx;i = x;[|?, for all
neighbors

[Weinberger and Saul, 2006]



Manifold Learner in Action

0[Gisbrecht and Hammer, 2015]
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Advances in Dimensionality Reduction
Speedup for Neighbor Embeddings
Quality Assessment of DR
Feature Relevance for DR
Visualization of Classifiers
Supervised Dimensionality Reduction
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Complexity of NE
» Neighbor Embeddings have the complexity O(N?)
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Barnes Hut ABEroach11 CIT=C

Complexity of NE

» Neighbor Embeddings have the complexity O(N?)
» matrices P and Q are squared
» squared summation for the gradient

Z gilyi —Y,))

i j#i

"[Yang et al., 2013, van der Maaten, 2013]
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Barnes Hut Aﬁgroach C | T C

Barnes Hut

» approximate the gradient g—g = Z#, gi(yi —vj) as

S gityi—v) = Y |G- gi(yi — 9)
JF#I t



Barnes Hut Aﬁgroach C | T C

Barnes Hut
» approximate the gradient g—g =22 9i(Yi —Y)) as
> gilyi—y) =~ |G- g(yi — V1)
J#i t
» approximate P as sparse matrix
» results in a O(Nlog N) algorithm
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B[van der Maaten, 2013]
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Kernel t-SNE 4 CIT

» O(N) algorithm: apply NE to a fixed subset, map remainder with
out of sample projection

4|Gisbrecht et al., 2015]
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» O(N) algorithm: apply NE to a fixed subset, map remainder with
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» how to obtain an out of sample extension?
» use kernel mapping

k(x,x;)
X - Y(X) = Za’kax,) Ak
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Kernel t-SNE CIT=C

» O(N) algorithm: apply NE to a fixed subset, map remainder with
out of sample projection

» how to obtain an out of sample extension?
» use kernel mapping

k(x,x;)
X - Y(X) = Za’kax,) Ak

» minimization of

S Ollyi—y(x)[? yields A=Y.K™
i

4|Gisbrecht et al., 2015]



Kernel t-SNE

®[Gisbrecht et al., 2015]
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Qualitx Assessment of DR'® CIT=C

» most popular measure

Qu(X, V) = 3 (Ne(¥) 1 N(F) ) /(NK)

1

'®[Lee et al., 2013]
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Qualitx Assessment of DR'® CIT=C

» most popular measure

Qu(X, V) = 3 (Ne(¥) 1 N(F) ) /(NK)

1

» rescaling added recently
» recently used to compare many DR techniques

'®[Lee et al., 2013]



Qualitx Assessment of DR C | T C
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Feature Relevance for DR

» Which features are important for a given projection?

CIT



data set: ESANN garticieants C | T _—

Partic. | University ESANN paper #publications ... likes beer
1 A 1 15 1
2 A 0 8 -1
3 B 1 22 . -1
4 o] 1 9 0
5 C 0 15 -1
6 D o
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Relevance of features for the projection CIT=C
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Visualization of ESANN Earticiﬁants C | T
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» estimate the relevance of single features for non linear dimen-
sionality reductions
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CIT

Aim
» estimate the relevance of single features for non linear dimen-
sionality reductions

Idea

» change the influence of a single feature and observe the change
in the quality



Evaluation of Feature Relevance for DR19C | T

NeRV cost function’® QYRY

» interpretation from an information retrieval perspective

8[Venna et al., 2010]
®[Schulz et al., 20144]
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NeRV cost function’® QYRY
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Evaluation of Feature Relevance for DR‘QC | T

NeRV cost function’® QYRY
» interpretation from an information retrieval perspective
> d(X', X1)% = 3°,(x] — x])2 becomes 3, A (x| — x])?
> Merv(l) := A2 where X optimizes QFRV(X,, Y) + 3,12

8[Venna et al., 2010]
9[Schulz et al., 2014a]
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Relevances for different Bro'lections
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Where is the Difficultx? C | T

Class borders are

» often non linear
» often not given in an explicit functional form (e.g. SVM)

» high dimensional which makes it non feasible to sample them for
a projection



An illustration the approach
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An illustration the approach

dim3
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dim2

» project data to 2D



An illustration: dimensionalitx reductionC | T _C
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An illustration: dimensionalitx reductionC | T EC

.. - class 1
N * class 2
. SVs

dimll

» sample the 2D data space
» project the samples up
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An illustration: dimensionalitx reductionClT C

- class 1
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» sample the 2D data space » classify them
» project the samples up




An illustration: border visualization CIT EC

» color intensity codes the cer-

*+ class 1

tainty of the classifier - - dass2

SVs

dimll




Classifier visualization?°

v

project data to 2D

v

sample the 2D data space
project the samples up
classify them

v

v

20[Schulz et al., 2014b]
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Toy Data Set 2 with NE CIT=C
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DR: intrinsically 3D data CIT=C
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Sueervised dimensionalitx reduction CIT

» Use the Fisher metric?! d(x, x + dx) = x " J(x)x

» J(X) = Epop { (a% log p(cyx)) (3% log p(c!x))r}

2![Peltonen et al., 2004, Gisbrecht et al., 2015]
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» Use the Fisher metric®® d(x, x + dx) = x " J(X)x

> J(X) = Ep(op) { <a% log p(c|X)) (a% log p(C|X))T}

2[Peltonen et al., 2004, Gisbrecht et al., 2015]
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Erototxﬁes in original seace C | T C
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» different objectives of dimensionality reduction



Summarx C IT=

» different objectives of dimensionality reduction
» new approach to get insight into trained classification models
» discriminative information can yield major imrpovements
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